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PREFACE 



, The series Soviet Studies in< the Psychology -of Learning and Teadhln^ 
Mathematid a Is a collection of translations from the extensive Soviet 
literature^f the pasC twenty-five years pn research in the psychology 
of mathematical instruction, It^^lso includes works on methods of 
teaching mathematics directly influenced by the psychological research. 
The series is 'the result of a joint effort by the School Mathematics 
Study Group at Stamord University, the Department of Mathematics 
Education at the University of Georgia, and the Survey of Recent East 
European Mathematical Li^terature at the Utiivers,ity of CJ^ic^go* ♦ Selected 
papers and books considered' to be of value to 'the American mathematics ^ 
educator have been translated 'from. the Russian and appear in this 
series for the first time, in English. 

Research- achievements in psychology in the Ui)ite4 States are j 
outstanding^ indeed • Educational psychology, however, odcupies only a 

small fraction of the field, and until recently little attention has 

* ^ i ^ , ' > 

been gl/zen to research in the psychology of learning and teachi^g^ 

particular scfiool subjects. . / 

^ Th^e situation*^ has been quite different in the Soviet Union.^ In 

view of the reigning- social and political' doc trines , se>^ral branches 

of psychology that are highly developed in> the U.S. have scarcely been ' , 

^NjLnvestig^ted in the Soviet Union. On the other hand, because of the 

Soviet emphasis on education and Its function In- the state^- research in 

educational psycUolfigy has been given considerable moral and financial 

support • Consequently, i'^t has atti;acted many j;:reat|.ve and t^liefited 

scholars whose contributions have been remarkable* 

.ft * 

Even prior to World, War II, the Russians had made great strides in 
educational psychology. The creation in 1943 of the Academy of Peda- , 
gogical Sciences helped to intensify tHe research efforts and programs 
in this field. Since then the Academy has become t:he chief educational 
Msearch and development 'center for the Soviet , Union: One of the main^ 
aims of the Academy is to conduct research and to 'train research scht)lars 



* , A* study Indicates, -that 37 •5% of allymaterials in Soviet psychology 
published in one year was devoted to education and child psychology. Sqe 
C Qntemporary Soviet P sychology by Josef Brozek (Chapter 7 of Present-Day 
Russian Psychology , Pergamon Press, 1966), , • 
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in general and' specialized education, in education^,^ psychology, and 
in methods of teaching various school subjects. ' *. 

The Academy of ' Pedagogical Science^^^Q^^^ie USSJl comprises ten 
research, institutes In^Mo^cow ^id Leningrad, Many of fhe studies 
r^eported in this series were conducted at the Academy's Institute of 
General .and Poly technical Education, Institute ay Psychology , and 
Institute of Def ectc^logy , the last>or which is cloncerned with the ^ 
pjecial psychology an4 educational techniques far handicapped children, 
j The Academy of Pedagogical Scj[^nces has 31 members a^id 64 
associate members, chosen from among distinguished Spviet gcholars, 
scientists, and educators.. Its permanent .staff includes more* than > 
650 res.earch associates, who receive advice and cooperation from an • ^ 
additiofial *1, boo scholars and teachers. Tlie res^rck institutes of 
the Academy have 'available 100 '*base" or laboratory schools and many 
other schools in which experiments are conducted/ Developments in 
foreign countries are closely, followed by the Bureau for the Study of 
Foreign Educational Experience and Information. 

"^4^^^^ademy has its^ovcrn ^uB^ish^g, house-, which issues hunl^ds of 
books each year and publishes thd^ collections Izvestlya Akade^ii 
PedaRo^icheskik h Nauk RSFSR [Proceedings of tl^e Academy of Pedagogical 
Sciences of the RSFSR], the monthly Sovetskaya Peda^^g^lka [Soviet 
Pedagogy], and the bimonthly Voprosy Psikholo^if ^Questions, of Psychology] 
Since 1963,' the Academy has been issuing collection entitled - Npyye 
Issledpvaniya v Ped a.oopJ.clieskikh Naukak I\^[Now ^Reses^rch in the Pedagogical 
Sciences] in order to disseminate information on current research. 

A -major difference between the Soviet and Am^rican^ conception of 
educational research ^is that Russian psychologists often use q^ualitative 
rather than quantitative methods of 'research in instructional psydhblog^ ^ 
in accordance with the prevailing European tradition. American readers ■ 
-may thus find that some of the earlier i^ussian papers do not, compL/ 
exactly to U^S. standards of^design, analysis, and reporting. By using 
qli&litative methods and by working with small groups, Uowe^>er , the Soviets 
have been abl^'^to penetrate into" th^ diild ' s thoughts^ and to analyze his 
mental processes. To this end tfie^liWe also designed qlassroom tasks 
and settings for research and have emphas^i^ed long-term, genetic studies' 
of learning. ^ \ * ' ^ 



Russian psychologists have (foncerned themselves with the dynamics 
of mental .activity and with the aim of arriving a^ the principles of the 
learning process itself. They have investigated such areas as: the 
development of mental operations; the nature and development of thought; 
the formation of mathematical concepts and the related' questions of 
generalization, abstraction, and concretization; the mental operations 
of analysis and' synthesis ; the development of spatial perception; the, 
relation between memory and thought; the development> of logical reasoning; 
the nature of mathematical skills; and the structure and special features 
Qf mathematical ^abilities. 

In new approaches to educational research, some Russian psychologists' 
.have developed xybernetio and statistical models and techniques, and have 
made use"^ of ^ algorithms, mathematical logic and inf ormation^stiiences. ' ^ 
Much attention lias also been given to programmed instruction' and to an 
examination of its psycholl!>git^al pro^blems and its application for ' 
.greater individualization in learnings' . ' ^ . ^ 

Tlic interrelationshlpf between instructio;i- ^nd cliild development is 
a source of sharp disagreement between the Geneva School of psycho log i^b«„' 
. ;Led Piaget, and the Soviet 'psycl^ologists. The Swiss psychologists ' 
ascribe limited significance to the role of instruction" in the develop-- 
ment of a child. According to them, instruction is subordinate to the 
specific stages in the develop^ient of ^he child's thinking-;^ages 
manifested at certain age levels and relatively independent oF^he •, 
,con1iitions of instruction. 

As representatives of t1^ materialistic-evolutionist theory"^ the 
mind, Soviet psychologists ascribe a leading role to instructioi*. They 
assert that instruction brdads^Ts-tiie pote'ntial of 'development, may 
accelerate it, and may exercise influence not oivly upbn the sequ^ce of ■ 
the stages of development of* the child'^ thought but eVen upon, the very 
character of the stages/ The Russf^ns study development in the changing 
conditions of !:nst/u^t^&n, an^by varying these c^onditions , .'.they demonstrable, 
how 'the nature of t\ie child's development changes in the process. 4s a ' 
result, 'they are also investigating tests of gif tedn^ss. and -are u^ing 
elaborate dynamic, rath^er tlian static, indices. 



s 



*See The Problem ' of Instruction and Development at the 18th Interna ti ona 
Congress oTTsxcli^l^ by ^'-'A. Menchinskaya and G. CSaburova, Sovet^kaya _ 
•j Pedagojii^a . 1967, NoV 1. (English translation in Soviet Education , 



1967, Vol. 9, No. 9.) 
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Psychological research ha^* huad a ^considerable effect on the 
recent Soviet' literature on methods tsf teaching matheiaaticS. -Experi^ 
ment^ have shown the ^^tudeht 's mathematical potential tp be^'grtatiej, ^ 
than had been previoj^ly assumed. Consequently, ^Russian psych^iogi j^ts 
have advocated the necessity of various .changes in the content and' 
njGthods ot\nat-hematical instruction and have pcirtictpated in designing. 

the new Soviet mathematics Gurriculum which has been introduced during 

• • • > ' ' ■ \ ^ ^ • * 

the 1967-^8 academic ^ yea'r* . * ^ ^ 

« X^e ailg o^ .this series is to acquaint, mathematics ediieators and 

teachers with directions, ideas, ^d accomplishpients in the psychology 

of riatTiematical ,1ns t ruction in the Soviet Utiion* This series should 

assis^t in opening up avenues of invent igatio|i to those who are interested 

'in broadening the\ foundations of^thelr profession, for it is generally, 
recognized that; (experin^nt and research are indispensable for improrving 

.content and methods school mathematics. ^ ' ' 

We hope that the \p!l:uines in Chis series will be used for study, 
discussion, and qritical analysis^ in courses or seminars ip teacther- 
train^ing programs or in institutes for in-^service teachers at various 
levels. 

'At present, materials have been prepared for fifteen volun^s. Each 
book contain? one or. more articles under a general heading such as The 

^J^arning of .Mathematical Concepts, The Structure of Mathematical Abilities 
and Problem Solving in Geometry. The introduction to each volume is 
intended to pfj'ovide some background and guidance to its content. 

Volumes ^ to VI J^ere prepared jointly by , the School Mathematics 
Study" Group and th6 Survey of Recent East European Mathematical LJ^tejrature, 
both' conducted under grants from the^ National Science Fcy^datioi^. When 
the activities of the Sch^iol Mathematics Study Group ended in August, 1972, 

^ the^^^artment of Ma,thematics Education at the University of Georgip'^ 
underifook to assist in t^he 'editing of the remaining volumes'; .We express 
our appreciation to the Foundation and»to the many people and organizat lJ)ns 
who contiributed to the Establishment ahd continuation of thfe series. 



Jeremy Kllpatrick 
Iz^ak Wirszup 
Edward Begle 
James W. Wilson, 
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EDITORIAL NOTES ' ^. 

1. Bracketed numerals in the text refer to the numbered 
references at the end of each paper. Where 'ther^ are two figures, 
e.g. [5:123], the second is a page reference. All references are - 
to Russian editions,- alth<^ugh titles' have been translated and 
authors*' nam^ transliterated/ . • 

2. The transliteration scheme used is that 6f the Library 
of Congress, with diacritical nmr^ cunitted, except that K) and f 
-are rendered as "yu" and "ya" instead -of "iu'' anB ''ia." 

3. Numb^fe* footnotes are those in the original paper*, 
starred footnotes are Ased for editors* p-r ti;Anslatqr '.s -cousments; 
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f . UJTRpDUCTION , ' '* ' 

James W. Wilson and Jeremy Kilpatrlck 

It The analysis of reasoning processes In the learning of concepts . 
in the solving of problems is the thenK coraaon to the ten articles in ' 
this volume'. These articles, except foi; thej/irst one by Ushakova, were 
published between 1960 and 1967 an^ were part of the available literature 
dutinjg the recent revision of tjie Soviet school mathematics curriculum. 
The' articles are interesting because of the topics they^reat and because 
of the research styles^they- illustrate. ln.«particula/, three of the 
articles each cotaprise a series of reports (published separately) showing 
a^equential attack on a particular reseatch problem. ^ . , . ) 

Ushakova conducted two inve'stigations on the learning of visual 
concepts. In the first serie^ of experiments her subjects were presented 
pairs' of similar objects (leayes, pitchers, rectangle^, lines) and then 
asked to reproduce themt The second series of experiments examined the 
ieffect of the presenc'e of aa aiixiliary third object. 

On 'fir^t glance, Ushakova's paper seems to have yery little to^ do ^• 
with mathematics; much 6f the discussion concentrates on the richness 
of visual cincepts of complex, pairs of objects such as leaves c#.. pitchers . 
It becomes clear, however,' that although UshakoVa ap|roached the research • 
'questions like a psychologist, her -interpretation of the resalts*is -di- 
rected toward classroom practice. The use' of an auxiliary object to 
enhance a visual concept: is a practicai peaagogical tool. The regularities 
observed in the experiments can become expectations .in the. classroom, and 
the extent and exposure of -visual comparisons ,cart be tailorad accordingly. 
The tksks that made use of* lines and rectangles liave, cl^r relevance to'. 

mathematics learning. ■ * w 

The very brief pappr by Dayy<iQV ife a summary CLf;^iis thfeoretical and 
ex^^^ental, obsfervations of ctiildren's formation of the jy^ncept of number, 
explicitly restricts his attention to th/process of developing number 

xi / J ' ■ 




. concepts dtiring the time add;Ltion ds being learned as a mental operation. 

* ^ * ■ ^ 

The -three consecutive stages ^ zn *the .^S^^cess procae4 frqm (1) adding . 

quantities pf things ^by -oiyunf ing* the units <obJective oper^ation method), 

fo* (2) adding abstract qdahtitlee e^unting the units (detailed verbal 

operation method) , to (3) ad*ifig abstract qiiantiti^s by counting the 

second addend onto the f tyst taki^n^ as whol^ •(conceptual operation 

method proper). In these a^tages th^re are echoes of Piaget's conception 

of the genetic construction af thre^natyr]aA^ numberf [2], but Davydov high- ^ 

lights the role- of counting' and* do els not deal Explicitly with class- x 

inclusion pr matching relationships,. The traini^i^'in the use of hand\ 

movements accompanied by slowed pronunciation seems< to have had some ' 

effect in curtailitig the ccrun5;ihg process. It is not clear- what efJect; 

such training might have on children* p perf ormancie on Plagetian tasks 

related to the number concept. | " 

Brushliuskil studied the ^ro\>lem solver's guidance of his thought 
processes during the course of problenr solution* The mechanism' described! 
by Brushlinskil is the generalised conception of a problem's Solution . 
This is mental description by the subject of the general characteristics 
of the solution, omitting details. The general scheme is modified, or 
realized, in the course of solution — it guides the an^ysis and synthesis 
of the problem' a:i'^ondit:ions toward the -solution. The subjectr^b^gins by 
reading th^ problem and absorbing the problem's data; At the first stage^ 
of analysis of the pilSSlein's conditions the student forms a, -gerieraliz^d 
conceptioYi. Further, analysis yields concrete details of the conception 
from the problem's conditions, then mpdif i'cation of' the conception on 
the ba'sis of tha concre^ezat ion, and hence progress toward a solution. ^ 

milarity of Brushlinskil 's construct of generalized 
conception and Polya's notion of a plan [3 J.. , 

Shcjiedrovitskii and Yakobson studied the process of solving simple 
arithmetio problems' In "^first grade and published a series of'^five reports. 
Logi-cal analysis and observations of pupils were used to build a 'theoretics 
argument concerning problejn-solying processes that r,ely heavily- on counting 
and the use-^f pbjects.- A thorough analy^s is- presented of huw Wdfel 
building, .(with objects) can be us^d to sol^e slraple' arithmetic ^oblems. 



"Kossov glso studied- first -grajiers' processed of solving siople ' . 
arithmetic probi^s bu^glife had^a* differ ent'pai'spectiv-e'tHan that of.. 
■ Shchedrovitskii and- Y||*|ikik,.' The. serlel^f ^^eyen, f epprts by' Kossov 
begins witK 'an 'aiiaiysis of . fce'rtain ' "^lon-switcHing." errprs in af ith- ' 
meticV wherfe students c'oAtinuejd- to use an -operation in. a seri&a of 
-probiems when in fact a new Opeuation was indicated." Kosspv identi- 
fied 'a psychological regular fty in-^h'at non-v^ryin^. aspects of,-a ^ 
s-tinmlu^ "feTie's tend "to •behove' less strong. . Hence in.. a series , of ^ - 
addition prob^ips the. auttbers change byt the operation' sign'-does cot .'- . 
'• Then, when- a subtract ion, probleia ."is pre sentied, ftKe salience >(o^ signal- \ 
^ ness .^s- Kossov te'itas it) of fhe ppBs'alipa pigu .is so low "that it is ' 
.'unjx^iced by the pupil. ^Thls regularity was th6d .examined in a variety ^ ■ 
of: contexts and ut^liied' to-' elliinat* certain types of errors, facili- ^ 
. tate the learning of ' sums less .than 10, develop^ facility yith solving 

simple arithmetic problems, anc^pla^^experiaental instruction. The 
\*two fi4al reports by Kossov dealt with a (comparison of the effectiveness 
of alternative' methods and the development of abstractions. The- series 
of reports-is especially illustrative of . the. develppmeht of a sequence 
of theoretical, empirical, aftd i)ractical studies around a basii theme^ 
MaslSits investigated' the. solution- of geometry problems by ei^h 

. graders. He was ^particularly. i/terested in •the formation of generalized 
tjpepiftions as a" method for' problem solving. The. students were classified 
as *eing in one of four stages, wlie^e^each successive stage ^forming 
operations was, relative ' to 'the, preceding one, a higher devel ot generali 
.zat'ion of tha^ relationship between concepts. While tlie substance of " 
this paper-issiiriiiar to that of Bruahlinsfeil, no link is acknowledged. 
•Mashbits' theoreticil ^iscusslon" seems very iftuch like an information-^ 
^roce^sing' approacl^; Zoopsychology .'• * . ^ • 

Th^' article by ZaValisM.na and PiTslikin draws from cybernetics and 
• ^ises c'oittputer-generated problem, solut^-oa sequences on a simple task to 
study sequences produced W human subjects, ffels is^an example of the 
. thorough analysis of ^ task structure preliminary to the study of 

students' solution attempt^. ^The three forms of solution idenUf led by 
Zavalishina and Pushkin correspond roughly to using trial and. error. 



xiii 



•J 
f * 



« « 



-breaking the problem into {5arts, and.SjolVing the proOjlem as* ^ whole.- , ♦ » 

^ The approach ^iii^^'simllar to that used by New^^ll aQd'pimon [/]'ln ahalyz^g 

what they, call 4' "problem .behavior graph." • / /* 

*. Art^ov's investigations on the coippositlcna of p\i|5iis' geod^^try 

* ^ * < • • 

J skills were contained in six reports -published fropi 1963 to -1^67. .The 
series 'is an interesting, progression from observational to^^igHly 
theojretic^al investigations of variou§| aspects of •problem solving in ' ' 
^ geoi^etry. The first 'three reports defal with ;j:elktively specif ift issu'^s 
\pf instruction* concerning 'auxiliary constructions, phe. conce^Jt, of* the 
' pl^ne, and using df?'kwings, ^respectively . The second three :^^p6rts deal 
with more general-tissues o^ instructidh:' the* effect/ of, drill on sfets ' 
^ exercise^ ^tha^ are all of. one. type c«^mpared Vitti drill onsets of 
;* . ex^ercise^ of varied types; tke ' diff erentiatiori' 6f. i9Strpctl<?|jaL material 

from similar material introduced previously, ai;id 'the ^f Sectiveneas of * , 
'a method pf juxtaposition to overcoI^^ difficulties in making such a . 
differentiation', . " * 

The second Brushlinskii -article in this volume is detailed logical 
analysis of the thoiight proces'ses involved ia ^problem* solvifig. It is ' 
a critical analysis of other theoretical and pedagogical statemeiits.on " 
problem solving. .In particular, Brushlinsk:^i argues Tor the inadequacy \ 
of heuri^stic rules such as those given by P^l^.ij|3] because of Polya's — 
and others' — lack of distinction/ in ^ru8hl±^^^ij^,]^±&a , between fhe^ 
requirements of , a problem and what is being souj^ft" (^he' unknown) . 

The final article in the volume is a summarisation by Fridman of 
a program^ of empirical research and the analyses of the logical-m^the- 
, . ^ m^tical characteristics of arithmetic problems^ leading to an extensive 
theoretical statement on the mechanisms for solving arithmetic problems. 
- Object models, verbal models, and mathematically symbolic models of * 
arithmetic problems are formulated and illustrated with* examples • 

These articles illustrate some* of the range of Soviet Interests in . 
studies of reasoning procefsses. In particular, the series of relateS 
studies show how some programmatic research has been done that manages 
to bring tpgether theoretical analyses, empirical data, and implications 
^ for instructlop>r The orientation toward instructional practice that 
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distinguishes ao much of Soviet fedQ<jiational ^ psy^ologio*! research . 
is particularly* evide&it in, the studies repcfrted in this volume. . 
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THE RQli: OF GDMP^ISON -IN ^lfe' FOBMATION-'OF 
/ CONCE^'TS BY .raiKIMJR^E PUPILS^ . 
^M, N» Ushakova 

» ' * ' Introduc tion , « / v 

. ,r . . - ' ^ 

Soviet psjjthologyv acQordiixg*to the /Leninist theory of ref leetio'n, ,^ 
. define^ concepts as ^i^ gp-d pf-^bject^ or of p;:ocesf4;es (or of iilp^vidiial 

properties of thein) , which we do not perceive at a giv^n moment. It 
"is known from research that concepta*"^^ whihh are reproduced Images o£; 
reality, have 4 numbeir of features to distinguish them from sensations 
aiui' perceptions arising from^the influence of reality ov&r the sense " 
organs if - 

"Xn general paler than perception, concepts ca!i ^ varyto& 

vividnes s » lissome persons, the visual concepts are the most vivid, in 
others the auditory concej^ts are most vivid, in still others the moto^ 
concepts are most vivid, and so' c^. 

' /Visual concepts c^i^ have varying vividness, depending on 'the con- 
ditions of perception, the nature of the object, and its significance 
for the percelver. We ha-^e had an opportunity to become convinced of 
/this in asking schoolchildren to reproduce various objects from memory. 
The relative precision of the graphic reproduction and of the verbal 
description by the examinees gave u^ the right t«s draw conclusions about 
the significant differences in the vividness of the images. In some 
cases, the vividness of an iMge was close to the vividness of 'a per- 
ception; in other cases, it was distinguished bf pallor and vagueness. 



The research is a revised part of a doctoral dissertation, -done 
under the supervision of T. M. Solov'ev. Published in Proceedings 
[ Izvestlya ] of the Academy of Pedagogical Sciences of the RSFSR , 1956, 
Vol. 76, 39-6|L Translated, by Joan W. Teller. 

In discussing cojicept-g, we have in mind only concepts obtained as 
a result of the visual perception of objects. 
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t ^ It is characteristic of ^concepts that individual parjs and sigps 
of the objects conceived are ^iven with great vividness, bthers very 

• dimly, and still others ar.e altogether absent. The Investigation we ^ 
' conducted provides proof of tKe app^ranc^of ^aps in ponceptsi Thus, ' 

a- third grader ^s representattoi;! of a^ pitcher tha.t was pei^cefived pre- 
vlously was sotnetimes reproduced yithout a spout, jd-tho^ut ^ bdtton^, or 
wifjhout a handle, and' the leaf of a currant shrub was sometimes repiH^- 

* dbced without lateral protu^rances^ All of^fheae parts occurred, of ' 

cou^^e, in the .originals. Wliile"it is generally accepted to. regard all 
i' • , • ' ' . * 

^ "gaps" in concepts as identical in their" psychological nat^Ure,; if is 
* _> * * 

hard to agree*^wl!th thls» Our observations show tljei^eSare essential 

differ encea ^etweep. the "disapp^rahce" of parts found on the periphery 
- of an object and the' ''disappearance" of the oblect, , ^ ' ^ 

, Let>us cite examples of gaps in peripheral parts. Tl^d graders 
.^sDmetimes t;;,aproduce the leaf of a curtant sh3nib;^with^ut lateral protu- 
berances (Figure 1). They r)aproduce an earligil^-^perceived representation 




Figure 1 

of a pitcher without^ the handle or the spout (Figure 2) . The repro- 
duction of a pitcher without the line separating th6 bottom from the 
body (Figure 3) is an exaniple o'f the falling away internal details 
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The distinction between the cases consists in the fact that, in th^ 

disappearance of an internal detail; there are not gai)s, in the true 

sense of the^rd. In the concepts. Tlift object remains intact M.n the 

'concepts, although more uniform (owing to the abseAce oT^detail^• In 

the^'disappekrance of border detail ^he object! in the concept has a rfeal xsL 

gap. We note th^t in our escperiments , the incompleteness of 'concepts 

increased with the conrol exit y in structure of the. objects . , Reproductions. 

of leav&s showed* mar* inccji^eteness than the reproducti9n of^pitchers. 

^ ' An individual partT^a detail of an object, ' sometimes i^^ not fully , 

. ^ » J * '\.*' . ' 

abs^t in .a concept, *but turns out to be smoothed oyer -> "That is, the. 

' ' > ■ ^ ^ . /' ' * 

part may have lost, its significance -to some* degre^. On/the other hanij,, 

.a part may have beer^concelved in accentuated form^ obtaining an. ^unusual, 

exaggerated significance. According to cfur data,;the siicqthing over o^ 

parts and details of an obj^ect ocours quite often in concepts. In one 

of the inves^igartions we conducted, third graders remembered and then 

reproduced in- verbal description and graphic representation a birch leaf « 

and a currant shru^ leaf. In the reproductions obt^lnSS rVom the pupils 

the prominent teeth on the birch leaf were smoothed over in 83% of the 

cases, and' the lateral protuberances 'on tlie currant shrub leaf were^ 

smoothed over in 50% of ^ 'the cases. An exaggeration or. accentuation of 

parts and details arose more rarely in the concepts and primarily with # 

simpler objects. Thus J:he smoothing over of some parts and details can 

occur in cpncepts, while other traits are exaggerated or accentuated. 





Figure 2^ [ ^ Figure 3 



^Our experiments confirm convincingly that children's concepts are 
notable for significantly less completeness tlian adults' concepts. This 
circumstance should be taken into consideration in work on the formation 
of sc!hQolchildren's concepts. 
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The relative dimensions ^ of objects can be changed in concepts. , 
Our experiments have shown thajb in the pupiisj rjaprodu^^ons, objects, 
on the whole, are Ufipally reproduced with some changes in proportion. ' 
The width was overestl^teds^in s^e concepts, and the height in pthets. 
Thus, a currant shrub' leaf was repis^duced as Ijroadened — the ratio of 
widtK to height was 98.1% in^'the repToduqtion, but 86% in' the oAgihal. 
On the* other hand, a birch le^f was reproduced as ;£liarrowed' — thJ^ii ratio ' 
of^wl^th tq ^ight \)f . 51%,' instead ,of 'the 54% in the original^ '(Figures 



4 and 5) . 
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Figure 4 . ^ S ' 

The concept^ can differ from their respective objects on the basis' 

4 I • ^ 

of abs olute size. *In the experimen\:a we conducted with third graders, 
it came to ligh^ tli^ in^ re^)roduc^ions done immediately af tfer presen- 
tation, the sizes* of the objefcts studied, as a rule', were underestimated. 
Experiments showed that absolute dlmfensions were reproduced most accu- 
rately in the simplest objects (lines). With complication of the 
objects (rectangles,, leaves) , their absolute dimensions decrease consi- 
derably. Hie larger the size of the original, the more significantly 
its dimensions are decreased in reprodu,ction, A tendency toward under- 
estimation of objeihts in repro'duction So strong in children that it 
shows up i^ot only ^in reproduction based on memory, but in the direct 



We regardel the relationship of width to. height, in each bt>ject 
conceived, as tVfc relative dimejQSions* ^ 

4 ^ 
We regarded as absolute dimensions the length of the lines, as 

well the areas of rectangles, pitchers, and leaves. ^ 
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copying of gb^cts as well. ^ 




Figure 5 . " V ' 

In our study of concepts or leaves, a generaf simalif Icatiop of 
. obiect-s-.s^' manifested rather often in the concept^ of third graders. 
TM.8.8ij^il^icat±on wa^/.^reas&d^oth. In sisaplifying the iji^xnal 
staructure of a leaf (tha venation) and in its exj^rior^ tracing. The 
frequency with which thli'" simplification ATose and its degree appar- 
ently depend on the complexity of the objects. Thus, in our experi- 
ments; leaves that, we** more complex in structure (the leaf of a 
currant shrub) were simplified more often and. more iiitensively than 
simplei; leavds (the bircKleaf). It must be noted, however, that a 
perceived object can' turn out to be more complex in the examinee's 
coi^eption, in a number, of cases. This complication occurs due to 
the appearance of 'details lacking in the orig^als. Evidently, 
\^ '/^aturf of the complications and additions is not accidental. . It is 
* 1 conditio.ned by the child's past experience, the activity of his 
reproductio:^, -the process by which a child strives to perfect a 



perceivedi object. 
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The Itudy of concepts,^ that is, images of objects absent at a 
givet> moment that influenced our sense orga^is earlier, assumes 

/ <^ 

' In examining the features of visual concepts, we did /lot touch 

on their generalized nature supposing that a study of thii questiofn 
should be the task of a special investigation. We did not study the 
problem of general concepts either. 

\ * < . 
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prlmk'rllv the preference of a . resemblance to the object. This resemb^ 

lance, really, is tWe refH^ctioa of\he object. Sinee'they are ^repjb- 

^ . , . V - ^ , - , , • 

^'duced Images, however, concepts In the mo^t complex conditions of the 

reproduction prQcess often reflect the appropriate objects inadequately. 

^ 'Tke facts cited correspond fully' to the dial^^ctif-materialisiic * ' ^ 

understanding ^<;|f concepts as siBCondar;f, images o£ the •reflection of 

reality. From this poiat of view it becomei^ l^ii:ely clear that only 

in extremely, rare cases cat^ concepts have' vividness * in perceptioti^ , * 

cWpletle^ss in th'em^ stability,* wholeness; that in the ^overwhelmjf-ng 

majority of c4se^, the concepts {especially the \concepts of younger' ^ 

/ pupils) ^r^paler than.tl^ perceptions, , unstable, and .i|ic{Jmplete. As . 

^ testimony to^ this there is tiie Important ^and laborious work > of 'the 
'^best teachers in creating "Ln- pupils vivid, camplete^, and stable con-" * 

. cepts#rft th6 objects and phenomena that are studiecJ.>* ' ^ \. 

'It should be said that all the note4 traits of concepts are ex^ * ^ 
pressed particularly sharply in children of young school age. Our ^ 
experiments" showed ^-th^t in the* concepts of young pupils, smoothing over 
and accentuating' the features , of ol^je^s, underestimating the size of 
the originals in*'reproductions, aiid the diffusion of the internal 
structure of 'Objects^ are manifested more shatply tlian in the repro- 
^JuctioT^s of adults. The augmentation and complication of objects 
are ^so found more often and' more sign^icantly in the reproductions 
by pupils. Moreover, the great general variability with time of the 
pupils' concepts should be noted. Therefore, it' is especially impor^ 
tant tliat teachers acl;ieve not only an' adequacy, of younger pupils 
concepts of the objects perceived,' but durability of these concepts 
as well. I - ^ '% ' ■ 

Psychological investigations pf the reproductions of objects ov^r 
various^ intervals of time after perception liave shown that th^y do not 
repeat' one another; thus the regularity of the changes occurring Iti 

m 

-them has been revealed. A detailed analysis has shown that the reasons 
for these changes,- on the one hand, lie in the deformation of the images 
. themselves under the aperatloi\ of time and, on the other hand, it was ^ 
clarified that changes in imaj;efe can arise 'in the process of repro- 
duction under the influence of external co*nditions — for example, changes 
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i4i the goal or task of reality*. 

• So^lHet psychologist? (!• M»-Solov/el| and ^thers) ^ve ^studied in 
the greatest detail two intert^lated dtrectloAs of change of d6ncepts: 
the accentiiatloj^ of features of the new ^ject In a coni^ept ^e 
^ exaggeration of Its differences ^roa old, more famillaj objects) , and 
the liken ip^ o'f a- new object (smoothing over^f matures , an increase in 
likeness ^lo a wall -known ,/^o Id cdjipept) • The experiments showed that 
likening is a Bjore fextensi^^ and profound chanfefe iU concepts^ ^which 
super sed^iS the initial accentuation, . - 

In feaching' ill school, teachers^ use different methods for creating 
^ in the pupils sufficiently complete, accurate conpepts of the objects 
- studi^* The mo8*t widespread of these methojds'are the d^^kistration ^ 
^ of An object in 'a lesson, accompani^ by the teacher *s explanations; 
/the repr.esentation of an object on the blackboard by the' teacher; ^ 
sketching it in notebooks by the pupils;, ^d.tlie ^epeat^ed perception 
of an object by the pupils* While recognizing the importance and 
advisability of using these methods in teaching, it should be noted 
.itiat some of these methods (drawing) take up too much time, which does 
not allow them to be used oft'en; others (the repeated demonstration 
of an object) are always effective* Nearly the^most effective 
and most convenient, but, unfortunately, an insufficiently used means 
which makes a concept precise is the comparison of objects In perception. 
It would be a profound mistake to suppose that comparison is brought 



about equally, regardless of what We compare and for what purpose we 
make the comparison. On the contrary, it is established, for example, 
that comparison of perceived objects has features tlhat distinguish it 
from the mental compar^^on of conceived objects. According to our 
observations, the nature of comparison changes depending on the purpose* 
But the purposes of a comparfsotT can be qu^te diverse. In some cases, 
comparisons are used to define rtore- precisely concepts that are already 
familiar or known: in others, comparison is used for elaborating new 
concepts. Comparison can also be used for memorization, reproduction, 
generalization, abstraction, and the like. Comparison, finally, ia 
used for the classification and systematization of ideas and concepts. 
The process of comparison appears as an essential means of forming a 
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system of ideas, elemfedtary -concepts iii general, or a system o£ know- I 
Jled^ in schoolchildren. ^ ''i * ' 

In a study of the question it is impossible^ to overlook the^majbr ^ 
contribution to the methodology and psych^ogy of comparison that ^ '\ 
Usjiinskil has made. Without ^ entering into a critical examination of ^ 
Ushinskii's^ studies of comparison, we should note that the great Rwssiai \ 
educator and psychologist^howed the significance of comparison in the 



proce^fJs of cognition of reality, as well "as tSie role of comparison ^j^n 
teaching children the fSundations of the sciences. He wrote: \ 

It is through comj^arison that we get to know everything 
in the world [our italics], and if some new object i^ y^""- I 
sent'ed to us, which you cannot equate with anything or 
diff erentiate frt)m anything (if such an object were possible) , 
we could form no thought abou^ this object, nor could we say 
' 'one word abo^ut it* If you wapt some object of external 
nature to be quite clear, then differentiate it from the 
objects that"^ are most llUe it and find similarity in it with 
the objects that are most^ remo't^ from it: 'only, then wXTi^yotT 
find out all the essential features of the- object, and this 
means understanding the object [7:436]. * '^^ 

Xt must be xioted that, unlike the majority of his contemporaries, 
UshinsUii's views contained elements of a dialectic approach to» a 
settlement of the problem of comparison* Thu^, Ushinskii wrote; 
**».,Both the feeling for. similarity and the feeling for difference 
are o^y two sides Qf the same process — the process of comparison 
[6:47^' 

In valuing comparison highly for didactics, Ushinskii showed the 
variety and wealth of opportunities for using comparison in instruction. 
Even though the most progressive teachers use' comparison iix their 
lessons, h®wever, there are no "united demands'^for the u^e^of the pro- 
cess of comparison. Everi for elementary school a methodology of the 
■"comparison process has ^ot been, worked out; there is no selection of 
objects for comparison according to topics. 

The authors of the best contemporary methodologies, in ^stressing 
the importance and necessity^ of comparison in instruction, unfortunately 
do i^ot give methodologically elaborated ind;Lcation's for the organization 
and tonduct cf comparison — in particular, advice on what to compare or 
in what order. Nevertheless, these features are quite essential, since 
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the result of compari«Blepends oa ttiein, ^ ^ * 

The •Importaace oF^jiie prolrleia of coi^^ng Ibjetts prompted us j: 
conduct- special &cperis|©iital tsivea^igatioas of the €ODjpflrisoa process 
iii the third grade df schpJ^. ' eaq^icted ^to shoiJr i*ui|' comparison will 
promote th& exposure of the distinctivexies^-of* the objects and a mci^re^ 



Investigation The Influence of Comparlson^'f - 



precise reproduati^n of thesS objects on tshe *asis o'f^memorj 



Two Ob^ject^ on Accuracy in Reproducing Them * " 

The task qf the' present investigation was to^tablish: , What ^ ^ 

(concrete) influence is exerted by comparison of^ jferceiS^ objetts ori ^ ^ 
the quality of their subsequent reproduction? ^Ho,j<^oes quality 
reproduced images depend on t^e comparison of objects thafare s ^Vii ly 
in a varying degree? How is it possible tc improv£,' to perfect compari- 
son, so that it promotes the rise of concepts that reflect thp objects 
more accurately? ' ^ , \ * ^ 

Method ' 

The examinees—third grade, pup^ls-r-were ^iven c^ied leaver from the' 
herbarium, attached to cards ^(8, 7 x 13 cm) and cdVered with cellophane 
for preser<ration; . outline representations of two pitch^fs, tt^o rectangles, 
, ^ two lines, drawn in Indi/ ink on bards of white* paper <7.2 x dO.8 cm) . 
' The experimental material was presented in pair? composed in the^ ^ 



c^^he^p^o- 



Beginning with 1940, in Soviet psychology the question 
cess of comparison In pupils was inv^tigated ^specially by I. M. 
Solpv'ev, Zh. I. Shif, M. M. Nudel'man, A, A. Smirnoy, N. P. Fe^er, 
M. V. Zvereji, V, E. Syrkina, A. I. Lipkina, I. Ivaitev, T. D.^ _ ^ 
Kirillova, and otfhers. - / 




The objects selected were taken from elementary school practice • 
Thus, the leaves wefre chosen in connection with the fact th^t, beginning 
in grade 1, the children shoulfd become familiar with various aspects 
of tr^es; the geometric figures were chosen because an elementary study 
of> geometry is begun in grade 3— tthe children become acquainted with th^ 
simplest geometric figures (rectangles, triangles, lines) and start the 
study of areas . 



f ollojtiag ^way : - ' \ 

-/ Pair I — a birch leaf and a currant shrub leaf (Figure 6);- 

Pair II — two oak leaves, differing in dimensifins aad^ shape . 

(Figure 7);, ^ , ^ _ 

Pair 11^ ~ two pitchers of different shape (Figure 8); 
•pair IV — two rect:a«igles, differing Iji wii-th' (Figur^ 9);- 
PsCir V — two straight lines of different leugth* \ 
The 'expferiment* proceeded as follows • -Tlie paiir of objects was 
presentad,'<o each examinee. Each obje(it was presented fpr lO-spconda/ 
Thfea. sfeconds after the first object 'q|*a pair was taken away^ the 
s&ond wsis presented. The reprbduction followed imned lately after the 
exposi^tion- of •the second object in,edch p^ir. The tl^e tor reproducing 
was not liTT\4^e(i> . The chiikren were told beforehand that they coul-d* 
correct and improve their dxmgixigB f or ^^^jjj^iong a time as they needed. 
When a reproduction of the. first qbject in a pair was finished, the 
experimenter took away the completed drawing, and the examinee rep^o- 
duced the second object, - V / 

Before each experiment, the examinees were asked to examine care- 
ful3^the objects that were shown, to compare them with one another, . 
to establish similarity and difference, and to try to remen&er them as • 
-well as possible in order to reproduce the objects in the same^ sequence , 
as they were presented, as accurately as possible. After .the repro^ . 
duction of each pair of objects, a discussion was held with the examl^ 
nee, in which the sort of objects'^e saw was ascertained. Were they 
similar to" one another or dissimilar? How were they similar? How 
dissimilar? The ext)eriments were conducted with 3.0 pupils in third 
grades tvi Moscow. Control experiments were conducted with a group of 
adults. , * ' * 

Results of ^the experiments 

Does the comparison of objects bv pupils in third grade of the mass 

^1^. ' ' 8 

school* promote an improvement in the.qualitx^ of the appropriate concepts? 



8 

By the quality of doncepts wd mean the degree Q^f accuracy of the 
reflection of an Object. . i * , 
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Figure 6 ■ Figure 7 

tion, we must compare tha^ results of teproducing the 
erceived in isolation without comparison and when 




To answer thi 
same objects 
'compared dut'ing perception. 





^ 

^Figure 8 Figi|re 9 

& ^ . Thft ''experiments vJ^e conducted permit us to asser^t that the compari- 
^9n of objects during petcaption ex'ert^s a positive/inf luence on the 
reproduction of the objects compared, by pupils in third grade.. The 

*^ reproductions obtained with comparison during perceptiqn^ntain fea- 
tures and parts of objects omitted by pupils reproducing ejects per-- 
' ceived in •isolation. If the lateral parts of a currant sWub leaf 
-were missing, in the reproduction without ^Qomparison, th^j.ft^^compar-^ 

, ing-the^ leaver of a birch an4 a currant^ s'hrub, in the reproduction of 
the currant^ shrub leaf thpre were wide lateral protubetances with sharp 
tips, ^d typical of both leaves was a cut in the grafts The repro- 
ductions of oak leaves were al^o more complete; in the second oak leaf, 

11 
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(in order of presentation), a new', lairge, lateral tooth (4), a graft, 
vaa added after comparison^ (see Figure 10, a and b) . In the repro- 
duction of reprfesentatiens of pitchers after comparison a spout appear- 
ed on the second pitcher in the pair, and at the bott?oin £>f the secoild 
pitcher, a widening* of the lower part was added (see Figure Jl', a and 

•b). ■ . • . • ' 

, Smoothing, over of parts .and details in reproductions after compari- 
son diminished, and features that were smoothed over earlier in objects 
began to be reproduced nKjre expressively. Experiments showed that In 
this case i.y the reprodufctions of b'trch and currant shrub leaves, the 
sedations in^oth leaves began to be reproduced more expressively, 
grooves appeared ^6r became deeper in places where grafts were attached, 
an incline of the tip to the left appeared in the birch leaf* In the 
reproduction of pitchers after comparison, the spout of the second 
pitcher became pointed, and the lower part of the bpttom of this pitcher 
also, became pointed. ; 

Comparison appreciably improved the reproduction of the 'general 
outlines of the objects. The examinees' reproductions show that the 
proportions of the objects after comparison were reproduced more 
accurately in 60 percent of the cases. Thus, after comparison the 
examinees reproduced the relationship* of width to height more accurately 
in five (out of eight) objects. (Currant o^wuh leaf B, oak leaf .A, 
pitchers A and B, rectangle A.) ■ , 

The reproductions we obtained from the examinees also allow us to 
establish that comparison exerted a. favorable influence 'on the repi'o- 
duction of absolute dimensions In five jput of ten objects (Table t) . 



9 

In Figure 10a an oak leaf is represented after an isolated 
'reproduction. Figure 10b is a reproduction of the same leaf after 
comparison with another oak leaf. Both drawings were done by a 
single examinee. , ' 

12 ■ • • ' 
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Figure 11 
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TAALE 1 

* Percent of Absolute Dimensions 

in Reproductions 



Number of 
Examinees 

- — - — : 


Type of Repro- 
ductloa 

- 


Leaf „ 
" 5226 mm 


Half 

Leaf' A 
5994 mm 


P ^ 4^ r> Vt ^-t- 

x iticner 

^ 2 
1326 mm 


13 ^ ^ «^ 

irltcner 

^ 2 
.1479 mm 


Line 
B 

43 mm 


20 


. s 

Reproduction 
' without 
Comparison 


50 


54 


65 


81 


94 


20 


Reproduction 
after Compari- 
son in a Pair 

. > V 


58 


55 


SO 

• 


86 

* « 


^96 

0- • 



Table 1 shaws, however, that^^e absolute dimensions of the objects 
in Llie drawings continue to remain significantly smaller than in the 

f 

originals. 

The experiments showed that comparison assists the appearance of 
the parts of objects tli^t have previously been lacking in pupils' 
reproductions, leading to a more expressive representation of the parts 
an4 details of objects (a^ decrease- in smoothing over, an increase in 
breaking down into details) • In some cases comparison also turned out 
to be useful for a more accurate reproduction of both absolute and 
relative dimensions of the objects compared. In general it can be 
said that the reproduc^ons of objects af l;er comparison approached 
the models in some, and often in all, respects . 

This conclusion prompted ug to ask the question: Does the result 
of comparison depend on the nature of the objects compared? WouUti it 
be identical in the coi^parison of any objects? Would it change, for 
example, according to whether the objects compared are similar ^or dis- 
simi-Jar? 

We considered it desirable -to obtain numerous data on this ques- 
tion, and we therefore used simpler objects, a change in the repro- 
ductions of whiah lends itself to a sufficiently precise measurement. 
The reproductions of dissimilar pairs (pitchers—lines) and similar 
^ones (two pitchers — two lines) were studied. 
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.TABLE 2 

Absolute Dimensions of Reproductions of Pitcher^ 
Und^r Similar dnd Dissimilar Comparisons 







.Pitcher 




— 

Pitcher 1 




Nux^^r 

OX . 

Examinees 


r>mT\ Q T" "4 <2 O 

in a Pair , 


Mean 

Percent of 
Width' to 
Heigh't 


Deviation 
from 

Original 


Mean 

Percent of 
Width. to 
Height • 


Deviation 

from 

Original 


10 


Pitcher- 
line' 


55 J 


+4.7 


66.4 

1 


+9.4 


10 

4 


Two 

pitchers 


55.2 


+li2 


59.8 


+2,8 



'^Pitcher A: Percent of width to height in the original-rSl. 
^Pitcher B: Percen<f of width to height in the orlginal~57. 



TABLE 3 



Absolute Dimensions of Reproductions of Lines 
Under Similar and Dissimilar Comparisons 



Nud^er 
of 

Examinees 


Comparison 
In a Pair 


Line A^ 
(Ar it lime-- 
tic mean) 


Deviation 
from the 
Original 


— " ^1 * 

Line 

(Arithme-- 
tic 'mean) 


Deviation 
from the 
original 


.10 ' 


^ Pitcher — 
line 


29.8 


.-2.2 
* 


41.0 


-2.0 


10 " 


Two liners 


30.3 


-1.5 


41.4 





, length of line A in the original— 32 mm, of line B — 43 mm. 



The data in Tables 2 and 3 show that the reproductions of dissimilar 
(J^Jects deviate signif icantl;^ f rom the originals. Similar objects were 
reproduced much more. accurately. Consequently, the results of compari- 
• jilson depend on the objective relationships of the objects compared; in 
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. particular, the results depend on the degree of similarity of the objects 
to be compared* 

It was established in Pavlov *s experiments that an ^hibiting pro- 
cess lies at the basis of differentiation. Here — Pavlov points out — 
... the higher the degree of differentiation inhibition, tliat is, the 
closer the differential agents are ta each other, the more significant 
is the successive inhibition, all other" conditions being equal [4:139] J* * 
^ (v,^.,^he positive role — established in Qur. experiments — of comparison in 
the process of exposing the features of objects finds confirmation in 

Pavlov's research. He writes: ' * ^ 

'. * 

How does the specialization of a conditioned stimulus, 
the differentiation of external agents, proceed? ^At first 
we thought that t^o devices take place here. One was only 
the multiple repetition of a definite agent as a conditioned 
stimulus....' The other was the intermittent contrasting of 
• this definite, constantly reinf orcible, conditioned stimulus 
with an agent ^close to it.,.. At present we are inclined to 
admit the validity only of the latter device [4:130] • 

The experimental investigation that has been cited permits us to 
establish that comparison of objects in the. ^srocess of perception 
exerts ^ positive Influence on the reproduction of objects by third 
graders and that the influence of comparison depends on the objective 
conditions in which the objects to be compared were placed. The experi- 
ments showed that the result of comparison is different in the 2;epro- 
ductidti of pairs of more similar and of less^^s^ilar objects. 

The peculiar traits inheren^ in given pbjects are exposed in the 
best form in the comparison of the most similar of them. Thus, the 
peculiarity of the general shape and vanation of a leaf was best 
reflected*- in the reproductions of pimtlaf^'^il^'ajifes from an oak; the 
peculiar serration of the edges was especially expressively reproduced 
with the leaves a birch and of a currant shrub, which are most like 

^ XiLf 

each other in this respect. ^ ) 

The peculiarity ctf proportions was more accurately reflected' in 

drawings of objects more similar in that respect (pitchers) ; it was 

revealed more weakly in objects whose proportions differed significantly 

(the leaves of a birch and of a currant shrub) . 

It turned out tliat the quality of the reproduction of an object 
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depends on the place the object occupies in t5^€t. pair to be compared. 
Our investigations showed that, in successive comparison, if the Inter- 
val of time between presentations of objects is $^^^> the first; object 

in a pair is reproduced best: It should be borne "in .mind , however, that 

* '^^ ' • \ ' ' 

with an increase in the time-interval Between preseniptibns of objects, 

the quality of reproduction of the second dember of a begihs to be 

S ' v ^ 

heightened. v"; Xv^ ^ 

In the analysis of the pupils^ reproductions, a depend^ilc)e of the 
result of comparison on the complexity of the objects compared wa^^s 
clearly revealed. This dependence became apj^arent in the fact th^ the • 
favorable influence pf comparison in the sense of an ^IncreAse in complete- 
ness and of the eltmination-of smoothing over in an object in a repre- 
sentatibn, 'affected chiefly the reproduction of complex objects* Of^ 
course, tl^ere is a question as to the degrees of complexity that the V 



objects we studied possessed. 



All of the proofs cited"' above for the positive influence of comparl- 
son on the quality of concepts should not hide the' impottant circumstances 
that in many cases of the comparison of objects there were not enough 
examples for making concepts more precise • ^ . » 

The comparison of objects in a p^ir in some cases did not fully help 
to overcome incompleteness, smoothing over, and the changeability of pro- 
portions and of absolute measurements of objects in the concepts of young 
pupils. And what is more, it sometimes even resulted in a deterioration 
in the quality of the images of objects because a likening of similar 
concepts arose. Th^s caused features of the objects to be smoothed over 
and the similarity between the objects in a pair increased significantly 
•and illegally. In some cases! the particular and distinctive traits of 
* an object were sharply ^:jcaggelated^ accentuated as a result of compari- 
son, and the proper representation of objects was also thus impaired in 
the concepts. 
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Investigation II . The Influence of GomparlBoa of 
Tvo pb ^- ]ect8 vlth a Third on the Formation ' 
of Concepts 

A comparison of two objects is not always enough for the creation 
of complete, accurate concepts of these objects. Some essential fea- 
tures can remain unrevealed. Observations show that in these diffi- ' 
cult cases teachers ask the pupils to compare the objects in a pair 
with a third object.. Practice shows that t^e skillful use of this 
'^technique, which promotes the exposure of hitherto, unnoticed features 
of the objects being compared,, at the same time promotes Bn under- 
standing of the actual relationships of the objects compared and thus 
assists the mastery of a system of knowledge. « ^ 

Observations of lessons have shown that teachers seldom use this 
technique. Only educators who work most thoughtfully use it systema- 
tically in teaching botany and zoology (e.g., the teacher Gavrilov in 
the Kalinin Suvorov Ililitary School). However # av^ the best teachers 
Use this technique with an insufficient realization of its significance. 

We believe that a psychological study of this technique is quite 
timely. It is entirely clear tKat in the process of this comparison 
the pupils experience new ties and relationships between the objects 
to be compared, and they interpret them more deeply. 

Let us note tliat in Soviet psychology, Zh. I. Shif [5] was the 
first to become interested in this fact, in 1941, and six years later, 
N, P. Ferster [1]. Shif found that the use, for comparison, of a pair 
of auxiliary objects facilitates the singling out of features in the 
process of comparison and promotes'^ the exposure of the relationships 
between objects that co^d not be exposed in comparing them in a pair. 
* Ferster confirmed the basic conclusions that Shif^ obtained , but the 
investigations they conducted did not affect the question of perfecting 



Thus, in order for seventh gradefrs to understand the similarity 
between the brains of reptiles and of fish, N. P. Panchenko, a teacher 
in School. No. 114, asked them to compare preparations of reptile- and 
fish^brains with the brain of a bird, characteristic of which is the 
presence of a -cerebellum. 
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concepts with the aid of this techiiique. 

Ttie following *quest ions confronted us: ^ 

1. . Does the introduction of an auxiliary > "third*' object influence 

St * ' ^ 

the conception of objects in a pair? 

2. Does comparison with an g.u:t4iliary object always yield a posi- 
tive result? 

3. Does the influence of the "third*' object depend on what object 
is^used as auxiliary — in particular, how does the influence of the 

auxiliary object depend on the extent of its similarity with* objects in 

- ' * ) 

the pair to be compared? * 

4. Does introducing an ^tuxiliary object promote the exposure only 
of similarity, or can it influence the isolation of differences? 

5. Can the indicated technique setve as a means of perfecting 
concepts? 

Our task was to investigate and to prove the many-sided influence 
of auxiliary objects on the comparison of objects in a pair, and to show 
the, dependence of that influence on the relationships entered into by * 
the third object with the objects in the pair*. 

The educational significance. of the study of this question is . 
completely obvious . Even a partial solution to it wl+Ll put 'into the 
teacher *s hands a -didactic means for creating accurate concepts of 
objects* 

Method ' ■ - 

A month after the £irst reproduction, described in Investigation I, 
the same third graders were asked to copy and to remember a third object, 
similar in varying degree to the objects of each pair to be compared, 
and only afterwards to compare 'and reproduce from memory the pairs of 
leaves, pitchers, rectangles, and lines (Figures 12, 13, 14). The order 
of presentation of the object^ in a pair,*- the time for exposi^on of 
each object, and the interval between them remained unchanged in all 
cases- In all the series, ^reproducing was done' immediately after pre- 
senting the pair, . 

The auxiliary, '*third" objects were objects of the same type, 
specially selected for each pair oh^the basis of shape and dimensions. 



Assuming that the influence of the auxiliary objects would be determined 
by the degree of their difference from the objects to be compared, there 
were specially selected as auxiliary, "third" object^s for the first pair — 
a linden leaf, more similar to the first object in the p^dr (a birch 
leaf), for the second pair — an ash leaf, more similar to the second, the 
oak leaf. For each pair of simpler objects (representations ^f pitchier s, 
•rectangles, lines), some auxiliary objects were selected, differing, in 
varying degrees,- in width and length from the basic objects in the pair. 

Thus, 17 series of comparisons with auxiliary objects were conducted, 
some of which were smaller than the first object in the pair, and others 
of which were larget than the second object in the pair. 

By having the examinee^ copy the third object before comparing a . 
pair, we expected to elicit its influence and to determine the nati:g:e qf 
that influence. \ 
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Figure 14 



Results of the experiments . ^ 

Introducing an auxiliary object into the comparison of two objects 
exerted an influence on the reproduction, of all of the oSjects. This 
influence was more significant where the third was more similar to the 
elements in the pair, ^ / 

Thie repro4uctions we obtained from the examinees show that copying 
a third leaf (a linden or an ash le^) before comparing a pair promoted 
a .clarification of the concepts of the leaves in both pairs. The chil- 
dren's drawings show that this kind of comparison with a "third" 
object significantly helps to eliminate defects in the reproductions 
that could nbt l^e eliminated when a pair of lea\4s were compared. Thus, 
after comparison with a "third," the representations of the leaves in 
both pairs became more complete , In the^e reproductions parts^ of the 
currant^shrub leaf (lateral p-sotuberances) and of the oak leaves (teeth, 
a broad, rounded tip) appeared that had been lacking in some casep 

^durisig comparison in a pair. 

T^e smoothj-ng over of features and the accentuation of them, which 

^occurred during comparison in a pair, disappeared in the representation 
of birch and oak leaves. gjeneral shape, the serration, §nd the 

venation of the leaves began to reproduced more accurately after 
copying a third leaf and the distinctiveness of each leaf in a pair was 
significantly better expressed in reproduction. Thus, in the. examinees ' 

. reproductions, the birch leaf began to be represented more aecurately 
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in its general shape; it became widened in the lower partf ^and acquired 

its characteristic triangular shape, fche shape of thei-'^iginal, and 

its pointed tip stood out clearly (Figure 15a- )• The larger lateral 

1 

protuberances in the currant shrub leaf also began to stand out more 
distinctly, and the leaf 

serrate edges of the l^ves in both pairs began to be reproduced more 
accurately after a third leaf was, copied. On the birch leaf the • 
characteristic large. teeth appeared on each' side. In the reproductions 
of oak leaves, smoothing over the outline gave way to a considerable 
breaking down into parts — especially, the serrations of the second 
leaf in the pair became deeper sharply expressed, while the outline 
of the first leaf, on the other hand, became somewhat rounded, as 
happened in the models. 5 







Figure 15a, b, a^, b^ 
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"•Introducing a third leaf in a comparison also exerted a positive 
influence on the reproductions of the leaves to be compared in the re- 
spect* that superfluous additions , which' arose in reproductions when 
two. leaves were compared, disappeared afterwards. Thus, in the curraftt 
shrub and oak leaves (the second leaves in each pair) the* superfluous, 
large lateral protuberances and teeth disappea^^ed. The absolute ^ , 
dimensions of the leaves in both pairs were reproduced more accurately 
(see Table 4) . . 

^ TABLE 4 

' Percent of Absolute Dimensions * . 
of Reproductions . 



Birch Cur1?ant Oak Leaf Oak Leaf 



Number of Size of the originals Leaf 2 Leaf 2 ^ 2 ^ "2 

Examinees in mm^ 3596 mm 5226 mm ^ 5994 mm 5610 mm 



20 Reproductions after 49 58 59 57 

comparison in a pair ^ 

20 Reproductions after 65 73 68 , 72 

.comparison with an 
auxiliary object 




Note > The areas of the circumscribed rectangles in the originals 
. and in the reproductions we/e pompared to obtain these 

percents. 

In the analysis of the reproductions it was revealed that copying 
a third leaf changed the nature of the mutual influence of the leaves 
to be compared in each pair. The influence of the, third object, which^ 
was spread over both objects in a pair, affected differently each of 
the leaves to be compared, depending on the degree of objective simi- 
larity of the. third to .the individual leaves of the pair. Thus, copy- 
ing a linden leaf! influenced the reproduction of both leaves to be 
c'ompared, but it had the greatest positive influence on the birch leaf, 
which was more like it in its general shape. j- ' 

In conformity with this, we obtained,* in our pupil--examinees ' 
reproductions, a more accurate representation of the general shape of 
the birch leaf in 86'*'percent of the reproductions and of the currant 
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, Figure 16 a,b, a^^, 

shrub leaf in. only 6d' percent of the reproductions, v On the basis of 
the serrations, the birch leaf began to b^ reproduced more accurately^ 
in 80 percent of ^the reproductions and the currant shrub leaf in 
only 46 percent. • ' ^ ' ' 

Our investigat;Lon showed that in some cases an auxiliary, 'third 
leaf in a comparison aided the judgment of similar ity"^ between a pair 
of leaves, whereas in other cases, introducing it evoked an accen-- 
tuation of the difference between them. In an analysis of the results 
it was established that the influence of the auxiliary object was 
determined^ by the degree of its similarity with the objects in the 
pair.' Introducing an auxiliary leaf (of a linden) that was closer to 
the first leaf in the first pair (the birch leaf) evoked an emphasis 
of the difference between the birch and currant shrub leaves in repro- 
duction; introducing an auxiliary' leaf (of an ash) significantly 
different from both leaves in the second pair promoted ^n increase 
in similarity between the oak leaves in the examinees' reproductions. 
Thus, it can often be- noticed, in the records of the statements made, 
that in comjj^ring a birch leaf and a currant shrub leaf, the examinees 
exposed first and foremost the similarity between these leaves, 4fcd 
only after an indication of the similar features did they turn 



exposing the features of difference.^ Itla fcurious that after the 
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^ iatltpduction of a third object— a linden lea't — the examinees fisst 

' discxjvered the difference* ia the leaves to be compared, and only aft er- 

irards^, and not ia so much detail, did they notice similarity. Thus, 
* •the V examinee Natasha said that "after comparing* the leaves of a 
currant shrub and a birch with a linden leaf, I noticed that they 
differed." And she added that "the -linden leaf helpe^pe to draw and 
to rem^ber the birch leaf." 

When an examinee was given similar oak leaves for comparison in 
a pair, the ijxtroduction of a third — an ash leaf — that "(differed signi- 
ficantly from both elements in the pair, promoted an exposure^ and even 
an exaggeration of tl^ similarity between the- leaves in the pair. In , 
the result the ash leaf had le^ Influence on the reproduction of. the 
feature^ of both oak leaves, with \ts influence tieing negative in a 
certain respect. • > r ^ 

9 

' ' The experiments showed that here the influence of an auxiliary 
object on the individual abjects In a pair w|s different. In, general 
shape and se;rration^ of the edgesT^e Ssh leaf was closer to 'the second 
c^k leaf, although it differed more' from it than did the .linden leaf 
from the birch leaf. The^ experiments ^howed that afte^ copying the 
ash leaf, the representation of the general shape and s^iration of the 



second. oak leaf was improired (the representation of the general shape 
improved in 86, percent^ the ca^es, and of the serration in 80 percent) 
while the representation of the corresponding features of the first oak 
leB/£ improved, but to^ a significantly ^lesser extent (the transfer^of 
the general shape of the first leaf imprtwed.in only ^40 percent of ' the 
cases,; and of the serration In 33 percent of the cases). 
' ' ' After copying the ash leaf, the examinees, naturally, compared it 
first with the first oak leaf, but on account of its considerable 
difference, the "third" object did not exert a strong positive influence 
here.' When the examineeG were given the second dak leaf, they estab- 
lished its 'similarity with the ash leaf, which promoted the exfidstite 
-'of peculiarities and resulted in an ' improveraenT" 1^ the reproductions 
of the second oak leaf. 

to 

Thus, the experiments with leaves give us the right to assert th^t 
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introducing auxiliary objects exerts ,an influence on the reproduction 
of the leaves in each palj: to' be compared.^ The auxiliary object'' 
significantly furthered the accuracy, in reproduction of leaves to b6 
compared in a pair, with respect both to shape and to ^dimensions; -The 
influence of tlje auxiliary object depended on the degree of its 
similarity vrith the objects in a pair. * 

6ur experiments sijowed it^xat not only tan introducing an auxiliary 
ohj.ect prohote the exposure of sitnilaritf, as Shif and-^erster indi- 
cated, but in some cases such. as introduction can promote the exposure 
of differences between' the objects in a pair. It was alsb est^bllshedub 
that in comparison with a third object, more subtle and varied relation- 
ships of similarity and difference are disclosed between the objects to 



be compared. ^ 

■■ at 



However, the ;results obtained were not able to satisfy us, since, 
in using such complex objects as leaves, it turned out to be very 'hard 
to reveal basic laws governing the influence of auxiliary^ objects. To 
<;heck, specify, and firfd a numerical expression of the'laws that were 
found, we conducted experiments in the "comparison of simpler obJectST— 
namely, lines and outline representations of rectangles and pitchers. 

According to the method set forth above, we conducted feeven » . 

series of experiments in the comparison of lines, which differed only 

in the dimensions of the auxiliary line* In some experiments auxiliary 

lines were introduced that were smaller than the lines in the paiir, 

differing from the first line by 12, 30 or 50 percent. In other series 

of experiments, auxiliary lines were introduced that exceeded the lines 

* 

in the pair in length, differing from the second line in the pair by 
12, 30, 40, or 50 percent* Analogous experiments were conducted with 

- 4 

rectangles and pitchers. 

We were Interested in the extent to which the influence of an 
auxiliary, third line affects the relationship between the basic lines 
that were to be reproduced in a pair, and in their absolute dimensions 
as well. Table 5 was compose'd to answer the first of these q^iestions . 
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TABLE 5 

Variations in Reproductions o£ a 
Pair of Lines When Compared a 
Shorter Auxiliary Lines 



r 

• 

Series ReprodiJction 
(30 examinees) 


r 

Difference between 
Auxiliary *linp and ' 
line A 4ji percent of 
A 


Deviation of ratio 
in reproductions 
(ratio of B to A) 


* 

After comparison of the 
pair 


i 


+1.3 




After comparison with an 
auxiliary line^ 


• 

12 percent^ 


-1.5 




After c?)mparlson with an' 
auxiliary line 


30 percent. 


+1.9 


i 


After comparison with an 
auxiliary line , • 

: ^ X — , - . . , — — 


50 percent 


-0.5 





The ficpres in the third column show the deviation in the ratio 
between the! lines in the reJJsroductions . The ratio (percent, line B 
of line A) tff the lines that served as models wap 134,4. An increase 
o^ the ratio when an auxiliary line was introduced is testimony that 
the difference between the lines is increased; a decrease in t>e ratio 
reveals a- Smoothing over of difference, a likening of the lines in a 
pair. . . , 

It was revealed in the experiment^ that the relationsliips between 
the lines, rectangles, and pitchers to te compared, and the absolute 
and relative dimensions'^''" of these objects changed regularly after 
.auxiliary objects 'were Introduced in' the examinees' concepts — depending 
on the degree of similarity between the **third" object and the objects 
in a paii:. 

The data in Table 5 show that the introduction of an auxiliary 
line that is closer in dlmetislmis to line A (the first obje^ in the 



H/e regarded absolute dimensions to be the lengiii of the lines, 
and the areas of rectangles, ^pitchers, leaves; relative dimensions 
were the ratio of width, to height in each rectangle, pitcher, or leaf. 
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pair) evoked a smoothing over of the difference between the lines of 
the pair . (deviation of -1.5), a trinnuing of their lengths. With an 
increase. in, the difference (from 12. percent to 30 percent) between 
'the' auxiliary line and" line A, an accentuation of the difference be- 
'tween the lengths of the lines to be compared was observed (deviation 
of +1.9). 'iSfhen the difference between the auxiliary line and line A 
of the pair was increaseH even more (50 percent) , a smoothing over of 
the difference ^galn ensued, a triimning of both lines in length 
(deviation of -0.5) 

TABLE 6 

.Variation 1^ Reproductions of a Pair of Lin4s When 







t 

Series S!eproductionfi 
(30 examinees) 


Difference. between 
auxiliary line and 
line B in percent 
■ of B 

< 


Deviation of ratio 
in reproductions 
(ratio of B to A) 


After comparison in a 
pair 






•s 

+1.3 


After comparison with 
an «aux^,liary .line 


12% 




+4.5 


After comparis6n with 
an auxiliary line 


30% 




-0.7 . 


After comparison witli 
an ^auxiliary line 


40% 




-3.7 


After comparison with 
an auxiliary line 

— — — ■ — ■ — — 1 


50% 


* 1 


-5.7 



Wliea lines exceeding the second line of a pair in length were Intro 
duced into an experiment (see Tabl^> 6), the auxiliary line that was 
closest in dimensions to line B (the second ' object in the pair) elicited 
ah a cceuLuatio n ol the difference between the dimensions of the lines 
in the pair (deviation of +4*5; see Table 6). With an increase in the 
difference between the auxiliary line and line B, accentuation of the 
difference gave way to a smoothing over of it, and the lines 'in the^ 
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pair began to be trironad in length (deviation of -0.7). A still 
greater difference between the auxiliary line and line B caused the 
distinction between the sizes of tlje lines to be compared to be. 
smoothed over even more (deviations of -3.7» -5.7) — they were 

trimmed even more* , • 

It should be noted that the general rule for the influence of an 
auxiliary object noted in the comparison of lines was confirmed during 
the comparison of the representations of rectangles and pitchers. 
Depending on the degree of similarity between the auxiliary object and 
the corresponding objects in a pair, in some cases of reproduction an 
increase was observed in the difference in size, in general ^shape or 
in features of .the outline of the rectangles and pitchers to be compared. 
In other cases, however, the rectangles and pitchers in a pair in the 

examinees* drawings became more alike in dimensii»n and shape than ih 

» 

the models. ; ' 

It was established in tile investigation that introducing an auxil-- 
iary object promotes the comparison of a pair under definl^te conditions. 
If the difference, for example, between the third line and the first 
or second of the lines to be cc^pared in a pair does not exceed a 
definite size the comparison is improved. This difference between the 
auxiliary object and the pair to be compared, within felxe limits Of 
which this object exerts a positive influence on the comparison pro- 
cess, we call the zone of optimal difference. iSie experiments showed 
that the more complex the objects to be compared, the ^iloser to the 
first of them, within certain limits, was the zone of op^timal dlffereiice 
of the auxiliary object that makes th^ relationship between the objects 
in the 'pair more precise. 

An analysis of the results showed that changes in the objects in 
a pair in the examinees' concepts after the introduction of auxiliary 
objects were evoked by change in the process of reproducing the 
relationships between the pair of objects to be compared and the auxil- 
iary "third.'' Tnese latter changes, in turn, depended on the degree 
of difference between the auxiliary objects and the objects in a pair. 



29 



ERIC 



This Is shown in Tables 7 and 8. 

TABLE 7 



Degree of Differen^ Between Shorter Auxiliary 
Lines and Lines in a P^ir 0 



Dif f ei'etice 
between 
auxiliary 
line and 
line A in 
percent 
of line A 


Difference between 
auxiliary line and 
line A (in mm) 


Difference between- 
auxiliary line and , 
line B (in' mm) 


ibdels 


In 

drawings 


Percent of 
models 


In 

models 


In • 
drawings 


i 

Percent of 
models 


12 


4 


. 5.7 


142 


- ^- 

15 


■■■ 

16.7 


111 ' 


30 


10 


9.5 


95 


21 


20,8 


99 


50 


16 


13.9 


S7 


27 


23.8 


88 



— TABLE 8 
Degree of Difference Between Longer Ai;^iliary 
Lines and Lines in a Pair 



Difference 
between 
auxiliary 
line and 
line A^in 
percent 
of line A 


Difference between 
auxiliary line a^ 
line A (in mm) 


— ^ »i — . 1 ' - - _ 

. * 

Difference between ^ 
auxiliary line and 
line B (in nan) 


In 

models 


In 

drawings 


Percent of 
models 


In 

models 


In 

drawings 


Percent of 
models 


12 


16 


18.2 


114 


5 . 


7.0 


140 


30 


24 


25.1 


108 


13 


13.5 


104 


40 


28 . 


27.4 


96 


17 


. 16.7 


98 


50 


54 


47.5 


88 

— ' ' — • — 


43 


37.4 


87 



Tables 7 and 8 show tliat with a slight difference between the' 

12 

' auxiliary line and the lines in the pair, the distinction between the 



12 • < 

See the first line of Tables 7 and 8.' , 
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third lini and the'^^palr was Accentuated In the reproductions* was 
increased; the pair of 'lines diverged, as it were, from the third^ ^ 
With a large difference between the^awillary line and^he lines to 
be compared, the distinction bet^en the third and the pair was smoothed 
over, arid the pair of lines to be compared came close to the third, 
becoming like it. 

The experiments showed that for each kind of object there existed 
a difference between the 3nxili^y object and the pair to be compared 
that was neither accentuated nor smoothed over in the drawings,* but 
that correspotided exactly to the size of the relationships in the 
originals • The introduction of these optimal auxiliary objects 
resulted in an exact reproduction gf the distinction between *the objects 
in a pair, as well as in the precision of absolute and relative , dimen- 
sions and of the shape ot the objects to be compared • ■ ^ 

The process of comparison plays a leading role in the distinction 
or differentiation of objec'ts. 

This was revealed 'quite distinctly In the experiments of Pavlov 
that the comparison of a definite conditioned stimulus with an agent 
close to it results incomparably more quickly in the specialization of 
the conditioned stimulus, in the differential Inhibition of external 
agents, than does the simple, frequent repetition of the same agents/ 
It was established by Pavlov and his pupils that the process of 
inhibition lies at the "basis of differentiation. In experiments in^ 
the methods of conditioned reflexes- — a fact that ;is very important for 
us revealed quite di^ififljtly~it turned out that the intensity of the 
inhibiting process w^a 'd®^^™^^^ by the difficulty of the differen- 
tiation, or, ih other ij^ords, the nature of the inhibition depended on 
the degree of similarity between the Stimuli to be differentiated. 
When a dog was to differentiate a tone and 1/8 of a tone, the inhibition 
was more intense than when two sounds differing by two tones were 
differentiated. 

These experiments by Belyakov gave Pavlov the right to formulate 
the following conclusion, which is extremely Important for our investi- 
gation; '*The subtler the differential inhibition, the greater the 
retardation, and vice versa [3:118].'^ 

31 
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Correlating these data with the resulte of our experiments, we 
can see that the psychological regularity, which we disclosed experi- 
mentafly, of the dependence of the results, of comparison on the degree 
•of similarity of the objects finds Its explanation in the various 
courses of the physiological process of differential inhibition. 

With the introduction of an auxiliary object int^ comparison^ the 
differential inhibition is also variable, depending on the degree of 
difference between the auxiliary object and the objects in a pair. When 
the difference between the pair and the "third" object is very signifi-- 
cant, an irradiation of the inliibiting process occurred, whidh caused a 
likening of the objects in a pair to a third • With an insignificant, 
slight difference between' the-^tli^^and the* pair, a concentration^ of 
the inhibiting process was intensified the process of 

differentiating two ob 

Our experiment^^howad that the mental activity of the comparison 
of objects in njrception is closely related to language, to a personis 
spi2ech. Moj^fl^er, the activity of comparison cannot be properly under- 
side the connection of speech, since all relationships 

established in the comparison-ptocess are formulated verb ally by a 

> ' " ■ 

person ^ 

^ With the aid of language a person gets to kniDW objects, adding 
thejn to a definite category of objects. With the aid of language he 
e'stablishes and expresses relationships between objects, stating in , 
speech the similarity, difference, or identity (like, unlike, the same, 
more, less, equal). 

Basically, irv the comparison process the examinees w^re fac^ ^ 
with the relationships of similarity and difference. In all cases, 
similarity iiad a more general nature, and difference a more particular 
one. Diese relationships were revealed by the examinees in various 
ways, dependlnp, on how obvious the relationships were and how easy it 
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was to reveal trieit in comparison* ^ 
But in comparing objects in a pair, the examinee often had diffi- 
culty determining whether the objects to be compared were like or 
unlike each other. In these cases he said, ^'Almost alike,** **Almost 
the same,". "Tt ^seems >similar/' After the introduction of an auxiliary 
object, fully definij;e relationships were established between the 
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objects la the pair: they were alike or not alik^. 

Moreover, in some cases of comparison in a pair the children , 
said that the objects were alike, but j.ust how they coxild not Indicate. 
Inttoduclng. an auxiliary object also ^ssis ted them in this respect; 
the children determined how objects were alike and how they were unalike, 

Relationships are formulated differently, also, depending on the 
complexity of the objects to be compared • Thus^ the differences between 



lines were manifested only with respect to length and were ^pressed in 
the wbrds: "more, less, equal, longer, shorter The distinctions $ 
between rectangles were established in two respects — width and. height. 
The examinees said that rectangles were **wider," ''narrower," "lower," 
'higher," -^'a little wider," "a little narrower," "thij" "fat," "long," 

* "broad." . ^ 

In the compari«son of pitchers still more diverse relationships 
of similarity and difference were established, not only in the. dimen- 
sions of. width and height, but in t;he^ general shape of the pitchers and 
in "^he shape of the ned4cs, the bottoms, and the handles. 

Finally, leaves were compared not only according to dimensions and 
tiyg^general and -particular features of shape (otitline^ teeth^ veins, 
apices, twig-grafts), but according to color as well. Ck)mparison on 

• the basis of color, however, dGtermiiling in this way whether a tree 

old or young and how long ago 'the leaf had dried, was accessible 
only to adults; children, as a rule, paid no attention to this. 

Thus, the more complex the objects, the more complex were the 
relationships between their individual features. So, if the children 
said definitely whether lines were alike or not, in the comparison of ^ 
more complex objects, such as pitchers or leaves, they noted that the 
objects were now similar, now different. The experiments showed that 
V'f in this respect the intiroduction of an auxiliary object is Very necessary 
• ^since it helps in singlkng out and systematizing the signs of both 
NS^.mila.rity(and difference. 

' ^naltsls of the statements showed that the children, as a rule, 

did not^^t^y to measu/e lines mentally, or to correlate them with a 
measuremeiit scale, as adults did. They determined the relationship 
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bfetween lines oaly in the most gaieral form:" "The first line was a 
little shorter" (subject E.),'or "The second stick was longer, and the 
first shorter" (subject AO- Thus the relationship between lines was 
often reptoduced incorrectly in .words: , they said that the "first line 
was longer than the second," while the reverse, relationship occus^ in 
the originals and in the reproductions • These Vata confirm the obser-- 
vations of Ivanov-Smolensk, ^o, in his investigations of the inter 
action of the first and secbnd signal systeins in younger children, 
established that 

*..at a younger age, in a verbal account, in the majority 
of cases, signals and reactions are described properly, but. are 
reprdduced much worse, and -frequently the rg^tions, the ties 
between them are confused: the direct ties^ associations 
(positive and inhibitory) were formed, but they are not yet in 
a proper verbal skill [2:574]. 

According to the degree of the child * s a&^vo],ution, 
. ' everything that happens in the first' signal lystem (the 

bearer of figurative thought) finds an increasingly complete ^ 
and exact reflection in ike second signal system; direct 
experience (which is imprinted by the first signal system) be^ 
comes increasingly accessible, in the expression of I. P. 
Pavlov, to ^abstraction and generalization,^ to verbal inter- 
pre'tatioG ^nd clear awareness. [2:579] . 

For comparison and accuracy of the results of the experiments, 
we conducted an experiment with 15 adults, based on the same methoH 
as with the children in third grade • In our experiments the adults 
used various special devices for remembering the absolute dimensions 
of the lines. The majority of adults remembered the dimensions of 
lines in centimeters. Many correlated the measurement of a line with 
the dimensioruj of a sheet of paper. ^ In comparing lines in a pair, 
adults indicated not only the general relationship between the lines, 
as the children had done, but .tried to determine exactly b^ how, much 
the second line was larger than the first. "Tlie second line (B) is 
longer, the first is a little shorter. The difference between them is 
about 1 cm" (subj ect • Sh. ) . 

When a third line was included in the comparison, both adults and 
children,. in their remarks, determined its position with respect to a 
line in the pair: "The first line was the longest, tlij^second (A) was 
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the shortest, the third (B) was longer than the second" (subject U.)* 
But in contrast to the children, the adults determined that in some 
cases the size of the auxiliary line was closer to the line A, and 
in other cases it was cibser to the line B. "The second line (B) is . 
almost the same, but slightly shorter*^ (subject Sh.)* 

thus, the experiments showed that with the necessity to determine 
just hqw and by how much the objects ,to be compared differed, the 
children's weakness was revealed, since they had trouble formulating 
the relationships between objects and, interpreting them on the basis 
of verbal thinking. Adults, using the . generalized fopas of second ^ 
signal ties, reflected more adequately both the individual properties 
of' objects and the relationships between objects when comparixj|g them 
in a pair, ^^^^ third graders the introduction of an auxiliary 
object was reqtxired for precision in reproducing objects to be compared. 

General Conclusions 

* 

• 1. The introduction of an auxiliary object exerts an influence on 
the comparL^n of objects in a pair. This influence is determined: a) 
fay the degree^ of similarity of the objects to be compared in a pair; b) 
by iSie degree of difference between an auxiliary object and a definite 
(first or ^Qond) member of a pair;^ c) by the complexit:^ of the objects 
"ta be compared • . ^ 

2, Bringing into comparison an auxiliary object that differs in 
a c^efinite respect fr^ the objects in a pair promotes a more precise 
reflection of the distinctiveness of the objects to be compared, in the 
concepts of third graders' In this case we^ obtained a more complete 
singling out of the 'signs of similarity and difference in the ^examinees 
reproductions than had happened during the comparison" of objects in a, 
pair. 

3,. After the comparison with an auxi3*iary object, there are 
exposed, in the main, the signs of similarity and difference between 
the two objects that appear as a result of establishing more preci^se ^ 
relationships with the respective third object. 

4, The comparison of visually perceived objects has its basic 
interaction with t|ie two signal systems. The mor4 complete forms of 
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this tie in the menta^ activity' of adults alded^ more adequate 
reflection of the objects in. the examinees' concepts* 

In the experiments it was revealed quite expressively that, the 
, result of activity in comparison ,(the hidden relationships of objects) 
is alvays expressed verbally. Th6 more highly developed vocal thought 
of adults promoted a more complete realization of the comparison pro-- 
^ cess* In having a variety of generalized grammatical forms of speech, ' 
adults exp^ressed more precisely in words the relationships between 
objects whil^ comparing them in a pair, whereas the introduction of a 
third object was required for third graders* precision, in the cpncepts 
of the objects to be coi^pared. - z 

5, The device we have investigated, of comparing the objects 
a pair with a specially selected auxiliary object^ can >e, iii pur 
opinion, applied usefully in teaching yarious disciplines /for Wamp^e, 
natural science and drawing in elementary school, adology and litera- 
ture in secondary school) . Tlie pedagogical value of -the d^vicej from 
our point of view, is that its application ^helps the teacher to 
develop the pupils* thinking, since, in a co'i^parisoiT^ organized and 
' directed by the teacher, with an appropriate image, the pupils reveal . 
distinctly the' most characteristic signs of otrjects and display the 
necessary ties and relationships between objects to be compared* 

In this comparison by means of exposing signs of similarity and 
difference in the objects to be compared, concepts that adequately 
reflect reality are formed in the pupils^ 

It should be particularly emphasized that tl^^^ comparisons 

, contribute to the mastery of a system of knowledge. 

« 
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ON 'THE FORMATION t5F EI^EMENTASY CONCEPT 
. I OF NUMBER BY TSE CHILD ; 

* 

-Vj V» Davydov 

The subject of the e^erimental investigation reported here 
was the child formation of- the concept of, nuiiJber^ a process that 
• occurs when addition is*^ learned as a mental operation. In the ' ^ 

psychology; and methodology of arithmetic, it is a known fact that 
' at a certain stage iri the development of their knowledge of aritW.^^^ 
metUc, children ^re unable^ to operate wtth numbers divorced ff om ' ^ 
quant:^«fies'of objects; arithmetical addition is carried out only witK 
objects, even though the children already know of numbers^ that^-estabA 
lish the size of addends. At subsequent stages of instruction, the 
children go on to operating wish number^ abstracted from objects. / 
This tlte^sition is an objective process within which the conceptual 
form of the number is developed. 

. The investigation e§tablislied consecxitiv^ stages in' this pro- 

-stress: ^ 

1) adding, quantities of things by counting the units 
(objective* operation method); 

2) adding abstract quantities^ by counting the units^ * , 
(detailed verbal operation method) ; ^ ^ * ^ ■ ^ 

3) adding afcst^act quantities by^counting the second 
addend onfo the first taken as a; whol^ -(conceptual operation 
method proper). , ^ ' ' ' . - 

The characteristic feature of the object ,stage of performing 

.addition was that when given a verbal assignment, the children would 

maloe up things to use as objects in the proposed addition (first 

operation). and then find the result by counting them in succession ■ 

(second 'operation) . It was shown that at this stage, a method of 
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opirating such as counting the addends by imits'' starting with one 
was perfectly legitifii^te, even though the- children knew the ii«K4rical 
designation of an a^ejj| and could relate a numeral 'to the who'le quan-' 
tity th be designated'.. Here their knowledge of the ^ize of aggre- 
gate ^of objects was not. used as a simple integral description of the 
quantity. I * » 

.If the bjiildren'were^given the first addend in the form of a digit, 
they took the digit for a unit, for one object, regardless of what it 
designated. These children 'still" did not conceive |t)f a definite ' 
^ abstract quantity behind the figure. Thpy were first L make up a real 
quantity based on the numeral and then lise it ^naddipfe.' The children ' 
wer6 able to think up a group of arbitrary objects to correspond exactly 
^o the given riumerarl. That is to say, to them a numeral was a completely 
generalized and differentiated indication of a collection of things. 
Thus, at the objec^ stiige of adding, children Iqjpw a numeral as an '■■ 
_ indication, the content of which can be shown t^* them when a series of 
names are actually related to objects.', in detail. 

The distinctive feature of the second stage of addition , (detailed * 
■verbal couliting) was that the children' no' longer related a specific 
designation to an immediate col^ctton of things. An assignment would 
. be carried out without regard to^jecis, but counting was retained as 

the method of adtiing (the problem "3 + 2" was..done like this: "1, 2, 3 

■ the ddsh signifies*- the changeover to the second addend). Wlien 

the addend was given a& a numeral, it was not taken for a' unit, but 
pronlpted verbal counMng accompanied by tapping the numeral with a 
finger ♦ ** . 

The investigation establish'^ that this stage of -^add^tion, under 
the experimeoft^l conditions, orl^^inated due to the fact that, though ' 
i^ie objects were hidden, their'^ctual presence was emphasized verbally, 
and 'they were shown to the rhild from time to time. Under such condi- 
tions, the children would begin to make particular moyemenLs - (c^uch as 
- pressing a finger against the box in which the objects were hidden) 
while pronouncing the number series^ from one to the -speciiied design 
nation (counting) . . * 
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Characteristically, the mbvements (and therefore the verbal 
counting^ were first seem only when the hidden objects were actually 
present. As soon'as th^y were removed , entirely , the children refused 
to perforin addition. Addition ceased whenever the experimenter forbade 
them to make the movements. That reciting the numbers while cotinting 
depended on the hand movements was shown in. this fact: When; the chil- 
drei> ftegan to cbunt verbally, 'it was distinctly noted that the numbers 
were named after the movements • . ' i^ " 

Gradually the children progressed to assigmnents presented in 
words without using objects. True, at first a special, verbal indi- / 
cation of the supposed presence of ohjects was required (in naming ^ 
the first addend, the experimenter would say'"Here*§ 5" — a gesture 
*in the diretfC?^ of the table ^— '""and add 3") ► 

After numerous problem^ given without objects had been performed, 
the character ^f the c^ild^s hand movements was altered. Slow pressures 
became rapid tapping of the finger on the table, and tliis was in turn 
replaced by an accentuated recitation of the numbers while counting, 
llius the movements, done on such a large sca]e at first, were gradually 
curtailed or reduced, so that a result, the child would do a verbal ^ 
problem by coyntiug purely in words (for exa^jiple, the problem "5 + 3'' 
was*done like this: ^*1,'2,3,4,5 — 6,7,8; the answer is 8"). 

There is reason to believe that the movements, even when quite 
reduced, never completely disappear* Hand movements are replaced by ^ 
the accentuated pronunciation of numbers.^ As our findings showed, the 
pronunciation ot numerals in, adding had different intonations than in 
simple^ counting. ^ . ' • 

An Analysis jpf ho# the movements .we have described originate shows 
the following. Back at the object addition stage, when quantities of . 
things were being added, the children would touch the objects with 
their fingers while counting, 'When forced to operate with a quantity 
not presented in material form, they apparently used this system of 
movements acquired .whiles adding real objects. Tliese movements were 
' • first repeated, not in the complete absence of objects, but only when 
the objects were hidden, though still unavailable. One can ^^eorise 

41 



ERIC " 



that hand movements let the children, so to speak, sijnultaneoustly ^ 
re-establish and use each element of the hidden , (and subsequently 
totally absent) quantity as objects in the operation. In this case 
the operation is effected as if real c^^jects were present that could 
be used in adding,. But since the child has no articles he can use 
as limned iate objects in the operation, one might say that when doing 
additibn verbally he "implies" a definite quantity in the numeral 
itself. This implication is manifested in the form of the direct 
coincidence of 'two factors — the special hand movements^ toward the 
hidden objects (re-establishing them ak objects in the operation) 
and the use of them in the adding process. ^ 4> 

Gradually the link between the movements and the presence of 
"hidden oblects weakens, and the movements themselves are reduced — 
the cliildren learn how to carry out an oral assignment i;i a purely ^ 
verbal way. But this is no longer operating with words, as often 
happens, *at the eaarliest stage of learning how to count; it is operating, 
with a real I though implied, quantity. When objects were being 
added, a special procedure for constructing an object of the operati(&n, 
the obj»ect addend, was carried out beforehand. Now this procedure 
drops out of the operation (is curtailed) , for the children ha^e 
learned to "imply a quantity in a given numeral.- 

Having learned how /to add without objects, they progress to 

adding abstract quantit/ies. Indeed, now they are operating with ^ 

S 

.numbers as. such, without expressing them in any concrete, object for^i. 
We suppose that the special hand movements ('their reduced form is the 
accentuated pronunciation o^ the numbers) relatedi to absent objects 
are* a mechanism for Implying them. ' ^ • ^ ' 

From this standpoint, the question of the seeming irrelevance 
of the operation to iimnediaCfirobjects when addition. iis done purely 
in-, words can be resolved. Behind thlsVirrelevance to immediate objects 
are hidden real •mechaqjlsms (a reduced form of .the special movements) 
that actually allow the children tq effect a relation between the 
quantity and the real one,, which is the genuine subject of the operation 
and is its ultimate determinant. Moreover, it can be said that only in 
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this relating process is the numeral thought of as a number (quantity) , 

when addition is being done without objects • * - n 

When children begin to think of quantities as implied -by numerals, 

counting is still necQ^ssary, for it is the real act that creates the 

implication and ensures use of all the elements of a quantity. While 

the operation is being reinforced in the realm of abstract quantities, 

it is not necessary to pass through all the elements of the first 

addend • When a quite definite quantfty is implied in the numeral itself, 

which is knowti in advance, there is the possibility of skipping the 

^ » ^ 

middle elements of. the series being counted. This circumstance elimi- 
nates the ^ecessity of counting the first addend and thereby teaches 
the child how to use a number as a whole. It is the latter that char- 
acterizes use of numbers in conal^pt form. 

Outwardly, the curtailment of counting looks like a tisSftasitlon to 
adding on, which immediately s€ems to be simply counting "farther" than 
the first addend ("5 + 3" — "5 ~ 6,7,8; the answer i^ 8"). Could it^ 
be that curtailment of counting begins when the children learn to 
count farther from any given number? Special experi^nents have shown 
tha;t the child who has learned to add on in this form cannot use this 
skill when adding objects, which he can do only by counting • Such 
instruction in adding-on creates only an imaginary concept, since the 
numeral is not related to an object quantity as a whole. ^ f 

Observation of the methods of adding in children who thoroughly 
undei'stand the number concept has proven that at the moment they name 
one quantity and add another £o if, they make a_ continuous movement of 
the hand along the objects of the first quantity, ^is movement Is ^ 
accompanied by a protraction of the sound of the number (for example, 
for the object problem "6 -h 3,'* d child would move his hand along all 
phe objects for the first addend without stopping, say the number 
"si-i-i-x," and go on to add the elements of the second addend to it — 
"7, 8, 9; the answer is 9^') . 

.Guided by these observations, we experimentally produced curtail- 
ment of counting by haVing the child make a continuous movement along^ 
the objects for a designated' quantity. This movement, so to speak, 
reconstructed the designated Series, but very quickly: Real, disc^Se 
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counting, with pauses at every concrete designation', was not produced, 
Ix\ distinction from actual counting, the movement made along the series 
of objects can be called conditional counting , which allows a child to 
use all the units of a_ quantity without relating a_ numeral to each one 
separately < 

Gradually the continuous movement is transformed into a simple 
gesture directed at the group of objects and accompanied by an accen- 
tuated pronunciation of the number. Finally, even the gesture may be 
reduced. There remains only the sitnple verbal designation of , the f^rst 
addend^and the addition of the elements of the second to it. The child 
has learned how to operate with numbers. But if this child i^s told tti 
carry out addition with objects again, he will do it by adding on, in 
the form of an extended but continuous movement along the objects, Tliis 
action shows ability to take the first addend as a whole, which corres- 
ponds to the conceptual form of a number* 

In the investigation of the gradual formation of the concept, the 
question may arise, why not tecach at first the operation in the form 
'that characterizes the highest le^el? The experimental and theoreti- 
cal analysis we pierformed showed that an operation that is created with- 
A out gradual transformations is a sham, since the child who is doing it 
;Ls not ^ware (does not .understand) the nature^f the conversions that 
occur in it. He cannot correlate the Components of his operation and • 
its result with the objective reality that is the ultimate determinant 
of the mental o^eration^ of arithmetic. 

On the other ha'nd, the gradual formation of a mental operation 
and its object — the number concept — allows a child to be taugH't * ^ 
to correlate an abstract transformation with its primary source — an 
object transformation. Then the meaning of the reality behind an 
abstract dumber becomes clear, and the operations are performed that 
actually determine 'the result of the arithmetical transformation. 
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THE GENERALIZED CONCEPTION IN PROBLEM SOLVING 



i 

A* V. Brushlinskii 



Th^ fundamental purpose of psychological research into thinking is to 
study thought as a process (analysis, synthesis, and generalization) included 
in the specific activity, of an individual [6]. This means primarily , that 
underlying the external results (products, formations) of thought is a thought 
process, appearing directly but leading to those results, and this thought 
process must be conjectured. 

One of the components of the thought process is the nkximally generalized 
conception of the solution of a problem [l]. Considering the results of in- 
vestigations in which the role of conception was studied in one form or another 
in the solution of problems [2, a, 5, S], we planned to iUA^eatlgate how the 
initial, maximally generalized conception is used aiuf developed in a subject's 
subsequent mental process. Such a conception is^ effected in the course of 
a'nalysis, synthesis, and generalization of all the conditions and requirements 
•of a problem. Unless these processes are revealed it is impossible to explain 
correctly why a conception l^rads to th6 necessary result — the solution of the 
given problem. * 

: For example, in certain of Selz's works (see especially I?]), it inevitably 
remains unexplained how this "filling in" of an anticipating scheme for the 
solution' proceeds, because, from his point of view, the content of a 'problem, 
i.e., the goal of thd cognitive process, is in general not included in thought 
expressed through operations purely externally connecte4 with the problem. 
Consequently, there can be no discussion of the process of analyzing the prob- 
lem by the* subject himself (this is discussed in more detail, in [6]). 



*0f the Psychology Section of the Institute of Philosophy of the USSR 

Academy of Sciences. Published in Reports [.Doklady] of the Academy of 

Pedagogical Sciences of the RSFSR, 1960, Vol. 5, 65-70. Translated by 
David A. Henderson. 
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* Methodology 

The subjects (adults and pupils — 68 persons in all) were given a 'problem 

^ — 

from the school geoi^ry course. During the solution, dif ferment groups of - 

subjects received appropriate prompting (for example^ the. theorem on which* 

the*solution is based). By examining the subjects' utilization of the ^ 9 

, promptings, it was possible to study objectively the thought process of the 

individual developing his 'conception. F^r purposes of comparison, some 

subjects were required to solve the problem without promptings . i*- A problem 

was pj;0sented in a formulation similar to the following example^ 

Point M is taken inside ^ 

triangle- ABC (see Figure 1) 

. and parallelograms AMBM J, ^ 

BMCM^, and CMAM^ are con^ 

structed. Prove that 

straight lines AM2, SM^, 

and CM- intersect at' one ' " 
« 1 ' ^ 

point* 

^ Figure 1 

/ - ^ Solution . In parallelogram BMCM^, side BM^ is equal and parallel to 

side MC; in parallelogram CMAM^, side AM^ is equal and par^lle^ to side MC, 

and hence side BM^ in quadrilateral AM^M^B is equal and parallel to side 

2 ' ^ 3 2 

^AM ; .consequently, AM M B is a parallelogram, hedce its diagonals M and 
- BM^ at their point of intersection iX) ^.re bisected. Analogously it is 
proved that i^ parallelogram CBM^M^, diagonal CM^ intersects diagonal BM^ 
at its midpoint K. Therefore lines AM^, BM^, and CM^ intersect at one point. 
Q. E. D. (In place of one of the two parallelograms AM^M^B and CBM^M^, ojie 
may also select ACM^M .) , ' . 

Thus, to solve th^ problem it is necessary to construct supplementary 
lines, say M^M and M M-, to use two parallejlo^rams (of three, poss^-ble ones) 
not given in the conditions, and to prove the intersection of three lines in 
one point, not directly, but by considering th^ bisection of the diagonals. 
Here one must enlist the theorem of the diagonals of a parallelo'gram being 
bisected at their point of ^ intersection. 

With one group of subjects (who were shown the problem beforehand) we 
^ ascertained the extent of their knowledge qf geometry. They were to recall 
(sometimes with the experimenter's help) a series of theorems quite unrelated 
to the problem, as well as the theorem of the dia^,onals of a parallelogram 
being bisected at trfieir point of intersection. Thus the possible proposition 
that a subject simply "forgot*^ a necessary theorem and was thus unable to use* 
it in a solution was repudiated from the start. 
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In subseqaeftt- serdes the experimenter pjNJmpted by stating the theorem- 
on which a solution was based or by directly Indicating the parallelogram 
containing intersecting segments as diagonals. 

Results 

First we shall present the results of the experiments of the series 
in which the subject's knowledge of geometry was checked in advance. In 
these experiments the subjects recalled (in response to the experimenter s 
question) the properties of the intersection of parallel* lines., the properties 
of the rhombus, of chords, etc., and even the properties of the diagonals of 
a parallelogr^. Then- a problem was given them. As they b^gan to analyze 
it, the siibjects formulated their general conception quite precisely: To 
find some figures within which certain segments Intersect at one point. 
This conception originated as a unique generalization of tlie repeated past - 
use of several theorems on "the intersection of segments," when, to prove the 
intersection of lines, one had to njgard them as elements within a particular 
figuire, e.g., as the angle bisectors of a triangle intersecting at one point 
or as the dia-gonals oi several polyjgons. 

Let us consider in detail the typical course of solution with the example 
X)f subject v.- S.,^using the data ^f rom other experiments for comparison. 

At the first stage of t^e thought process, the subject, as a result of 
his initial analysis of the problem, formulated a .maximally generalized con- 
ception: "On^ must look for some figures, such as triangles, perhaps larger 
than here, in which lines would intersect." 

Other subjects composed the conception of the solution^ similarly: "If we 
prove that intersecting lines are segments within some figure, then their point 
of intersection is, say^ the center of a circumscribed circle," or "What are 
these lines with respect to the given figures? We must find a figure that 
would embrace all three lines." 

These are representations of the maximally generalized conception 6f the 
solution that originates at ghe first stage. It is' so general that it does 
not even formulate a principle of solution (such as a general proposition or 
a theorem) . 

The conception is directed at ascertaining some specified (although in 
only the most general terms) figure (or figures). Owing to its extreme . 
generality, however, it does not inherently contain an indication of the 



47 



■ ■ - 



isolation of precisely that figure required for the solution. To break it 
down is possible only on the b^asis of further analysis of the problem^ to 
make the initial conception more^concrete. V, 

At the next (second ) stage of the thought process the. search fop a 
figure containing intersecting segments began. Subject V. S. first isolated 
rriangle ABC as such a figure (other subjects considered the same triariglS, 
or parallelograms given in the conditions, hexagon AM^BM2CM2, etc.)* /-^Here he 
analyzecj and attempted to apply the theorem of the intersection of the angle 
bisectors of the triangl^ In one point (on actualization, see [9]). That is, 
he considered directly, only the intersection of the segments, completely 
overlooking their bisection at the4j5oint of Intersection, which was required 
for the solution. Gradually he became convinced that the intersecting 
segments are not bisectors, since, ift his^ords, "point M can be anywhere 
within triangle ABC and point K will move correspondingly to any position" 
(see Figure 1)% ^ / 

With this, the second stage of the thought process is concluded. The 
initial attemg^t^^te-make concrete tH^ maximally generalized schematic concep- 
tion in^ which particular conditions (concrete figures) are represented only 
as altered (abstract, more precisely, not yet specified) values ("some" 
figures) is done. As the first particular Value, a triangle with bisectors 
is subsumed into this general scheme. 

After an unsuccessful attempt, V* ^* made a second ^attempt to make the 
conception concrete; He began to seek/another figure that Would satisfy the 
problem's requirements (the third sta^e of the mental process). ' Tlius, the 
transition from one stage of the thought process to another retains a unique 
transitional determination of the entire thought process, insofar as that 
same very general conception is r^aliz^d now in a new particular variant. 

At the third . st a^e the subject examined several figures in succession 
very rapidly and superficially. He did not analyze any one of them in 
detail, since he did not know "what this --yields" toward the realization of 
the conception (in the course of the thought process only an analysis of 
objects, which can somehow *be correlated with the requitements of the problem 
through synthesis, is possible), ^ ^ 

"Lirte AM^," the subject renjarked, "connects one of the triangle *s sides 
with the opposite vertex of a parallelogram. Figure ACM^B has two triangles, 
ABC and BQl^, AM^ passes through them. It would be possible to ascertain 
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the equality of the ^ Angles and sides qf ^these angles, but what will this 
yield?" ^ , 

As is evident from the records of the experiment, the subject visually 
selected individual figures and segn^nts in the drawing. His analysis 
(and synthesis) of these geometric elements was predominantly sensory, i 



till insufficiently linked in a single process with strictly mental • 

analysis and generalization (for example, when using theorems).* He viewed 

hexagon AM^BM^CM^ in the same way: '^We can ascert^iti^omething^rom the 

1 2 3 . x * 

six triangles at" the common vertex K." Here he noticed the uijoperty, which. 

\ 

is necessary for the solution, of the intersecting segments' bisection. 

■ , 1 ^ 

"Purely intuitive^ I saw that point K divides these three lilies in half, 

but I am still not ^ure this is so.' . . 1 still don't see any way . , , 

4 

He seemed to suggest to himself the essential feature of the given segments, 
but he did not attempt to check his assumption and made no use of his ^ 
"self-prompting." ThS analysis of the problem was still not advanced enough, 
far him to "accept" it. Directing tehe course of solution was a generalized 
conception in which the fact that the segments are bisected was not taketiv, 
into direct consideration* Hence the subject did not take into account the 
divisior£^f the intersecting segments even though he had noticed it. 

During further, bas^ally sensory analysis of the problem, triangles 
AM2C, AM^B, and AM^C were selected. "Each of these triangles has* a slde^'of 
triangle ABC, one side of a parallelogram, and one of the intersecting' lines. " 
The subject^ began to consider these in detail, gradually making the transition 
to strictly mental^^^^alysis (the beginning of the fourth stage of the thought 
process; see below)^. 

Thus, attempts to make the conception concrete are continued at the 
thi^d stage. But not one of the, figures isolated satisfied the subject. 
Essentially, the conception was not given a definite, detailed concretization 
here, for at 'the third stage, as noted above, the analysis (and synthesis) 
of the problerf was ^hiefly sensory (visual). Particular properties of objects 
(without using any theorems to establish the general features of geometric 
elements) were examined. If only this kind of analysis, which is insufficiently 
included in the strictly mental process is used, th^ given problem c^annot be 
solved. 

It is clearly apparent at the thiltd sta^e that at a certain point in Its 
realization, the generalized conception is still unconnected with the theorems 
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and does not include them In its composition (until they are actualized). 

f*^ - * 

As noted above, they do not enter into its content even when it is formulated 

at the staPtf of the solution. Consequently, no conception in general occurs 

here except fpr the maxii^ially generalized one. 

Not every solution is begun with the composition of a general conception 

[9]. Moreover, the conception is« npt always the foihnulatidn of a principle 

(general statement, theorem, etcO^* In the case in question it appears in 

the form of a vpiry general scheo;e of operations, geometric constructioris 

(i.e., in the form of an operational s.cheme) through which one may connect 

elements contairved in the conditions and requirements of the problem. Only 

^ i 

then can one correlate them and express their correlation through some geometr 



proposition (a theorem, for example). Only the general basic relationship of 
objects (the intersection of lijiesl is considered in the conception. This is 
a unique method of initial Reneralizatlon of the essential connection^ and 
interdependeiicies of the problem and is basic to the exposition of the subse- 
quent thought process. The vague values (''some figures") of this scheme 
are gradually replaced .by different particular propositions (concrete figures) 

The^ext attempt at making the conception concrete was undert?iiken at 
>the fourth sta^e of the thought process. V.\*S. began to examine closely the 
sides and angles of figures AM^C, AM^B, and AH^C, actualiziAg several 
theorems in which properties . of parallelograms, angles with correspondingly 
para^el sides,- etc., were generalized^^ He ascertained the equality of 
segments AM^, MC, and BM^, as well as the equalit;^ of the sides of ot^er ' 
patallelograms. Then he examined the two triangles ABM and ABM very closely 
"Their common side is AB, . Since AM^ and BM^ are equal and parallel, 

their angles are equal" (he isolates angles BM.A and AM B, ABM^ and BAM', 
and many others). As a result, the subjd<:t draws "supplementary line M^M^" 
and analyzes the parallelogram ABM^M^ thus formed, correlating it with the 
conception (this is the most interesting point in the solution). The theorem, 
'however, is -reproduced in a unique f ohnulation: "The diagonals of- a parallel\) 
gram intersect at one point and 'are bisected ." (The correct statement reads: 



Now one may predict that if in the future the subject picks out one 
parallclograni of .the three that are posb'iBle and necessary f6r the solution, 
this- one will be parallelogram ABM^M , which seems to be composed of the two 
triangles already- analyzed , ABM^ and ABM^. 
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"If a quadrangle* is a parallelogram, then its intersecting diagonals are 
bisected.") > - • ^ ^ 

The. theorem is thereby broken\down into twp seemingly equivalent 
'•parts'* (intersection and bisection) , but since the analysis of the problem, 
according to the conception, is directly aimed at isolating only the features 
of the intersection of ^segments, only, this first **part" is included into the 
thought process. Then the subject picks another parallelogram (AM^M^C) in \ 
which "the diagonals also intersect ^ at one point/' "I think this is" the 
solution," he says, not even mentioning the bisection, 

"Thus, at this stage of analysis 'of -thfe^problem the second "part" of 
the theorem, the statement concerning the bisection of the diagonal^, is 
excluded ("thrown out") from the thought, process. At first subject V. S^, 
(as well as the others) assumed that for the solution it is sufficient to 
be convinced of the inter s^ption of the diagonals of each of the two 
parallelograms. He still did noT: see thg need, to prove the coincidence of 
the points of intersection of the diagonals of both' parallelograJns (for 
which onl must use *the feature of bisection ^t "tiiese points). The real, 
objective role of the generalized conception comes forth most distinctly in 
this fact- Formulated the first stage of the solution, this conception 
expresses that level of analysis of the problem at which -only the properrties 
of the intersection of segments within '*some" figures are essential f£>r the 
subje^.. Determining correspondingly the general direction of the subsequent 
thought process <at first directly with the .intersection*^ of lines), the 
conception becomes a means for further analysis of the problem (on the means- 
of analysis, ' see [4])# 

Therefore at first glance there seems to be a paradox. The two parallelo 
grams* arid their diagonals, objectively necessary for the solutit)n, have 
already been ascertained, and the necessary theorem directly indicating the 
bisection of the segment s has been actualized, but nevertheless , their 
division is still overlooked and^ the main content of th^ theorem is discarded 
as something inessential. The new data, geometrically quite pertinent, still 
have no value psychologically (for -the subject), in the course of the solution* 

With the aid of the analysis thus conducted, the subject, as we saw, 
separated a series of essential properties of objects (parallelograms, 
diagonals, etc) that were necessary , but insufficient , for the /olution, 
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As he continued "to", examine the Inteirsection of* the three segments, ^the 

subject also began to understand that a direct. proof that the three lines 

intersect at one point — without considering the di^sion ftito halves — was 

impossible (the fifth stage of the thought process). 

We* cite a relevant excerpt from the record: , <^ 

Here are two parallelograms. The diagonals are AM2 
and H3B, intersecting at point K. Diagonal AM2 — again the 
same one — and diagonal M^C, they too intetsect at some point 

. Now we need only prove fhat both points coincide. . . 
[after a pause the other '^part*' of the theorem, the bisiecting,' 
is secondarily analyzed]. But indeed the diagonals are bi- 
sected into halves by the intersection [this then leads to th^ 
solution]. 

At this fifth stage t^e content of the conception was reorganized. 
The subject acquired a new goal — to prove that points K and coincide — 
and took into consideration the bisection of the diagonals. As a result he 
solved the problem. * 

Discussion 

.t • 
Thus, using a typical problem, *we have brief ly examined, how thought 
pro9Geds as it leads to the solution, and we have observed its fundamental 
stages. 

The first stage is formulating a conception; the second is making the 
conception concratc; the/ third is a sensory analysis of predominantly par- 
ticular prt^perties of geometric objects (creation of conditions for later 
concretization) ; the fourth stage i«s tihe secondVoncret ization; and the 
fifth is arteratian of the* QonceptioniLnd the solution. Approximately the 
same/ stapes were noted in other subjects, but they were expressed pomewhat 
differently (for example, there could be three or even four detailed con^ 
cretizations of the conception, a less developed stage of visual ^analysis. 

Thus, in the case in question, the thought process is a realization 
of a maximally generalized conception to direct the course of soj-ution. 
The direction (selectiveness) of the thought process of a person who is 
realizing a generalized conception of a solution becomes concrete principally 
when at a specific stage in the ^analysls of a problem, the subject first 
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considers directly only the intersection of the segments, overlooking 
completely their bisection, evei} if he himself selects the featui;es of ^ 
this bisection. 

This basic faet appeared distinctly, in ^ne form or another, in all 
16 subjects of this series of experiments • All of tftem, after their concep- 
tion, first discarded as inessential the properties of the^ bisection of 
' the intersecting segments, although*' they themselves fiften seemed to "come 
across" them directly and isolate thera. ^ ^ , 

^ Let us cite some more examples. Subject N., N. reproduced the necessary 
theorem in the course of the solutioni • .in a parallelogram the diago- 

nals are bisected at the point of their J.nt ersect ion, " but at first she made 
no-^'use of it at all. The. subject's analysis of the problem was theji ^ 
directed only toward the intersection: "Which lines intersect in^the 
trianRle ? Which other lines intersect* at^ point in general, in whatever 
figure? Perhaps lines intersetft at a point in all hexagons?" Subject 
T. M. , about to mention the division of the segments. Immediately disre- ^ 
garded this idea: "But what else intersects at one point and i^ divided 
into halves? Not divided into halves, but intersects at one point. The 
altitude of a triangle? 'The medians?" 

These cited cases, expressing a certain direction of human thought, ^ 
allow us to conclude that in th^ cases in question a person's thought 
process occur^ in the form of ^realisation of a maximally generalized ✓ 
conception of the solution which arises at the early stages of the analysis 
of a .problem. Cdnception of the solution is the device for original 
fi^encralization of the f^undamerital relationships of a problem , on the ba_sls 
of which its subsequent analysis , Ib developed r 

This fundamental coaclusion also stems from subsequent experiments. 
In some of them the subj ects were p'roippted (at early stages of the thought 
process) in the theorem on which the solution was based, or the parallelograms 
including the intersecting segments were directly indicated. In both cases, 
after being prompted, the subjects first, according to their conception, 
•examined only the intersect ion.^f the diagonalB of the parallelograms, 
completely overlooking their bisection. 

' Tnus, the realization of the generalized- Qonception is one of the forms 
of the thought process of^ the individual. The conception of the solution as 
a means for the further analysis of a problem coneretely expresses the defitUte 
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direction (selectiveness [izbiratel'nostV]) of hxmdn %oiight. This halps to 
explain why, in the course of the solution^ the §ut|jects use and analyze some 
properties of^> objects but disregard others (excluded, vat least fempox;ajily, 
from the thought pracess) or do not noticfe them at* all. . 
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ANALYSES OF THE PROCESS OF SOLVING 
?LE ARITHMETIC PROBI^ 

G. P. Sliiched^ovitskil and S. C Yakobson* 

Report The Subject and Goals of Th:^s Invest^igatlon . 

Indirect Problems 

« 

Introductloti , 

TRq development of modern metTiod^.^of production makes ever higher 
demands on the individual. worker needs to acMeve an increasingly 
high level of education, for the scope of knowledge'^te^ded for work 
is expanding, ^he constant turnover in industry associated with a 
change ia th^ professions of many people, demands an Increasingly 
.high level of general education. With the present state of our know-, 
ledge and idethods of teaching, this high level of general education 
can be attained only over a significantly long period of instruction 
or by overloading- the">upils. Neither condition is practical. Thete^ 
fore, the solution for this quVt& acute sit uatipn* must be sought in- 
different methods. 

One solution i^- to restructure knowledge 'itself and alter content 
of school subjects. Knowled^4ie should be "condensed" or reduced, bu^i 
it should encompass a broader and continually expanding range of 
objective phenomena. The structure of knowledge should be simplified^ 
and algoritlims for its use should be 'less cumbersome.' 

Another way of shortening instruction time is througli maximal 
success of the instruction process-. Of major import here is the 
transition to the so-called active methods of instruction and training 
that would allow the pupils to.^master the necessary knowledge and 
skills in the shortest time and" with the least ^effort (see [6]). 



^G. P. Shchedrovltskii is a' member of ^Uhe thstitute of Preschool 
Education of the Academy of Pedagogical Sciences of the RvSFSR; 
S. G. Yakobson is a teacher in lloscow. This article was publi^r?^ as 
five report p in Reports ; r noklaHyl of the A cademy of B edagoglcal £ 
Sciences of the HFSRV^19g2, Nos , ' 2-6 . Toran>slated by Ann Bigelow.^ 
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Finally, a third way to solve the problem consists of trying to 
'•pull down" some sections of the school curriculum into preschool 
instruction — that is^ to use preschool instruction for preparing a 
specific base that would facilitate assimilation^ of the school 
curriculum. This approach is very realistic, and it would be difficult 
to overestimate its significance .N^^^ ^ 

But implementation of any of these measures is hinder^ed by our lack 
of knowledge of the structure of human activity — of thought processes 
in particular. Therefore, the first condition and prerequisite for 
all attempts at a practical solution of the problem ±s the development 
of a wide range of logical, psychological, and pedagogical investiga- 
tions into the structure of humajj^ activity . 

✓ 

State^ient of Ttieoretical Principles ' 

These considerations determined the aims of this investigation. 

Ii;! selecting the specific empirical material and in outlining the 

sgeneral plan of the work, we began from the following theoretical 

principles : 
« 

Principle' 1. The basis of a child's intellectual development 
is the assimilation of the cultural elements accumulated by mankind, 
and mastery of socially developed knowledge and methods of activity 
that confr.ont^lm in the form of work production, language (understood 
broadly as an aggregate of symbolic systems), and everyday practice 
in the environment (see [4]). 

Principle 2. Iil view of the foregoing, everyone's knowledge and 
methods of activity (incltsding mental operations) must be considered 
on two levels that , though interrelated, are nevertheless essentially 
different. ' ' * 

a) In a standard composition and structure, which 

alone can facilitate the solution of specific problems: 
' . .^In this respect they appear as a *'work norm" and do nut 

depend on the subjective means of individual persons. 

This is what is assimilated, what is mastered. 
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b) From the standpoint of the oper^ions that persons 
can and should perforin so that, beginning from specific, 
previously mastered information and ii^thods of operating, 
' ' they can master a new complex of knowledge and operations, 
a new* norm*' (fcfr more 'details on this> see [4]). , 
Principle 3* Knowledge and methods of operation (including mental 
operationsy are mastered only in a definite system: Any information 
and mental operation^ can be mastered only on the basis of others, 
and they in turn fori conditions and prerequisites for the mastery 
of still other more complex information and operations. The result 
is tKat during instruction, information and mental operations form a 
single' system in which all elements are mutually connected and ;|nter- 
dependent, each preceding "layer** determining the character of the 
next, and all of them as a whole depending on what requirements we 
make for instruction in its entirety. 

From this last principle it follows, in particular that preschool 
education must not be viewed in isolation; it is the initial element 
In the entire educational system and hence should be. considered in 
* ^relation to other subsequent elements, especially the system for 
^ teaching primary school children. In other words^ preschool insrtruc- 
tion shouid be regarded as a preparation for teaching primary school 
children. In particular, the content of preschool instruction is 
directly determined by the content of elementary school instruction. 

Therefore, to determine the content of preschool instruction, at 
least in a- narrow area, we had to begin with an analysis "from above"-- 
an analysis of what this preschool instruction prepares the child for. 
We singled out , processes of solving arithmetic problems in the first 
grade, assuming that these processes are included in a type of 
"synthetic" mental activity, a concentration of much of the abilities, 
skills, and information that the child must master in the« preschfol 
period* 

We had to analyze the processes of solving arlthemtic problems so 
as to single out not only the structure and composition of the completed 
activity, but also the information and mental operations prerequisite 
for "putting it together," i^e,*, mastering it. This wa^^^e first 

r 
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problem. The second problem was defining the subordination and * 
coprdination of all knowledge and. operations r^dfeled during the 
analysis. It thus outlined (approximately) the sequence of the 
relevant study material. Later, a third problem was to be presented: 
to determine the str-ucture of that "subjective" activity of the children 
by which they master socially fixed knowledge and methods of operating 
the "norm." The fourth problem, which arose after the first three,' 
consisted of investigating the educator's activity in teaching all 
this information and mental operations. The resolution of these 
four ^problems would permit construction of reasonable and effective 
methodologies of preschool instruction, taking into account logical, ' 
psychological, and didactic factors in instruction and training. 

Observing Problem Solving by Children ♦ \ 

First and often second gradets have great difficulty with f^roblems 
in which the process described by a material situation seems to 
"diverge" in content or "sense" from the operation that must be done 
with numbers to obtain the solution. Consider, as an example, a 
situation in which certain nuijiBer of things were obtained by combining 
twojsets but. it was required to find the number of one of these sets, 
and subtractio n was to be used. Or conversely: Suppose one separated 
or singled out a part of a sdt "o^f objects and the student was asked 
to find the number of the original set bv using addition. 

We decided to give special attention to such problems, since 
analyzing them would undoubtedly help to explain the peculiarities 
of standard methods of sdlsution as well as shortcomings in the . 

instruction. For a whole serine of children, answers like these were • 
typical: 

Sereztia B. , •second ^rade , October 

Experimenter: Someone took 6 buckets of water from a 

barrel, and 9 buckotfe^werc left. . How many buckets of ^ 



water had been in the barrel 



Serezha: How many did they take out? 
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p.: [whispers] 9 and 6 ... I don't get it . . .There were 3 
■w. buckets, right? ' *■ 

Valerik Kh, , second grade , September 

Experimenter: There were 14 balls in a kindergarten. Ten 

of them were bli^Jc, and the otbjj^s were white. How many 



white balls wefiWfchere? 



Valerik: [af ter^Jreading the problem] It's clear .that 14 + 10. 24^ 
Correctz? 

We notice immediately that these same pupils have no trouble 
solving problems In which there is no "disparity" between the "sense" 



of the p^flN^ses in a material situation and the "sense" of arithmetical 
operatioi^?*^F^or exaniple, they can solve tho^e problems in which a 
part is separated from a total quantity and one must^ subtract -to 
find the number of the feroaining part, or when two groups are combined 
and one must add to find t}\e number of the whole set* 

One may conclude from this that the cause of difficulties with 
problems of the type indicated above is not that the arithmetical 
operations ^pf addition and subtraction are not mastered, nor is it 
that these operations are just formally .mastered, without understanding. 
At any rate, if t!^se operations are not miastered or understood, it is 
only in problems of the typ^ indicated above that the deficiency is 
noticeable • 

Views of MethoTfologists and Psychologists 

The pupils' dl:^iculties in solving such problems have interested 
educators and psychologists for a long time* These problems have 
even been given a special name; indirect problems . 

Galanin [2] discusses especially those difficulties that children 
may have with problems which require finding the "unknown item" 
by subtraction. His explanation for the difficulties is that in 
problems on finding the "unknown iteq^" there is no word (!) that 
could be replaced by the minus sign. Hence this sign must be positioned 
by the pupil "according to the sense of the problem" or, as Galanin 
writes, "according to the definition of the operation as the opposite 
of addition [2: 64] ." 
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To clarify this explanation and, in general, the whole course 
of Galanin's thinking, one must set forth his interpretation of pupils' 
activity in solving ordinary, not indirect, problems. Several paragraphs 
earlier, considering instruction in "the concepts of addition and 
subtraction,'^ Galanin writes that to solve direct problems one must 
subsume the verbal ^.expressions denoting changes in sets of objects 
("became, "obtained,'' "poured out," '"won") under one of the mathe- 
matical concepts —"addition" or "increase," and "subtraction" or 
"decrease" — and must associate the designation of this concept with 
the corresponding mathematical sign [2: 58-59]. 

The ability to solve problems, from the standpoint of this 
interpretation, is^ the result of inductive generalization of the meaning 
of different verbal expressions denoting a change, in the relation- ' 
ships between parts of object groups (or /operations entailing such 
changes). Correspondingly, the teacher's work should consist in 
helping the children, through appropriate seleqtion of problems and 
indications of the similarity of various operations (from the stand- 
pbirir of whether they lead to a decrease or an increase of the original 
q«aritit.y), to complete this generalization and thereby master a 
particular device for solving^roblems . 
^ It is quite obvious that solving indirect problems in this way 

is Impossible — incidentally, just as it is impossib|(e to solve all 
other problems in whic> there are no operation's of increasing or 
reducing the original quantity and no words designating them. Then 
there appears this portentous statement to the effect that indirect 
problems .must be solved on another basis, that the sign, and 
correspondingly, the mathematical operation in indirect problems should 
be chosen " according to the sense of the problem ," But one, may ask 
what the "sense of the problem" is. On what is it based? What must 
the child know and understand in order to graap the "sense" of an 
Indirect problem? » • • • 

in Galanin' s opinion, indirect problems should be solved on the 
basis of understanding specific mathematical relationfl^tps . He ws^ite" 
that these problems must be explained "in order to create in the pupil 
a conception of the fact that he is given one quantity and the sum of, 
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that quantity and another, to obtain the other he must subtract the 

fi^t quantity frQia t^e sum. : From this comes the second of our comments 

given above, Which,>l||totes that in such problems subtraction is 

defined as tK6 opetaOT^ which is "the opposite of aSdition [2: 64]." 

In connection wi3B«be plan of the further analysis we want to 

take special note of >thiree>oints in Galanin's conception. 

■ First. In anaiyzing the process of solving ordinary, nonindlrect 

' > ' ' !, 

proble^. Galanin says nothing of understanding. There the entire j 

instruction process is apparently build on the development of particular 

Ik 

associations, and the process of solving a problem appears to be 
the ^ppl4.caiton of these associations. 

■> Second . Understanding, required for solving indirect problems, 
is characterized by Galanin only from the standpoint of content (one 
tost know that the sum'of two quantities and one of the quantities 
are given): he says nothing of the mechanism of this understanding^ 
'and does not shoy^w one is, to teach this understanding. 

Third. .For solving direct and indirect problems Galanin proposes 
two different methods. But*^if the first method- he proposes has such 
narrow application and is inapplicable in solving indirect problems, 
they perhaps it is riot a real method at all. Perhaps it is completely 
erroneous, and one must seek another method that would be applicable 
•to solving all arithmetic problems. < 

Kavun and Eopova [3] develop the interpretation of the mechanism 
of the child's activity, which Galanin only skimmed ov£r, quite distinctly 
and sharply. The authors maintain forthrightly that in arithmetic 
^.problems an operation and the solution, are chosen on the basis of the 
creation, of "an association between the terms add and subtract and 
those diverse expressions characterizing addition and subtracfiion 
'in problems [3]. Their proposed methodology of instruction is built, . 
of course, around this principle. ■« , 

Skatkin [10] also gives special atfeintioji to the problems we are ^ 
interested in and stresses their difficulty for children. In. his 
classification of simple problems he calls \them "problems cxpresseji' 
ifV indirect form," or "mutually inverse" with respect to simple problems 
on finding the sum or the difference; 
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In solving simple problems, the operation is chosen, in Skatkln's 
opinion, "on the basis of the pupil's life experience, by analogy to 
the way in which he learned how many objects were obtaint^fj^^n 
several objects were to be added or taken away [4: 12]." --In solving 
indirect problems, the necessary operation, on the other hand, is 
found by reasoning, which permits deep penetration' into the sense of the 
problem and, on tMs basis, its solution. The cause of incorrect 
solution of problems, accordingly, is the pupils' inability to reason 
and penetrate the sense of the problem. 

If w^ try to imagine that theoretical interpretatian of the 
child s activity in solving problems from which one may advance such 
statements, we must admit that it coincides' essentially with Galanln's 
theoretical interpretation, differing from it only by being less clear 
and compete. True, Skatkin apparently recognizes the insufficiency^ 
of this i)iterpretation. In particular, he criticizes' the statement, 
quoted above from fhe methodology of Kavun and Popova, correctly 
noting that it- is^ the use of the above mentioned association that 
leads to mistakes hy the children in solying problems expressed 
indirectly. But does not deny this principle altogether; he does 
not >,say that the prdblen^-solving inechanism should be essentially 
different. accepts it in general, believing that it need only 

be supi^lemented by the chi Idren ' s '*deep penetraMon*' into the sense 
of the problem* ' / ^ 

Finally, like Galanin, Skatkin considers an understanding ♦of 
the ''sense'' of indirect problems a necessary condition fox solving ' 
thein, but he remains quite vague on:' a) what he means .by the sgnse 
of a problem, b) what he means by an understanding of the sense, 
c) how this understanding can be" taught, ' . 

^ Finally, the thesis that children who solve indirect problems ^ 
incorrectly do not understand their^eaning arouses our doubts from 
still another angle. As early as ^915, Km [l] noted this^ curious 
fact:^ In solving problems expressed in ijidirect fojm, some children ' 
answer correctly, hut write out the solution incorrectly/ Ern himself 
explained this )py saying- that the pupils^ssign too much importance 
to the "external form" of the problem's text and are not ^customed . 
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to think about the problem's "internal sense." It is this, in his 

... " 

opinion, which prevents them from fully und^standing the operations^ 
of addition and subtraction.. 

In our opinion, this is a very important observation, but a 
completely incorrect explanation. It is quite obvious that one cannot 
obtain a correct answer to a problem without thinking about it and 
understanding the "internal sense"' of its situations Moreover, since 
the child solves the problem correctly, we may conclude that he not 
only understands its sense, but also has a d3finite. method for the 
solution. That the chUd here cannot select the arithmetical operation 
co-rrectly and th^efore cJiAnot ^ite out the solution correctly speaks 
for the existence of some phenomena, more complex than mere lack of 
■understanding of the^nse, which requires more careful analysis. 

The Role of Understanding , 

In his- remarks, Em [l] describes a ^oblem in whicii the "subtrahend' 
■ and the "remainder" are given, and the minuend is to be found (by 
adding). First, we decided to ascertain whether there are similar 
disparities between the answer and the arithmetical notation of the 
solution in indirect problems of another type. We also wanted to 
check whether the inability to solve a problem. involved, a lack of 
understanding of ^be sense of the problem's situation. 

Even our first observations here indicated that the incorrect 
solution of a problem could be completely unrelated to a failure to 
understand its situation. 

For example, second-grader Serezha B,, below'^average in arithmetic 

#as given this problem: 

To decorate a fir tree the first-graders made 20 toys. 
Six of them were paper and the others were cardboard. How 
many cardboard toy^s did they make? 

Serezha solved it incorrectly: "20 + 6 =26." However, subsequent 
conversation showed that this incorrect solution was by no meaAs a 
cbnscquence of his not understanding the situation described in the ^ 
problem. ^ ^ • 
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Experimenter: How many toys did they make? 
Serezha: Twenty, 
E.: Wliat were they made of? 
Cardboard and paper. 
How many were made out- of paper? 
Six 

What were the rest made of? .. 



P. 

♦ 

E. 



P. 

E. 
P. 
E. 



Cardboards 



Which toys were there more of all of them together, or only 
cardboard ones? . 



P.: There were more of all of them. 

E,: How many toys, then, were made of cardboard? 

P.: [writes]: 20 4- 6 * 26. 

» 

Thu^^the boy not only knew-^ that the^ cardboard* toys entered^ 
into the total n^imber of toys made, but he also understood that the 
total number of toys was larger than the cardboard ones alone, 
. That is J it would seem that he even understood that the cardbbard 
toy^ constituted a part of the total made. Nevertheless, he continued 
'to* solvfi the problem incorrectly^ ^ 

Very many records like these could be cited, all confirming the 

thesis advanced above. Even more striking are the cases in'which^ 

41 - ' ' 

the children solve the problem correctly and write out its solution 

or select tTie arithmetical operation incorrectly. 

In December the firsts-graders were given this problem: 

"Kolya- had to make 8 flags. He made 4 flags. How many ^ 
^f]^gs did he still have to make?*' ^ 

The problem was read twice, ^nd then three children 
^recounted its situation to the class. The teacher asked 
how many flags Kolya still had to make. The next question, 
' asked only of the above-average pupils, was: "How can we 
• find out how many flags remained for Kolya to make?" The 
answers »were: ^ ^ 

' Vitya. : ' Add 4 to 4 ' 

Lena F. : Add 4 to 8. 

' . • ' . ■ 
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Sasha S . : Add 4 to 4 . 

• ^Ira 0.: The nuiaber 8 consists of 4 and 4» 

Tolya B; Add 4 Ainits to 4 units. 

Alesha L. : To 4 add 4 more, giving the correct answer, 8. 
Tanya S: He xoade 4, he still had 4 to make. 
Vera K. : To 4 units add 8, 
Gena Z. : 8 ta'ke away 4. - ' 

That these children' s answers are by no means a thoughtless 
repetition of a classmate' s - random wrong answer is shown by the 
following curious episode, ^epl days later the problem Serezha B. 
hiid (above) was given to thif^class: 

To decorate a fir tree the first-graders made 20 
toys; six of them were paper and the others were card- 
board. How many cardboard toys did they ipake? 

* When the teacher asked how to find how many toys were made, of 
.cardboard, one '^bf the children answered, "Take 6 from 20." But 
all the other pupils in tbe class^said "Aha I" in a friendly way 
an^ in unison, "Just the opposite." The correct (to us) method of 
solVing the problem, given by the first boy, had seemed quite absurd 
to the rest of the class. ^ 

• These observa^ipns, first, make it possible to maintain that 
the inability to, choose the correct ar^thmeticar operation dr'to 
write out the solution precisely is not necessarily connected with 
failure to understand the text of the problem. Second, they permit 

^is to assume that the children^have "their own'' strictly defined 
Methods of solving a problem, but these methods differ from those with- 

"■'which we adults solVe these problems. Thi.rd, they force us to break 
down the very concept oSf "understanding." If the children thoroughly 
understand the situation described in a problem and the relationships ■ 
between the parts of the object group and are, stilly unable to selec* 
the proper arithmetical operation, there apparently are several 
different "understandings" of the situation in a problem and naturally 
several different "senses" in the probl^em itself,. Some of them 
corresp6nd to those methods the children use to solve the problem and 
others correspond to a socially fixed mathematical method ,, th6 
■kind that we adults have already w&^tercd and with which we solve these 
problems. 

... > 
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Conclusions ■ ' ' 

The*se 'conclusions present \^ with three fundamental problems 
for invest iga t Ion > We must ascertain:' 

1) What are these methods of solving arithmetic problems 

that the children usa? Under what conditions and for solving what 

*^ . * . , • ■» 

kinds of problems are they formulated? 

2) What ip our contemporary mathematical mejtjiod for solving 
these pi^blems? .Under what conditions and for solving what kinds 
of problems is it forinulated? 

3) IJow should children be tailght tliis'^^ocially ^ixed n^thod ' 
^or ^'^olving arithmetic problems? , . ^ • 



^^Po^t. Uj Methods of Solution and the Content 
of Arithmetic Problema 

Methods of Sd^ution Used by Children Before The^ Have Mastered ^ 
Addition and Subtraction 

"We kn9W tha,t involving ''indirect" arithrietic problems, many 

first-^ and. second-graders make certain standard mistakes. When the 

' I* 
sense of the uroble^ indicates that they should add, they subtract, 

and when the mathematical "sens^ of the probrem demands subtraction, ^ 

they will add. . When we analyzed the procTfeSses of problem solving, 

(See Report I), we became convinced that it would be superficiar 

to attempt tq exRlaln these mistakes by saying that the children 

do not understand the substance of such problems. * Moreover, we fiated 

> t ■ 

rather frequent instani^es where children would give the correct answer 

to a problem almost immediately fcut^ would still write out the ^ 

SQlution incorrectly and follow it with a second, incorrect answer, 

suTj^enderinj^to the logic of what they had ^^tten. We thus concluded 

'tliat children have "methods of their own*^ for solving such problems, 

different froiy our socially established method of solving them by means 

of addition and subtraction. We confront the task of analvEing the 

children's methods. ^ • ^ . 

> T 
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It ls*oft?ri rather difficult ^to disctose a 'method (or mechanism) 
of prbblem solving*. ' Such responses as these are tjT)ical. ^ 

Kostya B. , firf=^t grade » Septetnber 

, ^ Ekperiirienter : Ira -had 8* stamps, some yellow and some 
V " • blue. There were A yellow ones. How • 

. * ; . . - many blue. stamps did Ira have? ' • ' 

t', , . 

• * Kostya^ twhispers to himself] 8, A. (A few seconds later)': 
^ , . I Itfiow ~ I just forget: 4 and 4. is ^, so there 
w^rte^^luets ones^ too. 




• 9 ^Ir.^t ' ' grade, September 

Experimenter ^ There are 8 rabbits in two cages. In one 

cage there are 5 rabbits. How many are tH^*» 
■ in the ether cage? 

Sash^: Thr^. ■ « ■ v ^ s 

/ . . . , 

E.: How did you fi^nd out? • 

^ 'P.-: 'I thought a miriut^ and knew. 

( • " ',***. 

E. : Did you woi;ic it out? ^ . - % . 

P.-;-' No, I thought* a minute and^Vmew. ^ 

' I Clearly, such remarks ar^ of no ^elp in clarifying the actual ^ 
mechanism of the .activity.; Therefore, we must find instances where 
a ^>robiem cause? a child' difficulty, where he is forced to 
externalize" his method o^ si^lutiori^in order to solve it. 
Sometimes, to disclose the i^e'thod of solution, it^orks \ 
Welt to niakQ use of .supplementary accounts by the children. 

We analyzeci more than 40 cases where children verbaliEed their 
problem^soiviug, aidv in 'them wefoynd three categories »or variants 
of sc^ution methods .which children, u^e : . . * *• 

/ ^ t- -Variant A. ^ The-ehildreh ^reconstXHGt the groups of ohjects 
described the probMm (most frequently' on their fingers, sometimes 
with blptks, countifig sticks, or other, object s) , and then solve the 
problems with the aid or cdunting. These. exampWs are typi'cal: 
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;4 Sasha Sh.', Mrst grade ,. September ^ ^ . ' 

'1 ■ ' * 

Experimenter: There ^'^nfe some plums on a plate, A 

A girl at^ 6, of themj and then there were 3. 

How many plums had, there been, on the plate 

at the beginning? ' ' , ' 

Sdsha:". Thatjj^s har-d. I don't understand it. '\ 

E. : ^Repeats the problem) 

■ > ■ ■■ 

'P.: '(He 'holds up 3 fingers.. Then, ^ioldiT^g' these, three fingers 
along his nosa, 'he;hold§ up,?6 more.. Ha looks a£ theip.) 
Nine, . ' • , ^ 

Mish^ U. , ^irst grade , pctober , ' ' 

Experimenter: There^^were 7 dumplings.\ Some children ate 
^ ~ ' some of them, and then there were 4. How ^ 

' m^ny dumplings- did the' children eat?* ^ ^ 

^ Mishap (He had hel^ up 7 fillers 4s soon as the experimenter 

* " • - began.) They ate 3. *" 

E* : Hbw did you find that^out? . . ^ . 

\ . . 

f,; I- had 4 fingers together like^this (he h^ld up 4 fingers 
■ ^ . pressed together) ,^ and 3 like this (he hooks - the, thumb ^ 

' ^of one- hand around the thunib and forefinger of the other . 
^ hand) • - * 

\ Variant B,. The children do not use anything to reconstruct the 

groups of objects describ,ed in the problem.. They count the- figures' 

irf a 'numerical sequence*. Here are two examples: 

' * ' *^ ' \ ■ ' ^ ' ' ' ■ 

^ • Sasha B/, first grade, September 

« ^ — r ' ■ ' — ^ * , 

* Experimenter: There are 9 'pencils in a bd*x. -Five aye red, 
" ' / \ , and ^ the rest are green. .How mauy green"" pencils 

are in the box? v 

Saska:* (Wliispers something to himself; then a^ter 4i seconds): 
- Four. • . ' 

-"^ E.; How 4id. you find that? ; ' • 

■ ; P.^k ' I cpunted. . \ 

, ^ 'e.-3^ Hpw? / - • , ■ ^ ^ . ■ • 

, ' p. :^ fi"^ .1, 7 - 2, 8 3, ar^ 9 - -A, 

\ . , ' , f * 
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' Vladik A. , first grade , October 

Experimenter: There- were 7 glasses on a shelf. Then 

several of them got broken, and 3 were left. 
How niany glasses got broken? 

P.;- (In 38 seconds) Five. , , 

E, r How did you do it? . - ' \ 

^ p.-: I counted 1, 2,^3^ 4, 5. ... ^ 

Ej( .How did you know when to stop? aDo you think maybe »jou 
* /should go on? ' ; 

P.: But 6 and 7 would-be next^ .v ^ " ... 

(This e^cample is somewhat different ..from the fir^t, but we are. 
assigning it. to the same category. This will be,dl&c!^sed in greate^ 
detail in a later report O ' " . ; ^ ^. 

Var iant C. As iru the preceding ^category, the children rnqye 
solely. along the numerical sequence; yet they are ilDt^co|inting b^t 
ate'4oing something which resembles .addition and ^subtr^t ion. Here 
is an example: * • * , . ^ , * 

. ' ' . Zhenya G . , first grac^e , December r 

. , Experimenter: A ^irl had -5 pencils; she ^^s ^iven several 

more and then, she had 9. How many was she ^ \ 

giveli? ^ 

. • • ' *^ , 

, Zhenya : Four. , . ^ ' 

. E: ; How iid you work .it out? ' ^ ^^--i^ 

P.: I starta4 with .5 Qtid added- 2 and then 2 more. . / " 

There *we|:e Several^ cases of.additipn a^;i' subtraction by twos apd 
one child added and subtracted by threes. *' \ . - ' 

-Having obtaineii sever.al, variants of children's m^thods^f 
pfoblem^solving^ we had to determine with whiqh pf them "to begin the 
Irivestigatibn/ Only certain considerations ^canceuning the. genetic 
connections among these methods {S;^ould be the basis *or this. ^'We . 
' assumed' that variant A ^as genetically primary, and that yari*ahts 
B and C were subsequent transforriiat ions .and developments of it. 
I^Aijrthermore, we assumed that the first petliod of « behavior is, clo>est 
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to a simple count of collections of objects and therefore could 
be a natural and direct outgro\^li of it; We thus faced the task 
of analyzing the^isethod of solvJ.ng ilrithmetlc problems that Is based 
'on first reconstructing (or making a model of) the groups' of objects 
described in the probleji, and then counting, 

^ . ■ > 1 

Counting and Transforming Objects in Groups : The Strut:ture of the Problem 

y The theoretical basis- of our ai%alysis consisted of the. cffticepts 

and principles of su^^ta^ti've"gen6t ic logic [7,8], and specifically 

the .idea of tjig organic connection between the two ways of regarding 

thought-^;- — as cognition and as'a process [5,8], In this view, 

kiK)wled^e is considered a& t*h^ s ubstitution of signsfttfor operations 

with o|)jects LB^ I; 9: Ij , and by virtue of this,^as a two -dimensional 

str\icture* that- does not come under the principle of parallelism 

of form and, cQittent [9]. A logical analysis guided by these 

prineiples permitted us to examine behavior in problem solving as 

^ ^ * ' . % ' 

the " norm" or "method " of solution ^ This observation of behavior 

is k mecessa^^y premise for a psychological analysis of all childrdii's 

learning activity'[6l and, indeed, for 5^, pedagogical anai^sis (in 

the narrow sense of the word) of the educator's teaching activity, 

The»initi^l component of problem solving^ls variant counting. 
This assumption served to qualify this method as genetically primary'^ ■ 
The special problems involved in analyzing counting as a special 
mental activity and of the logical ■ structure of the numerical 
sequen^ exceed the limits of this.study. Here we wish to provide 
a cursory review of .only those issues tliat arc absolutely indispensable 
•in thOj present context. ' . . ^ 

Coqpting is a socially elaborated and socially est;ablished 
method of solving certain, problems on the level ^f obje cts. 
The problems themsel ves '\re expressed in quest iotis or ,tasks of a 
particular sort, and they necessarily assume the existonce">of the 
,ol^ect^ themselves. We recognise thts when we say that these problems 
are on the It^vel of objects. There ar^ only three types of problems 
here — two part ial and one Integral . 
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'^The first partial problem, /'How many objects ^ye^ there (otl 
this table, in this room, etc.^?" al%ys Includes a precise indication 
of the spatial and^^>tre^!oral boundaries df the given field, the 
objects being immediately perceptible. The proble;a**dlvlng process 
itself is a substitution, in ^ particular order, of figures for 
the objects in the group (or for the. coui^ting operations), a 
particular figure replacing each: » 

' I - M ? I 1 w ■ ■ 

and a particular figure for the whole aggregate. In schematif form, 

t (A) 

this process can be represented: xtk \ ' wl)ere\X is 
the aggregate of obj.ects, (A) signifies .the f igures 'ofv the sequence,, 
and Af ~ the "delta-arrow'* -—is the counting ^^peratlon, including 
the series of comparisons [8: 44-45] and movements depicted in 
,the foregoing scheme,* 

The second partial problem is: "Take or choosfe so many objects 
from the given aggregate." The solution process is again counting, ^ 
'but with a somewhat different connection between 'the objects and 
the figure. In tha^ first problem the actual number of objects^'in 
the particular aggregate determined the figure one would get, but \ 
here the figur^e given at the start determines a chosen or |pfeated 
aggregate of objects. One might say that in,a certain respect the 
operations employed in the first and second problems' are inverse. 
The first one we^shall call counting up the objects and the second, ^ 
count ing them out . Schematically the second* operation can be depicted 



o o o o o o 

or Y, where (A) signifies the figures of the sequence, 

V is the aggregate being counted out or reconstructed , and (the 

"inverted arrow") is the operation, of counting but,. ; 
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The iht|gral problem, is: **Set aside or choose from among the 

objects of the given aggregare the same number as there are in the 

other ^ggrega^e."" The solution of this problem assumes both counting 

operations — counting up and counting out. The whole process can 

be depicted by a cpmbination of schemes (1) and (2), of by the 

(A) 



formula ^ ^ t I Tf 



Let' us emphasize that from the point of viev of logical origins, 
it is tHfe letter, integral p]Coblem that is the original one; It 
occurs purely on the level of objects and is formulated approximately 
this way: "Set up an aggregate of onsets Y equivalent to the 
aggregate of objects X Originally it is solved not by counting, 

but in essense purely with objects. This operation might be 
depicted schematically in this way: 



t i t t I M^) ■ 

O 0 Q O 0 0 



In diagram form the solution of such problems can also be depicted 
as X — ^ Y. ^Only in certain condition, in so-called "rupture 
situations" when^he problem cannot be solved by this method, it 
begins tp be solved in >^nother, indirect way, using substitutes 
(objects or symbols). Counting makes its appearance as a separate 
activity in precisely these situations, and process X — >Y is • 
transformed into process X ^ j.V Y, But even when the structure 

has been complicated in this way, the process of solving, the primary 
problem — of "setting hp an aggregate of objects Y equivalent to the 
aggregate of objects X" — remains originally an Integral unit, a 
single operation, one might even say, and only subsequently is it 
separated intp two., operations that are relatively self-sufficient and, 
seemingly, largely iAdependent of each 9ther, The product of the 
fj.rst operation is a definite number, which originally had no practical- 
meaning of itself, was only an intermediary means for solving a practical 
problem with objects, and thus appeared Insignificant and hardly necessary. 



operat i(^ 
^dependent 
^ sought after for Its own sake. 



But now, when the operat ic^s are separated, this number is transformed 
• into a thing of independent vaJ.ue;-it becomes the result that is 
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This change in the significance of the symbol — its transforma- 
tion from an intermediary means Into a special product — at the' 
same time isolates (and highlights) new problems which become just 
as important as tlve original practical ones, ^'Qetermine the number 
of objects that are here"' and "Set apart the number of objects 
indicated by this number"'' are the wordings of these new problems, 

and they differ substantially, although at first glance only slightly, 
V 

from the wording of the original problems. Isolating such problems 
completes the prpcess of separating cognitive operations from 
practical o^es (in this area)^ The former yield as their product 
certain knowledge , i,e.,, X id f while the latter yi^eld ascertain 

aggregate of ob: |ects Assembled on the basis of 'that knowledge , 

V Y. In the case under qonsidef at ion, the cognitive operation 
is counting up, and the ^^ctical one is counting out. * 

Ihis whole process is also^ery closely linked with a division 
of labor,' i.e., the distri'bution of the various parts of the original 
operation to different persons. One person counts up the given 
aggregate of objects, and another, when he lias learned t^e results 
of the first Verson' s acti^^^ity — a number --«lounts out an 

when 



"equal" aggregate. One might say that only when the activity is 
apportioned to different persons in this way are intermediate results 
isolated and^the separate tasks of obtaining these results distinguished 

! Counting, as a special activity directed toward solving the 
problems described above, "applies" to another kind of t?aransf ormatlon 
of aggregates of objects — combining and dividing them. It 
-accommodates itself , to this activity and begins'Sio "work" in its * 
context. , . 

These two transformations of objects dividing and comblnlijg ^ 
them — can be depicted thus;^ 



Z ^ w z— - (h) 



I'hey structure reality in. a definite way, creating two situations 
sharply separated from each other in time. Wlii'le one situation 
is in existence, before the beginnittg of the transforms t;ion, let lis 
say,' the othdr one cannot exist, and when the-. scncond situation has 
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come into being, after the transformation,, then the first one can 
no longer be. , For example, say we are dividing aggregate X into 
two parts; when there is a whoie there will be no parts, and when 
the parts are formed t;here will no longer be a whole. It would-be 
the same if two aggregates were joined. Diagrammatically the 
relationships formed here can be depicted this way: 

(The vertical dotted line in all thes^ formulas represents the 
spatial- temporal boundary of the situations. The last formula 
corresponds to the case when the original whole is divided into 
parts, but ode part disappears and-only the other part is actually 
involved in the second situation*) * . * 

In actuality, however, there is a whole series of problems requiring a 
definite comparison of the results of the second situation with those of the 
ffrst. For instance, in the first variant of the transformations (5) such 
a necessity could arise in connection with the question of what-part of the 
who^le X was contributed by participants A and B or in connection with 
whether the general quantitative character of the aggregate changed when 
y and z were joined^ to it. A similar ques4:ion . qpuld arise with the second 

variant, too, but now concerning the 'division of X into parts, and so on. 

t> ft ■ 

In all of 'these cases the first and second situations must be compared in 
ordel- to answer t^e questions. 

But such a comparison is^ossible only when something remaips 

from the first situation and is carried over into th6 second. In 

principle the impossible must happen: The whole first situation 

must be preserved and transferred to the second. This is impossible, 

for if the first situation exists, then the second cannot, and 

vice versa.' The solution is to Introduce subst itutes (object^ 

or symbols). The first situation cannot be preserved; it disappears 

k 

'When it is transformed into the second. Substitutes or representatives 
need -to be retained and carried over into the second; they need to 
be such that the necessary comparison of situatlo^ can be made. 
This, it Is ' important to remark, is exactly what .defines the 
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relationship in a' situation between objects, and their substfitutes. 
The substitutes are such pnly relative to the problem, and they 
reflect, tal^e upon themselves, or convey only those properties 'of 

* the objects that are necessary for- the particular comparison called 
for by the' problem,'^ 

Depending "on wk&t ^he questiion is and which of the possible 
substitutes for, tKe^ f irsO^ situatioT\ we have, different probiems 
can result, frop the same transformation of objects. The substitutes 
for the first ' situation and the elements qf the second one form 
the conditions of the problem in •a given instance,- Thus the 
conditions of' a ^ractjcal problem dealing with objects consist of 
,th6se objects of the second situation and of the 'substitutes for, 
the first situation which permit a comparison, so tliat the problem , 
can be solved. Comparing the objects of the second. situation with 

• the symbolic substitutes for the first is a special ^tivity, '^^ ^ 

and not such a simple one at that,' for it is^ impossible to Compare 

a number and ah aggregate of objects directXy. Thus, this activity 

* / 
obviously depends somewhat on the problem. Diagrammatically it' can 
' .■ ■ .'« ^/ 

^ be depicted this way: . " 



(Hete (A) is the number determining the quantity of el^n^Uts in 
aggregate X, and the bracket before the word ''activity" Indicates 
that a comparison Is being carried out,) ■ " 

But the substitutes being carried over from the first situation 
into the second had to be obtained there first. ^And this, too, 
was a definite activity of a special sort, intended from the outset 
precisely for ^creating substitutes' which could be tarried over 
into the second situation. if we take this feature into account, 
our formula will Ibok like this: ^ 



J' 
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It is import ant/tb note especially that ''activity- 2 by 
means of which the/objects and symbols 6f the second situation are 
compared, depends Ion three feature«5s^ 1) the character of the 
transformation of the objects in th^ aggregate, 2) tl^e problem; 
, which is determined by the broader, reaX-life situation, and 
3) the nature of the substitute^ obtained from the ^irst situation 
and transferred into the second. "Activity 1," by means of which 
the substitutes are obtained^n the first situation, in turn 
also depend on three features: 1) the <j:haracter of the transforma- 
tion of the objects la the aggregate, 2)^ the possible character 
of "activity 2," and t^us indirectly the problem, too, and 3) certain 
incidental circumstances determined by the broader, real-life situation 
For instance, if it was impossible to devise a substitute for all 
of aggregate X, an obtainable substitute for part of -y could make up 
for it, or the like. 

In thi^ system of relationships It is especially important 
for^s to emphasize: 1) the depefnience of "activ^-ty 1" on 
'^activity 2" or the dependent of what is done first on what will 
fpllow, and 2) the mediating role of the part of the conditions , 
presented in symbolic substitutes. These preblems serve to- connect" " ^ 
activities 1 and 2 into a single integrated actitrlty for solving 
the particular practical problem, and consequently thpy must be set 
up so as to provide this connection. In oth^r words, this part of 
the 'conditions of the problem fulfills a certain function in th,e 
activity, ^and it should be. tailored to this function. 

. If the conditions of the problem can assure a connection between 
activities 1 and 2, then in principle it becomes possible to divide up 
or distribute 'these act ivities; to dif^rent persons; - r^- 

One person, then,'can be creating substitutes for the first 
situation, while another person, in another time and place , is. doing 
nothing but comparing ' these with the aggregatjf of objects ^n tn^ 
*seilbnd situation and '^^olving the 4>j"oblem. This becomes (Completely 
feasible if we further supplement* the conditions of the problem by 
including a description of the transformation of the objects in the 
aggregates. This will germit the .second person to reconstruct 
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•the object part of the first situation, to relate correctly hi? 
aggregate of objects to ^the ones A the first sftuatioit^ and on 
this basis to choose the correct type of comparison between the 
aggregates of objects he has and the symbolic substitutes for the 
others. If the practical a^ctivity is divided between different 
people .without such a supplement, the problem cannot be sol\?ed, as 
th^ second person, not having directly observed the transformation 
of objects in the aggregate, cannot even qualify the aggregate 
assigned to him. It could just as easily be a part as the entire 
whole. Supplementihg the conditions of the probi^m-by ^describing 
the transfonn^ion of objects in the aggregates brings the problem 
closer to i^s textbook form, with which we are usually, concferned ^ 
(althS'tigtr'ev^ this approximation is not complete,^ since the object 
element z is still .present) . 



s 



Report III : Variants in Solving Problems 
Presented with Ql)jects /■ 



Introduction ' , 

^ * . i - . 

» 

When we analysed the causes of first §j;aders' difficulties in 

solving simple arithmetic problems, we' disco^^ed tlia t , in addition* .s 

to the custoi^ry n^ethod pf solving them^by adding and subtracting 

numbers, they use at least three other methods of solving t)aese 

problems: a), by using objects to make a model of the aggregates 

described in the problem and then counting 'tjiem up, h) by cpi^nting 

'up*the figures in the numb"^ sequence, and c) by ''adding'* or "talcing 

away" figures in the number sequence by twos or thVees. Th4 first ^ ^ 

method of solution — by making a model with pbjects and counting 

i , • . 

them — we singled out as being genetically primary ; from it (in 

/. ^ ^ / ' ' ^ 

the tondi^ions of existing instruction) chiliJren move on to the second 

and third Methods or directly to the socially^ acce|)t^d, standard ' ^ 

method. But this genetical ly -primry method of, soltition is itself 

sufficiently complex. The children arrive 'at it gradually,, too, 
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through even simpler isod^es of activity* Much j knowledge and many 
"''^i;ital operations are wrapped up in itj. too, ^nd therefore it iff 
not kn^y to analyze its, structure # In c;rder to overcome these 
difficulties and ♦t a analyze the* structure of tihe solution processes, 
we introduced ^special (in a certain sense fictitious ) model of an 
arithmetic problem t,- -^' problem presented with ab4ects /* In its ,a. 
' design, this i^^ problem which could crop up directly in the context 
of* practical activity, whea< actual aggregates ate being broken down ^ 
and combined and it pcesuppbs^s the actual presenfce of certain parts 
^ of these aggregaE^sl the lattej", as it w^e*, fenter into the conditions 
. of tjfe pro^blem ' itself along With the S^ymbols. \Jh^n \fc analyzed 
theie genetically simplified models, we were able to isolate a number ' 
of important asp^ptcti^ of the present-day textbook arithmetic problem 
and ek^mine theifi apart from ofher- secondary Aspects J Three factors 
in part icu'lar 'emerged ^ in especially sharp relief as ones -on which 
pr'obl^fecj solving ac<?ivity ^depends: ^) .the character of ^th^ transf orma- 
tibn^of pl^ects' in the- aggregate, b) wl]at the problem is asking, \ 
and c)' 'the character of the siibstitiites" (sj^b^ls) ^ found in l|s • 
. .^conditions (Repotft II)/ ' " ' , . ^ ■ * * < 

^ . ^"But it^ turned ©ut a^t the same time that the^e njbdelB, introduced 
originally, we r^^at, ^s S kind of ab3traqt, fictitious prefiguring 
of real arithmetic problems, correspond to completely real *protf^l. ems 
wtiich are (or^in teaching can be made) genetically primary arithmetic 
problems. We^ tested this tJiesis in ^eKperimeilts with preschoolers 
and -pbtaine^^ number 4?f important resulti, tq be presented fclsewhere. 
But here,' having simply noted^ this fact^'pf subsequ^nW ej^jjerimental 
verification, we need to/set 'I'^rth . the basic features of the ' 
theoretical analysis of the possible irifethods of- solving^ problems • 

presented with objects. As we tfo^ithis, we want to pay special^ ^ 

v' , ^ • ' • 

. attention to the method we use of diagi'amming xhe processes of • 

■ \ ^ , / ' ■ ' 

problem solving (Report II). As a matter of fact , for us the 

1 * . ^ ^ •■ ■1 ■ 

diagilams emerge. as abstract fnode^ls of the actual solution processes* 
«> . • . /' . ■ ' ■ , 

When we Analyze them wg get all kinds of information about . 

peculiarities '6 f . children' s problem solving. Without consulting the« 
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empirical material' directly, we ancicipate the results of the 
experiment^ -This information, obtained in the diagram-models, 
was sub'i^equently conf tinned by the experiments with preschoolers. » 

;" ' ' ^ 

^' Variants igr ' Problems Presented with Objects * - ' . 

• . What. first becomels clear from the sciieme o^ the problems 
presented with pbjeo'ts is^that -the solution-of each of its A^ariantte 

,can proceed-on two plaijes — of <bbi)ects or numbers — ^ knd correspondingly 

. the ^^solution processes will differ si:^stantially in bpth the opera-, 
tions involved and the "imder standing" of the conditions which* these 
operations determine. ^ , 4'^ * 

''By way of illustration,, let us take ,the^'f irst type of problem, - . . 
whefi the two aggregates y and z Jb^ve been combined into one; j^e 
'have the combined aggregate X',dfrectly before us here, we know the 
^umhei? char act eriziitg the quantity of*^l6anents in one of its parts, 
and we must either take away the second part^ physica^lly, oi extsress 

■ the quantity -/of elements in ^^itVby 4 jjnuidjer. This type of problem 

* can be'expressed schematically 'in Formulfa'l: 



< . ■ 1 



2/t 



m 



where' >t he vert ical/^ titled line represents the temporal division of 
the situations, A •i (the "delta one-arrow") is the operation of 
counting up, and»(z?) is what the prob^lem^^ is. asking; (Report II). , 

If we^are going^^o use objects, to soly* the problem, then from 
the aggregate X direct;!^ before %s Ve will have to count out the 
aggregate' correfe^v^ndiil^ to^fi?he number (B) , i.e«,^ aggregate y, at 
■'the'Bame time takeaway aggregate z f^pm.X and, if the question. 
cal,l's for it-4 count it up and ©btain ilumber (C).. .This solution 
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Ijrocess can be represented by Formula 2. The symbol for counting out 
(rWd "inverted arrow") in this •forisUia, taken together with the 
symbol for dividing aggreg^e X, signifies the r^nioval of part y 
from X. ' ' ' • ■ • 

But if we are going tQ, be using giainly numbers in solving this 
problem, then we will have to count up the aggregate's immediately 
before us, subtract nimiher (B) from the number (A) th^is obtained, 
•and then count out aggregate z if the problem calls for^lt. This 
solution method can be Txepresented by Formula ^* / ' ' ' 
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- When we coippare these two methods >^{i|3^miii^^^ 3) of ^ 

solving tha.saine problem (presented f 3 ^int^arttulA 1 jwe emphasize,' 

with objects ) , we can ireadijly see' that J: he fir^C 'method (Fdrmula 2) 

based on moving the objects thems^elves, is unquestionably easier, 

more natural, and economical than the second. It contains just the 

• * r . 

orie operation of counting^ut if we h&nt to obtain the aggregate 

^ object^ 2, 'and two operations counting out and count l^g up — 

if we want to ott^n the number characterizing aggregate z. 

The second method (Formula 3) contains either three operations — , 

coJhting up, subtracting, ^nd counting out, or X^o . — counting 'Up 

and subtractings It ^should be added tliat, in what it comprises,'" 

the operation of counting up in the second case is equal to both the 

counting out and ^c^atitin^ up pperatiohs^ in the first case.^ J 

is quite: obvious that from the standpoint of the logic of 

of problem solving, the Second type of problem, where the numerical 

82 ' . 



. ERIC 



u 

} 



value of aggregate z is known and that of aggregate y un^ 
coincides coiopletely with the preceding variant. This' similarity 
of the pro^em types is substantially what distinguishes problems 
presented with objects from purely arithmetical, textbook problems./ 

Let us examine the thj.rd type of problem, when we have both 
of t'^e partial aggregates directly before us, and we must either 
orm a combined aggregate or determine its numerical value. It is ^ 
represented schematically in Formula 4: 

I (X?) 



In essence this variant,' if it is presented with objects, does not 
yield a •really arithmetical problem at all, .There are ^ two modes 
of activity possible here: 1) We c an- •combine^ a ggfre gates y and z 
(either actually oir In a representation, on an ''understood" level) 
and. jiount up the * aggregate obtained; or 2) we can ^ount up the 
aggregates presented. separately and then add the numbers obtained. 
These two modes, of activity can be represented by Formulas 5 and 6: 



f 2- A 



z 



IK 



It is readily evident that here^ too, just as in the fipt and 
second types pf problems, tHe solution using the objects themselves 
tumfi^out 'to bfe easier and more economical than thu one based on the 
manipulation of numbers. It will suffice to point out that the 
operations of counting up aggregates and z are equal, in effort 
required, to the operation of counting up all of aggregate X, whereas 
in the second instance addition, too, ^ is. required. 
- * Let us turn now to the following- types of problems,^ The 
aggregate has been divided and we have only one part imnediately 
before Two situations are possible:* 1) We know the numerical ' 

value of the second part and must determine the wholes or 2) We 
know the numerical value of the whole and must determine a part. In 
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essence these ^are/two completely different tasks, and solving 
th^m requires different activities. We might call these the fourth 
and fifth types of problems • Let us examine them in order, , 
The fourth t3rpe of pijoblem can be represented by Formula 



C6}4 - > (ai 

I ' 
I z 
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If we wish to use objects to solve the probl^, we must ^flrst 
introduce, as a supplement -to 'the conditions, an auxiliary aggregate 
of objects (sticks, fingers, etc.)' from which we will take olrjects 
to reconstruct the missing^ parts of the original aggregate described' 
in the conditions of the problem. Then the solution of problems oj 
this type will proceed thiis:^ First -we will count out aggregate^ 
then physically combine^y and z info one aggregate and- final; 
count it up. The solution process can be represented by Pfermula 8, 




But if it is going ^o be solved mainly with numbers, then we 
^Vfill first have^to count up ag^egate z, then add the number we 
. get to th6 .one we^had, an,d fi^llly, if the question calls for it, . - 

count out the, combined aggregate, Diagrammatically this process # 

is represented by Formula 9: \ 

(6) '1- CO, {e)-t Xq=(f^)^ ih) 



/ » ^ 

' .^^ This is the only type problem where bdth methods of solution — 

with objects and with numbers — are approximately equivalent , ■ 
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Let us emphasize /Cliat we are not doing to examine the nK5deling 
operations themselves nere. Suhsennent renorts will#be devoted to a 
nwre dctMled analysis of thes^. Thus • — and it is important to keep 
this in mind — depitZ^ted thi,s way, the problem--so],vlng process is 9ti/l 
b^ing considered wi0iout its full coii5)lenieht of mental operations* 
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from a general standpoiht. The .first method gains ^he adyantage 
when the solution to the^ problem is tHe formation of an aggregate 
of objects, but the second does if the answer is to be giv^n in the 
form of a number. In specific cases the superiority of one or the^ 

'other also depends on the correlation between the ^qii^ntities of 

■^^eTt s" tTi-»tija..a;ggr egat es y and z. 
The .fifth type of 

^(A) -f> 




ed by Formila 10. 



It is the most complex ^ype: At* least two substantially different 
methods of solving it with objects^^are possible, Iii the one instance, 
using auxiliary objects, we first need to count out an aggregate of 
objects X in accordance with number (A), then count up aggregate z, 
which is given in the conditions, and havdng obtained the number 
characterizing it, couAt outran egual aggregate wittjjji aggregate X; 
in the same way we will set apart aggregate y ylthin X and then count 
it up. Dlagranaaa tip ally this very intricate process can be . 
repres^ted by Formula 11. 



i (A) 



(6) 



A method*of solving the same problem, which is simpler in ter^ 
of the number of ' operations but it the same time more "profound", 
•(from the point of view of "understanding" and the mechanisms of 
activity involved in it), consists of counting out aggregate X; 
tlien a continuatioi\ of the counting out, beyond the limits of 
aggregate z, l.e.^ with auxiliary objects, will yield an aggregate 
of objects y, which can b,e counted ups afterward. This problem- 
solving process can be represented by Formula 12. ^ 
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The third method of solving this probleia, with humbers, will 
consist of counting up aggregate z, subtractin;^ the number obtained 
form the given number (A), and, if the question calls for it, ' 
counting out aggregate y. This process can be represented by 
Formula 13. 



It is readily evident that this is the only form of the probl-em 
which is more complicated to solve with objects <the first wa^) than 
with numbers. The second 'way of solving it with objects turns out, 
from the standpoint of the number of operations^, to be simpler than 
l^he method using numbers, but it assumes a very high level of 
"understanding" of the relations between aggregates of objects (we 
'shall discuss this In a subsequent report) and therefore will 
undoubtedly prove difficul^ for children. ^ \ , 



Suignary 

' As we complete this analysis of possible^ feethods of solving 
arithmetic problems presented with objects, we want to emphasize 
one, feature in particular, "^^en we compared' the pro]^em--solving 
methods using objec-ts and number s,» we always worked* from the assumption 
that ^t he person perfprmijig the activity actually had the^objects 
necessary for making a model of the aggregates. This assumption is 
cdmpTet^ly justified when we are analy2ing abstract models of problems 
done at school. For at school, children at the first stages very 
often make use ofiobject models counting sticks, things used as 
abstract objects, etc. We ' found ■ it important tp ascertain that the 
methods of problem solving using objects tur^i out "to be more » 
advantageous in these^ conditions than salving -problems through the 
use of numbers. But if we abandqn this^initial premise, if we assume 
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.that the person has no auxiliary objects but only tfhe matter 
of the initial aggregates that are being transformed^ then it will 

^t.u^-» ^ ' tiur'm vl y i te^-^^ri s i fclpmfl jtz^^^^ secox:id, and 

thir^^ypes — can be solved with objects -at all, and the other 'f*^ 

* two ~ the fourth and fifth — absolutely require a solution using 
numbers. 

This observation has. ver^ ic^ortant implications for teaching: 
It specifiles more precisely the conditions necessary for 
organizing' children' s mastery of the modes of activity described above, 
In particular, it isolates the problems that can place children 
in a rupture situation.* 



Report IV ; Problem Solving bv Making a Model with Objects and 
Counting ; General Characteristics of the Method and the Basic 
Problems Which Arise in InvestigatlnR It 

Introduction ^ ' 

In the preceding report we examined models of arithmetic 
problems presented with objects: Parts of the actual aggregates 
of objects to be transformed entered into the conditions of these 
problems along with the numbers. The presentation of. these problems 
w^th objects made .it possible to us^ countit^g in solving thera and 
to transform the objects in the'aggregates. 'Contemporary arithmetic 
problems are totally different from those presented with objects. 
They are complet,ely removed from the plane of objects; their 
conditions iqclude only numbers (at least two) and descrip^ 
tions of the transformations undergone by the aggregates of objects. 
These changes in the conditions entail a change in the activity 
by means of which the problems are solved, as well* In the problems 
presented with objects, it was possible to count up the aggregates, 



*A rupture sityation is one where a child is confronted 
with problems for which he has not yet learned appropriate modes 
of activity to solve the problems (Ed.).* 
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coiubine them (or separate them), and count them up again while 
determining the numerical value of the aggregates thus created or 
destroyed. In a textbook arithmetic problem it is unnecessary — 

^^^^JLyppssible in fact — to count anything up. Everything needed for 
the solution is already counted up, and there are no objects as 
such at all. The raode of activity adequate for this problem 
consists of the* formal matheuatical operations of addition and 
subtraction. Man worked these out at a certain stage in his 
historical development and has since handed them down from 
generation to ge^ieration/ Learning to solve ^arithmetic problems 
means mastering the method pf solving them by addition a^d ' 
subtraction. This method itself is a complicated matter and * ^ 
consists of more than the formal operations of addition and subtrac- 
tion (as will be shown in subsequent reports; see also footnote 
2 on the next page) . 

, ^ Furthermore; mastering addition and subtraction is complex, 
too, with its own particular laws. Wfe can scarcely discuss these 
Taws at present with confidence. We do not even know whether 
*t^e learning involves the transformation of modes of activity 
tjie child already has into a new mode, or the *'pure*' acquisition 
of a new mode brought in, as it were, from without, largely 
irrespective of the modes of activity he already knows. But every • 
time a child is confronted with a problem requiring a. n6w method 
of solution, he tries to solve it first through the methods he 
already knows* Thus, independent of what the "pure" mechanisms 
of -actual mastery are, the new problem is always "refracted" 
through tfie prism of .available methods of solution, and we 
should take this into account in our investigations. 

This applies fully to the processes of solving arithmetic 
problems as well. When children are given a strictly /arithmetical 
problem for the first time, in essence they are put into a 

I 

rupture situation: Solving the problem calls for a new mode of 
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activity which the children do not yet have. In this situation > 

vith^the teacher urging thBm to solve the problem^ try to make 

use of the modes of activity they already know — counting, in 

•particular — and adapt them to the new conditions. ^ But to do 

this they must turn from the .arithmetic problem presented with 

numbers* to the problem presented with objects and supplement it 

with aggregates of objects. So the cHildrto inttoduce auxiliary 

3 

objects (their fingers, for instance) t and use them to reconstruct- 
the aggregates of objects corresponding ^to the nuipbers giY^n in 
•the problem, thus making GK>dels of the original aggregates of 
objects and their transformations. * 

But in doing this they do not simply use a mode of activity 
that they have already mastered -r counting, for example ~ 
but rather they work out what in fact is a new mode of activity. 



2 

So that children will not be in a rupture" situation when they 
are first given aritluaetlc problems, an^ so that they will not 
"invent" their offh methods of solution, they are being taught the 
operations of addition and subtraction often even before they are 
given the first arithmetic problems* This is instruction in solvirfg 
s(5^called "examples," But our observations in Report I show that 
children who can solve the arithmetical example^ well are still 
unable to solve many problems. This permits us to conclude that 
how we solve arithmetic problems is more than addition and subtractip 
Even those children who have mastered these formal operations get . 
into a rupture situation when thiy confront problems. 

This conclusion determines the problems to be investigated 
further. How are the solution of examples and the solution of 
problems connected? What else, besides addition and subtraction 
proper, enters into the method of solving problems? When we have 
answered these questions, we will then be able to ask whether 
l^ns true t ion in solving examples might not be organized to provide 
simultaneously for mastering everything needed for solving problems. 
Clearly, these questions should "be answered by analyzing the method 
itself, based on addition ^nd subtraction , but analyzing -the 
genetically simpler methods of making models with objects will shed 
some light on them, too. 

\he conditions in which ^hey do this will be discussed in 

subsequent reports. 
♦ 

^See the more precise description of this in the final section 
of this* report. 
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a combination of previous ones, with the initial elements of the ' 

activity somewhat modified and 'transformed. Quite typical, is Sas^ Sh.'s 

behavior discussed in Report II, when he is given the problem: | • 

"There were some plums on a f)late, A girl ate 6 of ^ them, hnd then 

there were 3. How many plums were there on the plate to b^gik^ with?'' 

First, he iSays the problem is "hard. I don't understand it," and 

^ then he solves it, by holding up- first three fingers, tjien next 

to them, six more, and finally counting them all up. His difficulty, 

obviously, was not in reconstructing an aggregate of objects 

according to thfe specified nunisers, but in reconstructing the 

aggregates in the relationships that correspond to the conditions 

of the problem ^ The fact of the matter is that making a model df 

the situation described in the. conditions includes two consecutively 

performed counting-out operations, attd even in elementary cases, 

when the first aggregate of objects has been reconstructed according 

to one of the numbers, it is ^then necessary to determine how or 

where the aggregate corresponding to the second number is to be 

reconstructed. Let us illustrate tWs with a very simple example. 

A problem is posed: "There were 7 birds in a tree . . ."; 

immeiiiately the child holds up s^ven fingera, but then, depending 

on what happened in the situation described — whether more birds 

came orj some flew away — he is going to have to count out a second 

quantit/y either side by side with the f i^l!^l|l*continuing and 

supplementing it, or in the "opposite" direction, " within"' the first 

aggregate. This choice, depending on the nature of the problem 

and assuming a certain " understanding " of its condit :j.6ns , is precisely 

'that new feature which distinguishes this activity frou the simple 

counting of objects that was^ mastered earlier, and this is Just what 

children initially have difficulty grasping. (All of this is only , 

a superficial description; a more detailed and precise analysis of , 

' 1 
all the points mentioned H^re will be given gradually in the course 

of further analysis.) ^ 
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Solution by Making Mcniel 

\ 

A majot circumstance, specifically,! is that this method of 
problem solving is based on a special substitution ~ making a 
TOdeJ, in the precise and narrow sense of the word. If we diagram 
t^e child's 'activity when he Is solving any elementary problem, it 
will appear approximately this way: » i 








(X, y, and z designate here the aggregates of object*, the symbol 4f 

— the *'delta arrow" — signifies counting them* up, the symbol | ^ 

— the "Inverted arrow" — signifies counting out the aggregates by 
number, and the curved arrows represent the decomposition of aggregate^ 
X into parts y and More detailed explanations of these symbols 
were given in Reports II and III.) Iti the first s.ltuation the 
numerical value of aggregate z was not given. This constitutes 

the question being asked. To answer it, the child must reconstruct;, 
in accordance with the numerical value of (A), whe ^ole aggregate 
X which was divided in the first situation, but now with other objects, 
i.e., aggregate X% and then within it reconstruct with the new ^ 
objects the partial aggregate according to number (B) , thus 
essentially repeating'^ in the second situation^ and with new objects 
the same division of the aggregate which took place in the first 
situation. The aggregate obtained as a "remainder" will correspond 
to the original aggregate z, and therefore, when he has'^counted up 
z^, he will be able to transfer the number obtained to the original 
aggregate' z. The question is answerec^, though not as a result of • ^ 
counting up the original aggregate z to which the question .actually 
■pertains, but as a result of counting up another aggregate, z 
But this other aggregate is such (actually^ it is so set up) that 
the results abtained with it can be transferred to the original 
aggregate. Another important feature here is that precisely the same 
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operation of counting up is applicable to the newly created aggregate 
z'^ as was to be applied, to the original aggregate z. These two ^^^^ ) ' 
features: 1) the application to z'^pf the same operation as was 
fo be applied to z, and 2) the transfer to z of the results obtained 
from operating with z^y form thet^pe^fic character of tl^ model 
as a. special type of substitute . Precisely by virtue of these two 
. circumstances, is a model with respect to-z, while z ia a pattern 
With respect to z'^, ^ 

If we extend this definition from the result .to » the whole activity 
by means of which the result is obtained, we can say that this whole 
activity is a - modeling of^the original aggregates of objects described 
In the problem^ and of their ^transformation. But at the same time 
it must be remembered fhat this definition has as its basis a comparison 
of only the final operations of this whole activity, wHich as 
a whole, is model-making insofar as it is directed toward obtaining 
a model of what is asked about in the *problem. It would however, 
be incorrect to look for a model-pattern relationship in all the 
elements and components of this activity. In particular, it would 
be wrong, to attempt to interpret the successive operations of 
' reconstructing the aggregates of objects according to the numbers 
in the second situation as a modeling of the object transformations 
.that took place in the first situation^ as tlie problem variant we , 
cited^bove suggests. Later on we will see that, depending on the 
forlB of the 'problem itself, the relationships between the operations 
of modeling aggregates of objects and the object transformations in 
these aggregates are quite complicated and variable. Nevertheless — ' 
and this, too, will be shown later on — children unwl^ingly, but 
very frequently, perceive precisely such r'elationships and begin 
to pattern their activity on t^m. Therefore, it becomes quite 
''important to try to ^prevent such a misinterpretation. 

■Learning the ^ Method of Making a^ Model 

also need to discuss the degree to which children learn the 
above-mentioned method of modeling the conditions of the arithmetic ^ 
problem, and the*degree to which the "invent,** "discover," or construct it. 

'92 • ' 

» 4 

ERIC , ^ 



# 



. Just as with any other mode of activity, the solution of 
.arithmetic probleins through making a isodel with objects 'has as its 
basis the. learning definite xnodes of' activity, worked out by , 
^ mankini^ and "imparted'', to the child in a special v^y. 

These assertipns apparently- are indisputable with regard to 
counting. But do they extend also the the ''addition" specific 
to suth a solution pf an arithmetic problem — the modeling with 
objects and the <^etiermina,tion of the order of reconstruction operation^? 
After all, as special operations^ counting up and counting ou% take' 
shape in connection with the solution of somewhat Jliffe^ent problems 
related to the object level proper. Likewise, children master them 
through other problems ♦ In. order to use these tiethods of operation 
here, in textbook arithmetic problems, the Child must transfornl 
them radically. Not only that, but the very "idea" of using objects^ 
to make a model d'f the conditions is a substantial addition that"" 
apparently must also be "discovered" or else learned in specially 
organized instruction. Special research is needed to give a , . . , 
well- substantiated answer tQ these questions. In particular, it is 
necessary to clarify in detail the way counting Is taught ^ and 
whether situatioiis are not already created that lead tcT essentially 
the same problems, but on the level of objects. Are not the elements 
and the general scheme of making models with objects worked, out even 
before we come to arithemtic problems proper - *for in^stance, in ; 
problems 'presented with objects, or even in ordinary counting? ^If 
this.vts found to be so, then of course we cannot speak of 'the . 
child's "discovery" of modes of activity here either, but will 
have to talk about diriBct nastery.' ' . 

But right now we are interested even iksre in another side of 
, the matter. Jn principle we apparently tannot and should not deny 
the ,possibility of the child's constructing solutioas to problems. 
Moreover, thi^ i* what we should strive for, developing in children 
the ability t^ construct solution processes on their own and then 
to turn such processes into solution methods. The actual problem, 
therefore, consists of finding the limits of this activity of the 
child^s on his own and in seeing *how his construction of solution 
\ 

93 

107 ' ' " ' 



) 



processes is^ related both to thefiaodeS of activity he has already ^ 
learned and to new caodes he has found on the ba^is of* the £piis t rioted * 
solution. In essence we shall be concerned with this raitge of 
questions throughout all our work,,ybut in addition it will be the 
topic of a special discussion in ohe of the subsequent reports, 

• / . 

/ • ■ . ^ 

^ '' * 

Report V : Solutipn .by Mak|n , ^ a Model with Oblects . 

and Counting : A Th^oretlt:al ^alvsis of the Problem Variants 

Introduction ^ 

, In the pTevious report we examined the relationship between 
textbook arithmetic problems^ and so-called problems, " presented with 

' objects" and gave a genera 1 ^^d e s c r i p t ior; ^ o f the method of solving 
•texthpok problems by^ making a^ model w^th objects and counting , »As 
we showed,* the heart of this solution method is the 'use of some other 

• kind ,df auxiliary aggrpga^es to make si model of the situation' described 
in the probleni. And t he condition for making a model i^y~ to use 
traditional terminology for the time being — a certain understanding 
of th^ text of the ''problem, ' Only on^he basis of this understanding 
can the child choose the dirsctloh tin which to c6lint out the second 



aggrega^. . 

An analysis of the experimential material from this standpoint 
reveals what at first ^lapce seems strange: The samel children who 
fully understand problems of some types ' (accordingly , they know how 
to solve ^them) do not understand problems o*fc other tytfes at all. 

Here is a^ pertinent set of observations: ^ ' 

Sveta M, , first grade » October 

Experimenter; A boy had 7 pencils* He lust 2, How 

many did he have left? ' ^ 

Sveta: (lnsnediately) Five. 

E# : There were two white goslings and some yellow ones in 

the courtyard. There were four goslings altoget'^lier , How 
many- yellow ones ^ere there? ^ g 

P.:'' (thinks for a long time) Six. 
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E, : A cat/ fiad some black kittens and two gray ones« 
Altogether 'there were five. How many black ones 
were th^re? ' * * 

P.: (count's on her fingers) Seven. ' \ m 

. Lyuba L, , first grade, Deceinbe r , 

: 

.Experimenter: Grandm^ mde dtm^vlings. Vera ate two* 

(Lyuba holds up t\^ fingers of bne ha»d.) 
And ther^ were five left ^or Mam^ 
(Lyuba holds up all the fingers of the other ^ ' 
hand.) How many dumplings^ did Grandiaa 
make? \ . ' * 

f 

yuba: • (counts up her fingers) Sev^n, ■ , ^ - 

First there were some birds, and the four more caiM * 
(Lyuba holds up four fingersO, AuJ then there were 
^eveni How nany birds were there to begin with? " ♦ 

irst there were, four and then there were seven altogether. 
Seven thirds, righ^ ^ * ♦ ' . . 

E.: (Repeats^ the problem.) / ' ^ ♦ 

S.:^ (ag^in she holds up four fingers) Wliat do you mean? 
« I don* t'- under stan^ Therti were four, but seven .didn't 

, * corner ' . 

' E.: (Repeats the problem for the third time. Again Lyuba 
does not solve the problem. ) 

E. : ^^irst there were some books, and somebody brought two 
^more, and* then there were five. How many books were 
^ there to begin with? 

S.: (hqids up two fingers on one hand, then all the fingers 
of the bther, and then counts them all up) Seven. 

It appears as though the children being tested understand the 
first proble© and do not understand the second c^^lhird. But 
what is the differ'ence between these problems? Why do these two 
girls (and many other children, whose records we have not cited) 
understand problems of qne type fully ^and not understand problems 

of another type at all? What is the essential difference between 

s 

these problems that makes for such a strange disparity In children's 
reaction to them? And what actually Is this understanding? 
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While^ the- child is hearing an arithinetic problem being read, such 
as, "There were some birds in a tree* Six too re came, and then 

\ jthere were ll..«," he can Imagine a real tr^e with birds fluttering 
/'aroynd In the branches (or a picture of -a tree with bix?d6 sitting ' 
in the branches, of the type frequently provided of late -in textbooks). 
Then he will imagine birds flying towards the tree and alighting 

t on its branches, finally, i^ accordance with the text', the tree with 
the birds settling down after their flight. This entire process 
of imagining different situations in succession is undoubtedly a 
definite understanding-' of the tes^ and the events described there. 
But It this the kind of understanding needed for solving arithmetic 
problfems?» Understanding the problem is, after all, only one step 
in the solution process. Certain operations ~ problem solving 
proper — must be carried out on the basis of it. In the cases 
we are di^cussiin^ this will apparently consist of making a modei, . out 
of certain aggregates of objects, of the situation described in \- 
the problem. This activity presupposes understanding. Not onlyVhat, 
but it apparently po^slyble to say that this understanding is 
itself achieved thirJiigh the-, model -making activity. It is needed 
only in order that^^h^/ sfolution be obtained with the model, and 
it should be such tliat this function it lias is guaranteed. We can 
present this schematically: 



Understanding of the con- 
ditions of the problem 



model-making ; ^ 



But one might ask whether the understandlr^fe-imaglning described above 
is that understanding which guarantees subsequent model-taaking 
ability, and if not, then wha? must it be? In order to answer these 
questions, we mist analyze the structure of the model-making activity 
needed Lo solve various arithmetic problems. 



Variants of Solution by M aking _a Model 

The process of making models of simple arithmetic problems 
with objects has its own strict logic that depends on which of the 
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aggregates in the conditions of the problem are known^and which are 
not. If we citasider all the problems from the point of view of 
the character of the trans fonaat ions of the objects described in 



thai conditions and the; sequence in which the known and mtRown 
quantities are presented, there will be seven variants in all. If 
we use^'the symbol y C*thesyirf)ol of union") 4:o represent the coiabining 
of aggregates as" described in the conditions, the s;sniibol A *CIthe 

m 

sytabol of intersection") to represent the division or isolation of 
aggregates as describe4 in the conditions, the sjmibol, (A) tb represent 
kAQwn whole quantities, the syirbols (B) and (C) to represent known < 
quantities of parts, and the symljol (?) for unknowns , ^ then these seven 
variants of the conditions can be diagrammed this wayi 

I.MR) 1 (C) -* Of 3) {A)/\0) ~*(C) 5) (^ f (?) {/I) 7w^v^ (') ' 

. . The seventh variant can conditionally called neutral. It 
does not show how the aggregates are transformed in it. It ^simply ^ 
stiatea that there are so many objects altogether and som§ are of. 
one sort and the others are of another sort. 

Let us now examine these problem variants frpm the point of 
View of the possibility of solving them by making a laodel with objects 
and counting. As we do this we shall be paying particular attention 
to two matters: 1) the relationship between the sequence in which 
the known and unknown quantities are presented in the conditions, 
on the oile hand, and the possible sequence in which Toodels of the 
aggregates of objects can be made, on the other; and 2) the character 
of the transformation of the aggregates described, on the one' hand, 
and the character of the transformation of the models, on the other. 

* In the firsthand second problem variants, the sequence in which 
the known values are presente^d coincides completely wipi the sequence 
in which the models are made with aggregates of objects. As the 
child hears the conditions of the problem, can iimnediately 
form an aggregate of objects corresponding to the first number. Then 
he must determine the direction in which to count out the second 
aggregate. The words "flew away," "came," "altogether," *^of them," 
etc.* can serve as points of reference here (we are leaving aside now 
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'the yquestion ok whether this way of solving t!^ probiems is • 

if j ' • 

justified ^and acceptable fro© a broader point of view," What is 
imortant is'th^t with these variants the children are able tj^ 
iperate thjds) . When^ he has formed the second aggregate,^ the child 
automatically gets a third one — the wliole or a patt^ — which he 
can COUXIC up«, These problems are obviously the simplest ones, and 
an analysis of the diff iculties ythat they can cause' children should 
either be done with the weakest/ cy.ldren or brought down considerably 
to the preschcM^l level, / ' 

/ Xhe third variant jsvidifently shiiiuld qot cause particular 
difficulty either. Hefe, too, the child begins by forming ^ 
aggregate of objects cckre spending to the first number, then siiopXy 
yfekips the unknown and, guided by the same words — "flew away," "altogether," 
"divided," etc., — forms an aggregate corresponding to the second 
number, obtaining as a remainder the aggregate corresponding to 
the unknown nuHiber, Thus the third variants should be solved in the 
same way as the second. . - * . 

The sixth variant, if we take it from the point of view of 

the sequence in which biodels'of the quantities are made, should not 

^ i 

cause difficulty either. As the child hears or reads the problem, 
he will skip the first unknown, th^ in succession form the aggregates 
corresponding to the first and second numbers, and as a resiilt obtain, 
the unknown number- But if it is easiy from the standpoint of the 
sequence in which the aggregates are formed, this variant should 
present a certain difficulty from the standpoint^ of choosing the 
direction in which to count out the second aggregate. Here the 

words "flew/ away," "ate up," "altogether," etc. can^ no longer be 

* / i 
points of reference. The child must perform^ certain transformation 

in the conJaitions of the p^roblem. He must begin to proceed in 

reverse order as it were. When lie has formed the first aggregate 

he must then ask himself how the second one should relate to it. 

This transformation or, in other words, the answer to such^a question, 

should ofeviously coml^rise the understanding of this problem variant. 

But! in the foQrth problem variant this aspect of the matter 

emerges with particular clarity. The child skips the first mention 
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of an aggregate, fdrma an aggregate corresponding to the first number, 
and *tben finds himsej-f confronted with a terrible difficulty,. He 
does not know what to do with the second number, how and where to 
form an aggregate corresipondiag to^it. "nakiiig a mod^, in the sequenc 
in which the knqwn niy^ricar values are presented, prasboposes ^an 
exceptionally deep (and indirect) unde\stan4ing of the rfelationships 
between the corresponding aggregates. Inasmuch ^as the .aggregate just 
cpynted out, .corresponding to number (C), is a part pf tKe second 
aggregate, corresponding to number (A), the child BhoiO-d have begun 
to count it 6jut«a second time, piagrammatically it would, lopk this 
way: - * 

■ . I — - — -I -^i 

Another way is considerably more natural: that of turning the 
conditions of the problem around. Here one woald begin by forming 
an aggregate corresponding^ to the. second of the numbers given ^ 
(A), and then. within it count out an aggregate correspondi^ig tg the 

* first number (C).. This sequence of operations can dla^grammed th^s 

/' 



But ^ihis procedure as well presupposes quite a special "understanding' 
of the conditions of the problem. Even before beginning the actual 
operations of model-making atid counting- out , must determine 

the relationship between the aggtegates corresponding to the first 
and second numbers. This is the relationship between whole and' 
part, and in order for the child to understand problfems of this type, 
he needs to . have already formed a concept of this relationship. 
In addition to this, we must emphasize especially that when he has 
ascertained tl^s relationship on the basis of an understanding of 
the transformation of the objects in the aggregate/fTh^N^usft tljeri 
completely reject what wouJ^d seem to be the logical operation with 
the objects ~ union— and- construct his model b;^ dividing the aggyeg 
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of ol^Jects, submitting exclusively to the logic af "th^ relationship ^ ^ 
of whole and part. Thus/in the fourth problem variant, if we take / 
the Ideal casie, the i^del-m^ln« sequence will be the exact opposite ' 
of the sequence in^ich'-the knowi^^?1^P^s are prefsented, while the 

oharaeter of tl^fi/relationship established between the aggregates in 

i , / ■ " ' . 

the model-makirig willXbe the oppostie of th^ one stated in the 

jf ' 

verbal d^scrcption. Obviously, .this problem variant would present 
-the greato/t difficulty for children/-'', ' - ^ ^ , 

Th^ fifth problem, variant, like *t:^e fourth, can.b^ solved in 
two cfl&pletely /differfent ways. If the child has already grasped 
relationship between whole^hd part and can subordinate his 

l-iaaking to it, he can solve the fifth variant precisely -^e 

< ^ * 

^ame Way as the fourth (following the secdnd method). . But vif the 
cfiild has not mastered this method, he can solve it another way, and 
the second way of solving this vatiant turns out to be easier than 
the comparable way of solving the fourth variant- One could say 
tha/ thi s method is suggested by the very sequence in which numerical 
values are presented in this variant, as was n6t the case in the 
fourth variant. When the child hears or reads the^. problem, he forms 
an aggregate corresp^ding to the first number, and then he is 
given a second number which characterizes the whole, and along with 
it the information that this second number was obtained as a supple- 
ment to the first. Therefore, stimulated by the conditions of, the 
problem, the child can simply continue counting on up to the second 
number anS then quite naturally count >up this ' supplement . In the 
fourth problem variant, as we already indicated, it was possible 
to operate in the same yay, but there this mode of action conflicted 
with the description , of the transformations of the objects, h 
reinterpretatlon was needed, a transformation, in fact, of approximately 
this type: "If -we say that such-and-such a quantit^y was supplemented 
by anqther, 'then this is equivalent to saying that this other ope 
was supplemented by the first/' , . ^ f ' 
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Table 1 . • 
Problem Variants for Solution by Making a Model 



Variants 



Sefluence 
in 'which 

NumeTical Sequence 
Values are * of ilodel- 
P re sent ed Making 



Character of 
TraiisfQnra-* 
tion of 
Objects 



Character 
Tranaf onaations 
in Model-Making 



2 ' 



4-1 



'4-11 



5-1. 



5-II 



A 



A 



A'" 



not indicated 



A 



A 



A 



A 



Y 



A 



In the Seventh variant there is no indication of , the character 
of the transfofmation of the object's in the aggregates being described, 
and therefore when models are being made, operations can be chosen 
o^ly with the aid and on Ihe basis of , the concept of whole and 
part. For children who. have not formed this concept it should present 
considerable difficulty. 

The results of the theoretical analysis carried out above are 
presented in Table 1. The "arrow" represents the direction of the 
sequence in which the numerical^ values are presented and in which 
the models of them are made. . The inverted syiii^l of union in variant 
4-1 indicates that in that instance this correspondence between the 
operations of transforming objects and of making models of them is 
attained through a certain transformation in the meaning. 
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AJ^ ATTEMP.T AT AN EXPERIMENTAL INVESXlGAtioN • 
^ OF PSYCHOLOGICAL REGULAS-ITY IN LEARNING 

,\ ^ , . B; 'B. Kossov* , * ^ ^ 

Report li , ^ 

* ' The Analvals of a. Practical SittAatlon 

From tt^ Standpolat^ f Assmned Ps^hologlcal Regularity,^* ' , 

•Even the Siniple pbservation of . practical situations caa lead to the 
identification of certsfin psycho logical regularities. It Is not unusual • 
that, undar certain conditions, a person will succeed at an ^Qtivlty. 
If the conditions ai^ changed slightly, however, difficulties arise and 
he will make mistakes or perhaps even fall in tjne very same ^activity. 

Therefore, pedagogical and psychological Investigations, qf incotfrect 
as well as* correct operations are completely valid. A recent and most 
thorough comparative analysis .of correct and incorrect operations (and 
their underlying associations), in conformity with instructional condi- 
. tions', was undertaken in a monograph by Shevarev [18]. We followed this 
same method qf comparative analysis in an attempt to understand* the 
causes of the so-called "switching errors" observed by Kudryavtsev in 
his detailed experimental investigation [ll]. 

Kudryavtsev studied the peculiarities of the transition from one 
arithmetical operation to another, for example, from addition to subtraction 
and Vice versa. Pupils in the first through fourth grades were tested 
individually (the fir it graders were tested at the end of the* school year. 
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*0f the Institute of Psychology, Academy of Pedagpgiqal S ciences ol 
the RSFSR . Published in Reports [Poklady ] of the Academy of. Pedagogical 
Sciences £l the RSF^, 1961, Vol. 3, pp. 65-68; 1961, Vol. 4, pp. 85-93; 
1962, Vol. 2, ppr8^94; 1962, Vol. 5; pp. 85-90; and 1963, Vol.^ 1, 
pp. 65-88. 

Translated by Patricia A, Kb lb. 
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The piH>blems assigned for solution did not in themselves preB^nt difficulties 

r 

for the pupils. At the time of the* testing, the pupils already possessed 
, firm calculating skilly and rarely made mistakes when they solveS such 
'problems, under normal conditions. But the author slightly altered the 

conditions:^ He presented the sSme problems in an unaccustome^sequence. 



and, as a result, the number of mistakes rose sharply. The u^ual conditions 
had been changed only in that after a large number of problems of one type, 
two examples of 'another type afjpeared unexpectedly. For example i seven 
addition problems of the type 6 4-2= ,5-1" 4 , were followed by two 
subtraction probJ-ems such as* 7 - -3 * / 5^ 2 = , Thus, the only pe- 
■ ^ ■ ' culiarity in the situation was th&t a "supercharging" of addition operations 
' preceded\;he sulp^raction examples. Many pup^ils did not switch to* the new 

operation; ijistead of subtracting, they cont^.nued to add the numbersi "Let 
. us call such mistakes "non-switching .erjrors*' (in his book, Kudryavtsev . 
called -them '^switching error^)"^* 

Many experiments in pedagogical psychology have confirmed the fact 
that non-switching errors are widespread in practical instruction [7, 12, 
/ 13, 20, and others] • The school syllabus for arithmetic correctly notes 

that equipping pupils with sound calculating skiliii'^ the most important 
task in arithmetic instruction [4]. The significance of this requirement 
has increased greatly in connection with the current school reorganizatin 
* and drawing of the school closer to life and to the pupils' solution of ^ 
practical problems. Unfortunately in speaking of calculating skills, one 
usually overlooks mistakes in operation signs . Suppose a pupil solves the 
problem 7 - 2 = by giving an answer of 9. He. obviously has a souikJ ^ 
calculating ability to add 7 and 2, but'^he does not consider all the pecu- 
liarities of the situation and therefore does not perform the operation 
required for solution. Such "sign" mistakes occur most often when there 
has been a change in certain of the usual calculating conditions, and are 
manifested particularly in non*- switching errors. It is well known that 
sign errors remain rather frequent^ in algebra in3t;,ructi^. The pupils' 
carelessness alone is an inadequate explanation for the occurrence of 
these mistakes. It is apparent that there are serious methodo,loglcal 
shortcomings ,"*n the formation of calculating abilities and skills. 
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A nuffiber of assumptions have been made in the literature about the 
causes of non-switching errors. Various authors suggesting explanatiq^ 
for these errors h^ve proceeded, consciously or unconsaiously , fijom the 
comparison of two types of situations. In one of these, non-^switching 
errors occur and in the other they are almost absent (the switch is made) . 
Comparing the two situations, the investigators decided that the frequency 
of the first of the, twc^ oper^t:|.otis caused the mistakes. If the first 
operation was not repeated a sufficient nun^er of times — for eKample, if 
both operations were alternated fi^m the very beginning — there would be 
no'' (or almost no) mistakes'. " But no unified opinion exists in the litera- 
ture about the more profound causes for the errors. 

Some authors see the formation of a direction in the completion of 
the first operation as the cause of non- switching errors (Bzhalava, 
Kliodzhava, Eliava, and others). Others consider the cause to be inertia 
in the psyeiiic processes, such as thinking (Menchinskaya, Lyublinskaya) . 
Thus, the authors consider different factors to be responsible when an in- 
adequate transition from one situation to another* occurs. Iti the first 
case, the factor is a lack of narrow direction (that is, broad direction), 
and in the second, the factors are flexibility and mobility of thinking. 
Kudryavtsev associates successful switching with the presence of pre** 
liminary analysis of the situations as a whole, as well as with the 
phenomena of direction.^ He also observes that non-switching errors may 
be connected with inertia of the neural processes, and successful switching 
with their liveliness [11^367]. ' 

Unfortunately, not one/ of the assumptions ijiade in the literature abou 
the origin of non-»ewitching errors has received Vigorous experimental stud 
and can be considered proven. Similarly, the nature of the psychological 
regularity that conditicps sucqessful switching also remains unclear — 
despite all countervai^ng tendencies, whether of' direction, inertia, 
something ^I6e» 

Through preliminary theoretical analysis it is possible to form a 
different conception of the causes of non-switching errors and the mechanis 
of the corresponding correct operations. , 
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In theseatch for another and pos&ibly more adequate ^concept ion, we 
turned to the works^ of Asratyan and his followe^, who also stjdied the ^ 
phenomena of switcty.ng ^2]* But thJfx test situation could not serve as 
,ev^n a remote model for the situation which interested us — the transition 
from one arithmetical operation to another. In the first place, a tonic 

0 

conditioned stimulus (from the test room, from the experimenter, and so 

on) was i^sed as a signal for switching, and second, there was a fixed 

stimulus in the- background for initiating an operation (thfe tap of a 

metronome! a flash of ^ight, and so on) . ^ In^ the. experiment 3 of Kudtyavtsev, 

a switch jCoperat ion' sign 'V* or '^") was produced simultaneously with 

other attributes of the arithmetic problem conditions. 

Apparently, it is simplest and most efficient to consider the 

notation of the conditions* of individual arithn^tic problems a& complex 

stimuli that prompt defined response operations from the pupils. Each, 

such complex^^ made up. of two basic components^ — an operatidn sign and 

numbers upon whxiah the operation must be performed. Both components 

essentially influence the operations produced and the final result* That 

is, each component possesses a known signal activity or "signalness. " 

The occurrence of non-switching errors indicates that the signalne^s of 

the sign component has failed. In this situation, the number component ^ 

can st|ll retain its slgnalness. For example, suppose a pupil solveiS - 

the problem 7 - 2 « by responding 9^ He adds instead of .subtracting, 

but the result of the addition is correct. In order to clarify the 

causes of such errors, let us analyze the situation in which the "super- 

charging'^ of an operation (such as addition) precedes examples in which 

the pupils substitute that operation for another (In this case, addition 

for subtraction). In the case of the ^'supercharging" of addition, the 

numbers change but the sign is always tjie same (for example; 4+3 , 

4^ + 5 ■= , and so on). The numericd'l result — the answer---also changed 

In accordance with ^he change <^ numbers in the conditions of the problems. 

Consequently", for Successive cloiaplexes of stirouli vlth varying number and 

• identical sign components , differing response operations are , required . 

This is the typp of situation that preceded the errors. Hence our assumption: 

*• 

The given situation causes the subsequent non-switching errors. It is 
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apparent that th/ gradual decline of the signalness of tfa^ constant 
sij^n componenc under lias the errors* A question arises J poes the 
constancy of a component in similar coxulitlons always lead to a decline — 
in its signalness? In other ^words, how regular is the change in the 
slgnalness of components in the' conditions indicated? 

Mhe investigation of Kudryavtsev does not prove that non-switching 
errors hdye a regular connection Vith any^ defined cause 'or e^bn a 
general situation. His work mentions the supercharging of one operation — 
and €hB possible formation of a direction to always perform that ^ao^ ♦ 
operation— as the causes of subsequent mistakes* Yet 'these same errors 
are sometimes made without supercharging, ^id even occur In cases where 
two operations are intermittently counterposed [^1:384] , It Is clear 
that without the complete statisticj^l processing of data from appropriately 
constructed experiments, it is impossible to prove the presence of a 
regular connection. 

The pn<g44cal significance of the question posed above becomes clear 
when one considers the peculiairitles in the construction of arithmetic 
texts and problem books for the first grade JlS]. In the introduction 
of ^Imost every new operation^ the authors consciously avoid presenting 
it simultaneously and in contrast'* with a similar or opposite operation. 
For example, in the study of the addition and subtraction of numbers 
between 1 and 10, the exercises are all arranged so that the addition 
of a certain number is treated first, while the subtraction of the same 
number and'^W^ contrast between the two operatiotktf* are introduced only 
in succeeding lessons. :fV^^ 

If our assumption about the origin of nbn-- switching errors is correct, 
then it must be recognized that the textbook authors create conditions 
from the very beginning conducive to a reduction in the slgnalness of 
operation signs, and that they then attempt to correct the situation as 
far as. possible* The widespread occurrence of non-switching errors is 
eloquent testimony to the fact that, in the end, they do not succeed. 

Tests aimed at overcoming non-switching errors and organized in a 
different pattern (for example^ 4-*'2=6, 4-2-2) are the most 
adequate check for the existence of the regular relationship (formulated 
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above) between the signalness of a problem's sign component and Its 
£nvarlance. In these tests, it is no longer the number component ttat 
is varied, but instead, the sign component. As before, ^successive 
complexes of stimuli will demand jiifferent operations* Since^ the only 
distiivguishing feature of the co^nplexes will* now be the sign component, 
one might anticipate an fhcrease in its signalness. If problems are , 
then given according to the fiVst pat,tern, with U supercharging of addi- 
^ tion, the increased signalness , of the sigti component should result in a' 
decrease in non-switching errorsl The development ^f an appropriate 
methodology for the tests will b^ the theme of the next report. Positive 
results to tests constructed according to this methodology Would strengthen 

' the case for the regularity that we have -assumed in the conditions of 

) 

arithmetic instruction* 

In our first work [5, lo] , the regularity under consideration served 

as the basis for one of the most effective methods of strengthening the 

weaker component of complex stimuli. With this method, various reactions 

were. developed to complexes of stimuli with Identical strong components 

and different weak ones.*^ In two other works [?, 9], we attempted to 

Ik-t ^ 2 

trace the same regularity in conditions of elementary geometry instruction • 

The choice of ' situations studied In all three of these works was not 

accidental. We were interested in manifestations of .the desired regularity 

along two parameters and in two basic tyj^^^of situations: 1) when the 

features of the complex stimuli were parts or properties of the complexes 

(an example of a part is a table leg; examples of properties are the color 

or shape of ' the table), and 2) when the test was conducted with the presen- 

tation of particularly artificial stimuli, or under more natural conditions- 



The method of "leveling" components proposed by Vatsuro [l9] might 
be considered . to be a ^particular case of this method. In such "leveling," 
the complexes are also distinguished only by weak components; A positive 
reaction is produced to one complex, an inhibited reaction to the other. 
For a more detailed evaluation of this method, see another of our works [?]• 

2 

Shevarev has proposed the following letter scheme for designating 
the situation^ in which the indicated regularity can occur: AF-rR; AG— ^S; 
AN-^U, where A is the constant component of the complex stimuli; F, G, 
and H are changing components; and ^, S, and U are different reactions 
to the complexes [l8:169]. 
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such as those in geometry instruction. In the works mentioned, mani- 
festations of a regularity in conditions of instruction ^were not studied , 
whenv^tl^. features of the situation constituted its parts. Situations 
of solving arithmetic problems whose sign and number features are its * 
parts (and which features, therefore, can be easily distinguished from 
one another) present a convenient case for this type of study. Another 
peculiarity of the arithmetic problem situation compelling its special 
study is the particular nature of its features • In our investigations 
in geometry [7, 9], one of the features of the situatiotl did not have 
essential significance, and it was not necessary, to determine th^ examinees* 
op'erations if these operations were correct. (For ex^ple, in evaluating 
the perpendicular relationship of lines, their position on t^he plane is 
not essential if the angle between them always remains a right angle.) 
^ In arithmetic examples, however, , tfie two basic features of sign and 
nomber are both essential. 

• ' <» 

> Report II : 
On the Varied Use of the 



Regularity of Differentiating Complex Ob,1ects 
tot the Elimination of Sign Errors in Arithmetic Problems . 

In the previous Report we discussed the following regularity: If 

the complex objects perceived person are identical in some features 

but different in others, and reactions to. these objects are developed or 

strengthened, then the identical features either become non-^signalling or 
3 

their slgnalness decreases. For brevity, let us designate this as 
"regularity A." - - . 



• Translated by Patricia A. Kolb. 

\e shall say'^hat a certain feature has slgnalness (or valency) for 
the person if reactions somehow depend on the presence or absence of this 
feature. 

■ *» 




It must be assumed that in pedagogical practice regularity A can have 
positive or negative consequences — wherein one or another of its effects 
may be determined by c e r t^^ J %\rp p lem p.n t a ry conditions, 'Hie purpose of 
our investigation wae to test this assumption. This report presets the 
first part of the completed Investigation. 

Four series of experiments were conducted with first- and second-grade 
pupils. The first graders were tested at the end of the school year, the 
second graders at the beginning. All the series employed addition and 
multiplication problems of the types 4 -f 3 » anrf^x 2 « . ^ The 
problems were not difficult f drs the pupils and they solved them correctly. 
Difficulties arose and mistakes sharply increased only under certain^ 
conditions especially created in our experiments. We shall concentrate 
on the basic features in each problem — sign and number. 

ft ■■ 

Study - Background Experiments 

Let u^ agree to call the first ^periment of this study the basic 
experiment. In it, seven addition problems (with sums not exceeding 10) 
were interrupted by two multiplication problems (also very simple — with •* 
the answer 12), followed by one more addition problem. ' 

The basic experiment was conduct^ with 141 pupils in four different 
classes of three schools in Moscow. E^ch pupil received a prepared card 
on which the indicated 10 problems were arranged in a column. The first 
assignment was to "copy the column of problems on your clear c^rd.'^ This 
task was done at the beginnii^ of the arithmetic lesson an^ took from ten 
to twelve minutes. The cards cbs^gleted by the pupils were then collected. 
The second assignment ^ which was given at the end of t!he lesson, was to 
''solve all the problems in^'order and write the answers on the experimenter's 
card." To some degree it was thus possible to separate mistakes in t} 
copying of signs from sign errors in the operations — or answers. An 
example of a sign error in the answer is "4 x 3 = 7.*' In processing ^he 
results, we were interested primarily in non-switching errors, that is, 
sign errors in the signs and answers of the- last three examples in the 
column. In a second experiment on the following day *(let' us agree' to call 
it the control experiment), no special Changes' were made in i^s conditions, 
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and all of the conditions of the first experiment from the previous 
day were repeated as exactly as possible. 

The transition to other arithmetical operations in the column's 
last three problems caused a significant number of the pupils to make 
non-switching sign errors in both the basic and the control experiments. 
From 6.6 to 7.6 percent of all the signs copied by th? pupils in the ' 
indicated problems were copied incorrectly (discounting whether the 
errors were corrected or not). The corresponding percentages of mistakes 
in writing down answers varied from 7.8 to 9.9 percent in different 
experiments (see Tables 1 and 2). A comparison of all the mistakes made 
by the examinees in the two consecutive experiments — the basic and the 
control — showed that no statistically reliable change in the number of 
sign errors made in copying and in Toper at ions" (answers) was observed 
(see Tables 1 and 2). 

Table 1 ' » 

Correctness of Signs For ^asic 
and Control Experiments in Four Studies ♦ 



Study 



• 


,1 


.11 


III 


IV 




423 


303 


^7 


A83 


Percentage of mistakes in the 
basic experiment . • • . 


7.6 


8.9 


10.2 


8.7 


Percentage of mistakes in the 
control experiment . . . 


6,6 


10. 9 


5.1 


3.5 


? ■ ■ — • — ~ — ^ . -- ... 

Difference in percentage of the 
mistakes in the basic and 
the control experiments, . 


^-y 

+1.0 


-2.0 


« 

+5.1 


+5.2 


Reli^ility coefficient* of the 
difference between the re^ 
Suits of the basic and the 
control. experiments. , . . 


1.1 


0.8 

♦ 


3.2 


3.5 


This is the ratio of difference to the 
dif f erenQe~--a t statistic (Ed.)., 


standard 


error of 


the 
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Table ^2 

Correctness of Answers for Basic 
and C(;>ntrol Experiments In Four Studies^ 











Study 






I 


II 


III 


IV 


Total (iases ' ' 




423 


303 


567 


483 


Percentage of islstakes In the 
basic experiment. . . • • 




9.9 


8.6 


13.6 


i4.1 


Percentage of mistakes in the 
control experiment . ♦ . 




7.8 


11.9 


13.9 


5.6 


Difference in percentage of 
the mistakes of the 
basic- and the control 




-1-2.1 


-3.3 


-0.3 


-1-8.5 


Reliability coefficient of 
the difference between 
the results of the basic 
and the control experi^ 


1 


1.1 


• 

1.3 


0.2 


« « 

4.5 



The results obtained in each o^ the two experiments in the first 
study were in complete conformity with regularity A. The operation sign 
(+) remained the same 'in the first seven problems; only the numbers 
changed. Therefore, the operation sign (the sign feature of the problem) . 
lost signalness for^ some pufiils. Only the numbers, which varied, retained 
signal value. As a result, when these pupils encountered the last three 
problems they made sign errors in copying or in the answer. Here we 
, observe the negative influence of regularity A in the completion of .a 
school assignment, llie ^nature of regularity A' sausage completely deter- 
mined this negative efvfect:. All the essential <:riteria were not varied 
in the first seven problenig in the' column (the operation sign was constant) 
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studies II, III, and IV. ' * 

lathe three succeeding studies the plan describe'd for the two experi- 
ments i^einained uijchanged except that a training experiment was conducted 
between these experiments (usually immediately before the control expert-- 
ment and during the same lesson)---' the pupils had to copy and solve some 
"practice" problems. The results of the solution of the practice problems 
were immediately checked and corrected. All the succeeding studies were 
conducted each time with new examinees in different class groups. There 
was no preliminary selection of whole groups or of individual examinees. 

In Btudy II, the 10 practice problems were of the type 5x2" 
and 9^x 1 = . Only the. numbers were varied In the practice problems 
.of this series, i In comparison with the basic experiment, the sign liad 
changed— p that li, a multiplication rather than "an addition sign was , 
Constant. (Such sequential conttaposing of different operations is widely 
employed^ in the f irst-grade» arithmetic textbook by Pchelko and Polyak 
[15]. The experiments with 101 examinees ^(from 3 new classes) show the 
results of this.) 'Neither mistakes in the writing down of signs nor 
sign errors in the answers decreased in the control experiment when com- 
pared with -the basic experiment. On the contrary, there was some tendency 
toward an increase in both types of mistakes (although '^'tatS^tically this 
was not completely reliable — see Tables 1 and 2). 

It could be conjectured that the positive influence of regularity A 
|j|>uld be manifested in the conditions of Study II. In the basic experi- 
ment of this, study the pupils dealt with 8 addition problems, and in the * 
training experiment, with 10 problems in another operation — multiplication. 
In other words, there was a situation of sequential contraposing . The 
problems in the b^sic and in ther training experiments differed only in 
essential features (signs »and numbers). Consequently, it £ould be expected 
that the signaln^ss of the operation signs would increase after the basic 
and the training experiments, and that the number of both types of sign 
errors would, in turn, decrease in the control experiment. Actually, as 
stated above, mistakes did not at all decrease in the control experiment ♦ 
and even had some tendency to increase. 

4 
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Apparently, there were certain additional condition^ operating in 
the described experiments that disguised the anticipated positive in- 
fluence of 'regularity A. The age peculiarities of our examinees might 
have been such supplementary conditions. They wei» primary-school 
pupils for whom sequential contraposing 'did not facilitate the differ- 
entiation of problems according to their essential features, and 
likewise did not ensure the positive influence of regularity A. In 
order to test the role of the indicated factors in Studies III and IV > 
we introduced intermittent contraposing. 

Ten practice problems of the type 4 + 2 = and 4x2* , 
were used in Study III. Here the numbers were constant and only the 
signs varied. The ^eqi^ential order of the signs ensured intermittent 
contraposition (+, x, x, x, -f , -f, x) . There wete 189 examinees in 
six class groups. In the control worjc there was a decrease in the 
number of mistakes in copying signs, but no change in the number of 
incorrect answers. This conclusion was statistically reliable (see 
Tables 1 and 2), 

In 10 practice problems in Study JV, ^^both of the essential problem 
features were varied: t^e signs and the numbers. For example; 
4 + 2« ,7xl» . Tliere vere 161 examinees in five classes. 
A comparison of the basic and the control experiments showed a statis- 
tically reliable decrease Ip the number of both types of sign errors in 
the control experiment (see Tables 1 and 2) . ♦ 

The results of Studies III and IV fully confirm the influence of 
regularity A on young schoolchildren in the conditions of Intermittent 
contr^osition. Correctness In copying signs presupposes the signalness 
of the sign feature. We varied the operation signs in both series, 
which caused their signalness to Increase for a number of examinees and 
led to a regular decrease in the number of mistakes in copyI?ng the signs. 
Writing down answers correctly further required the signalness of both 
essential problep features— sign and number. Therefore, when We used 
regularity A to increase the signalness of only the number feature (a^ 
in Studies, I and II), or of only the sign feature (as in Study III), it . 
did not result in a decreased number of incorrect answers. As we would 
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then expect 9 this positive effect was observed in Study IV under conditions 
where the problems were immediately differentiated according to all (two) 
of the essential fjeatures. 

Our research has thus shown with statistical reliability that, first 
and foremost, regularity A has significance in one area — elementary-school 
arithmetic instruction. But we can also now assume that this regularity 
has broad significance and is relevant to the most varied areas of human 
activity. This research has further demoj^strated that certain supplemen-- 
tary conditions can have essential significance . In particular, both 
the positive and the negative influence, of regularity A — as well as its 
lack^ of . influence — on the .pupils' completion of a school assignment were 
observed to depend on such conditions in our experiments. The results 
we obtained in these experiments depended on su^;h variable supplementary ' 
conditions as: 

1) The choice of perceived objects ("problems") 

a) which individual, essential features of the objects .^>, . 
being dif f ere»ntiated we made different or identical; 

b) whether or not the objects being differentiated differed 
in all essential features. 

2) The teliip&ra^l relationships between the objects being presented: 
theVequehtial or intermittent contrapoair^ of these objects. 

-(Certain ,v^iable conditions^ in our work were only outlined. The 
sign and number features of the problems in our experiments were separable 
(they could be separated from one another)* In our earlier work on school- 
children's mastery of elementary geometrical knowledge [7, 9], the varying 
and the constant feat\ires of the geometric features; — their form and their 
spatial position — were inseparable- 

Thus, we are able to ascertain the effectiveness df regularity A in 
changing the^ si^alness of both separable and inseparable features. 
Further study of this regularity will be required in order to identify 
its specific manif estation(s) under different conditions, with separable 
and with Insejiarable features. Deeper study of all of the conditions 
named--&nd possibly of the many other variable, ones as well — is necessary. 
Without such an accounting, the expedient use of regularity A for prac- 
tical goals will be impossible. ^ 
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The Use of th , e Regularity of Differentiating Complex Objects 
in the Teaching of Aritfaaetlc Operations with Sums Less than 10. 

ft 

In the previous report Involving experiments with pupils from grades 
1 and 2, a regularity was verified ajid tentatively designated "regularity 
A." We studied that regularity primarily fii^he strengthening of differ- 
entiations that had been.. elaborated in the past. Under those circumstances 
the signalness of identical signs decreased while the signalness of dif- 
ferent signs Increased. Our 'current work will include the study of 
regularity A in the conditions of the formation of new connections. If 
our earlier work -was directed at clarifying methods of removing pupils* 
errors, our present t^sk will be to prevent errors from arising from the 
very beginning by finding methods of using regularity A in the formation 
of new connections* 

In analyzing the^ textbook in arithmetic for grade 1 [l5], as well 
as methodological handbooks for teachers [l, 17, and others], we observed 
that an obvious preference is given in both the textbook and the handbooks 
to the method of sequential contraposition. Examples and problems are 
selected there in an appropriate fashion. Thus, In-the textbooks s 
introdiiction of two opposite operations (addition and subtraction^ multi- 
plication and division), exercises are first given. on working out one 
operation without the other. As a rule, the illustrative lesson units in 
the methfi^Jological han4books follow the textbook. These operations in 
the coverage of each new topic (adding and taking away 1,2, 3, and so 
on) are not only introduced separately, but also are introduced in dif- 
ferent lessons from the %very beginning of systematic study of the section 
called "Addition and Subtraction/* The gap between different operations 
is subsequently Increased still more by the appearafice in the textbook 
of entire topics — consisting of several lessons each under the immediate 



Translated by Harvey Edelberg. . ' - 

^ ^In this report we will not s^t forth the results of our investigation 
into the application of regularity A to instruction in problem solving. 
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headings of ^"Addition without Passing through the Bounds of Sums Less 
l*han Ten" [15:65], "increasing by Several Units" [15 J 67], and so on* 
Thus, from the outset, there is lacking the differentiation of problems^ 
on addition and subtractioh, which could have been distinguished according 
to all essential features ''(they should be distinguished not only by 
numbers, but also by operation signs) • Only afiter one operation on a 
certain topic has been reinforced are exercises on the other operation 
and intermittent exercises on both operations introduced, with many . 
fewer lessons allotted to the latter than were spent on the individual 
study of one operation or another • 

Apparently, under the influence of textbooks and methodological 
handbooks, there is a widespread fear among methodologists and elementary- 
school teachers that the "simultaneous" (intermittent) introduction at 
the very beginning of opposite and generally different operations can 
only mix up the pupils, give rise to the confusion'x?f- different operations 
and make difficult the whole process of learning.' One cannot consider 
this judgement alone, but must subject it to, experimental • testing under 
the actual Conditions of instruation. 

In the previous investigation conducted with pupils in grades 1 and ' 
2, it was shown that the intermittent contraposing of arithmetic problems 
requiring different operations better promoted the isolation of features 
necessary in the perception and solution of these problems than did 
sequential contraposfng* One can assume that the indicated advantage of 
inter^i^ttent contraposition is also preserved in the formation of new 
connections. In sequential contraposition two series of objects (for 
example, two columns of problems) ^re presented. Within each series the 
objects do not differ in all of their essential features (for example, 
"they have identical signs); only the objects of the two different series 
differ at once from one another in all essential features (for ex^ple, 
in both number and sign). Apparently, the reason for the inef f ectmreness 
of sequential contraposing lies iq the following two peculiarities o1 
regularity A when it is manifested j^^ider such contraposing: 1) the object 
of one and the same series are identical ^ even if only in one feature. 
Therefore, regularity A must act, here in a negative direction — Identical 

s 
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features may becouie non-slgnalling^ — dnd 2) the objects of different 
sequential series are distinguished by 4II essential features. This 
must faster a positive manifestation of regularity A in the relation- 
ship of all of these features, although the time interval between 
the objects of the different series does hinder this. The latter 
interval is significantly greater, on an average, than the interval 
b^ween objects of one and the same series, and it is possible for 
this reason that the positive effect of regularity A mask^ the negative 
effect (see, the first peculiarity enumerated above). Our task consists 
of verifyljig ,our hypothesis concerning the advantages of intermittent 
contraposition in the formation of those new connections that form the 
basis of calculating operations within the limitations of 'the natural 
numbers with sums less than ten. , * , . 

Experimental instruction was organized in grade l--b of School 
Number 672 in Moscow. The control grades were 1-a and 1--C of the same 
school.^ Until the tenth of October, 1960, all three grades were 
insttucted strictly according to the textbook and the teaching methods 
in general use — ^which were adapted to that textbook • On October 10 we 
conducted background control wor^ in all -three classes, before going on 
to the systematic section entitled '^Addition and Subtraction.'^ The 
children had to copy and solve a column df five problems: In the first 
three, they had to add 1; in the fourth, subtract 1; and in the fifth, 
again ^add 1. All of these operations were already well known to the 
pupils. Thus,, the summary errors they -made in the answers did not 
interest us nearly as much as those which depended on the incorrect 
copying of signs. According to the number of si^n-copying errors made 
in working the. column's last two problems, grade 1-b made the greatest 
number of errors. Grade 1-a made three mistakes, 1-c made five mistakes 
and grade 1-b made eight mistakes. (Relative to the total number of 
observations made in each class, the percentages were 4.8, 9.3, and 12.1 



\ express my deep thanks to the school's Director, S. G. Amirjanov 
and to the foliewing teachers'" for their great help in conducting the 
investigation/ T. N. Akhapkina, L. V. Maksimova, and N. I. Tit ova. 
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respectively.) Since the number of errors was greatest-rLu l--b, that 
grade was chosen to be the experimental class. In what follows, the 
control classes were instructed, as before, according to the textbook. 
They were used as a basis for evaluating the effectiveness of the method 
of, sequential contraposing. In the eicperimental class, addition and 
subtraction were studied "simultaneously'" from the very beginning or, 
more precisely, througli^ the method of intermittent contraposition. 
The results were used to evaluate the effectiveness of our -earlier 
introduction to intermittent contraposition. 

In order to achieve a better realisation of the principle of 
intermittent contrappsing, we decided to start from a logical structure 
of numbers. We shall take as an example-problem the number 3. The 
children successively mastered the knowledge of all cases of addition 
and subtraction within the limits of this number by first taking real 
objects, effecting real operations with these objects,^ and then con- * 
sidering them in the abstract. ^ ^+1-3, 3'-l«2 (this latter 
operation was introduced immediately as the inverse of the first), 
1+2-3, and 3-2-1. Different operations in'the study of the 
structure of the remaining numbers in the first ten were contraposed 
in an analogous manner. (It is possible to represent the logic of 
our consideration of all the cases by the set of formulas: x + y a, 
a - y - x; y/+ X « a, and a - x = y — where x ^ and y assume, con- 
secutively, all values from 1 to 9, and a <■ 10. In each successive 
topic, the quantity a increases by 1.) As a result, a table of 
addition and subtraction for the numbers 2 to 10, which the children 
understood without particular difficulty, was put together step by step. 



^Here it is important to emphasize that such general principles as 
"from the graphically active to the abstract,** and others, were not 
objects of special study; we therefore tried to put them into practice in 
equal measure in both the control classes and the experimental class .^^^ 

^It is true that such instruction logic almost completely excluded 
the possibility of using the textbook for home (and class) assignments 
which, of course, gave known advantages to the control classes. We were 
not able to use even those sections of the textbook in which examples or 
problems on both operations were alternated* However, the advantages 
originating for the control classes in all other relations except the one 
being studied (the use of regularity A), could only Increase the reliability 
of the results of our Investigation. 
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Calculating axarcisas for each topic were set up In the textbook 
according to the principle of sequential contraposition, as Indicated 
above; but this, in turn, excluded the possibility of prftceedlng from 
the logic of the number structure. In fact, the order of studying 

8 

operations in the textbook is reflected in such headings as ''Add and 
Subtr^t '2" (at first only add, and so on), ''Add and Subtract 3,*' and 
so on. According to this order t^P subtrahend and second addend remain 
constant each time, and all of ^Jie remaining components (numbers and 
signs) change. (It is possible to generalize the given principle in 
the form of two formulas: x + a === y and y - a « x, where x and 
a change from 1 to 9 and y <^ 10. In each successive topic the 
quantity a increases by 1.) 

The following question may arise: Does not this study of number 
structure constitute that supplementary factor by which experimental 
instruction was distinguished from instruction in the control classes, 
and which thereby caused the difference in results? Here one must bear 
in mind the fact that the study of number structure is also given a 
great deal of attention in the ordinary teaching methodology. Specifi- 
cally, the pupils in our control classes answered questions about the 
composition of these or those numbers with as much success as the pupils 
in the experimental class. The difference consisted mainly in the fact . 
that in the control classes the structure of numbers was studied primarily 
in connection with the synthesis^^f numbers by means of addition, while 
in the experimental cla^s this sajie composition was revealed equally by 
both synthesis and analysis, by addition and by subtraction. As we can 
see, the possible influence of the indicated supplementary factor 
apparently boils down' to that basic difference in ways of combining the 
contrasting operations (which has also served as the fundamental subject 
of our investigation). That is, it reduces to the difference between 
sequential and intermittent contraposing. 

Approximately two months after the new instruction in the experimental 
class, three identical control tasks were introduced in all three classes 
(with two ^^riants per class). In each class these tasks were conducted 
at the time of transition to the study of the^second ten natural numbers; 
* 

i2n 
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that is, roughly at the same time in all th^e classes. In the first 

control work the pupils had to copy and solve three columns of five 

problems each* The problems were arranged alternately in two operations 

(in random order, but with no more than two repetitions of one operation — 

either addition or subtraction) • Problems on all types of operations — 

within the limits of tb^ natural numbers up to ten — were used, including 

those with the answer. 0* 

In the second control task the examples in columns two and three ' - 

were more complex trinomial problems (of the type 10-2-5^?). 

Table. 3 shows the difference in results between the exper ijpental and 

8 

normal inethods of instruction in both control task^. This difference 



liable 3 

Errors in the Answers to the 
Problems of the Two Control -Tasks 



„ ■ . 1st Control Task 
Results 


2nd Control 


Task ■ 


ExnerlmentaJ 
Class 

0 


Control 
Class 


Experimental 
Class 


Control 
^ CJ.ass 


Total number of 

* problems solved 495 

I • ■ 


915 


^ 384 


660 


Percentage of incor- 
rect solutions 3*6 


7.5 


7.8 


■'■ ' I 

13.6 


The difference in per- 
centages between the 
quantity of mistakes 
in the experimental 
class and that of the 
control classes 3 


/ 

.9 ' 


5 


.8 


The coefficient of 
reliability of this 
difference 3 






. 1 


In the two conLrol classes the percentages of ino.orxecL solution^ were 
roughly equal to gue another, ^nJ wera always higlnjr Lliakr iii *Lnc experimental 
clasj^. This aIlo'''e4 to roT^binp tho rp^^Hilts frori the two control classes , 
in our reiiabiiity computation. ' ' 
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in f^vor of the experimental instruction was completely reliable statis- 
tically (the coefficient of reliability, that is, the ratio of the dif** 
Terence In results to the sean error of this difference, exceeded 2,6). 
In .the general mass of incorrect answers the number of sign errors in 
the answers was negligible: i Ixjl both the *tasks the control-class pupils 
commttted 7 errors, while the experimental-class students did not make 
-.a single mistake — even a corrected one. Meanwhile, we could apparently 
judge more simply the menlts of different kinds, of contraposing of 
arithmetic operations Iw the catlo of sign err^^ in the classes, A 
third control task (as always, with two variants per class) was conducted 
for the purposes of further selecting appropriate facts. The pupils 
^ had to copy from the board and solve three columns of normal, binomial 
problems — with five prpblems per column. The difference between this 
(the third) and the first two control tasks consisted in the fact that 

here addition was repeated four times in the first column, and then was 
\ . . . ■ ' 

fallowed by a la;st problem (In the same column) in subtraction. As 

was^ shown in Report IX, this device promotes a negative manifestation of ^ 
regularity A. In the given case it was Sound to help show the ,^tabl,lity 
of the differentiation of various operations under different methods of 
instruction. The superiority of the experimental class appears particu- 
, larly distinctly against a background of the very first control task — 
mentioned above as background control work, and conducted in all classes 
bfefore experimental instruction was begun, and used to select the experi- 
mental and control classes. The experimental class went from last to 
first 'place in the number of mistakes made 1a copying signs (see Table 4) 
Tha difference in results in this last task between the experimental and 
the control classes is statistically completely reliable (see Table 4)% 
One can add that all of the errors in the ei^perimental class (and there 
were 3 of them) were corrected. by the pupils themselves, while in, the 
control clashes precisely half of all the errors were uncorrected ones 
(17 and 17—34 in all). 

Included in the examples of the third control task was a special 
addition problem containing a transition past the sums less than ten 
(for example, 8 -4- 3), The successful solution of such a problem during 
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^ , Table 4 

Sign Errors in Copying Problems Before 
and After Various Methods of Instrtfction 



Control Work. 
10/10/60, 



7^ 



Control Work 
10/13/60 



Experimental 
Class ' 



Control % Experimental 
Class Class 



Control 
Class 



Total nnniber of problems 
solved 

Cases of sign errors In 
copying (in perceiitages 
of the general number 
■ of problems) . ^ 

The difference in percen- 
tages between the quantity 
of, mistakes in the experl- • 
tal cla&s and that of the 
control^ classes . ; 

The coefficient of reliability 
of this difference 



66 



116 



•450 



96,0 



12.1 



\6.9 



,0.7 



3.5 



12.1 - 6.9 - 5.2 
1.1 



0-7 - 3.5 - 2.8 
3.9 
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this period, when the classes had yet to begin studying the second ten natural 
numbers and their corresponding operations, served as an indicator of the 
pupils' degree of auxiliary preparation at home. In this case it turned 
out -that the experimental grade had no advantages over the control classes. 
The number of incorrect solutions and refusals to complete the problems 
proved to be idantical (9) in all classes. From this point on it was- possible 
to judge, to a certain degree, that the difference in fundamenlpal results 
was not determined by a difference in home preparation between the experi- 
mental and control grades (which, in any case, would h^ve been^ unlikely 
before checking), but; depended instead, on the different' use of regularity 
A in these classed. . ' ' * 

'Thus, we also observed the manifestation of regularity A in the develop- 
meat of new connections on complex objects (as before, we saw it hera in 
terms of the strengthening of connections). Moreover, intermittent con- 
traposing bett^er promoted the development of correct apd strong connections 
thai^ did sequential contr^osing. 
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Report IV: 

The Relative Difficulty for Pupils of . Three Types^ 
of Indirect Problei^s on Addition and Subtraction* 

- Jwith this report we begi^ a presentation of the results of an Inves- 
tigation of the regularity of the differentiation pf complex objects 
(regularity A) under conditions accompanying the solution of arithmetic 
problems expressed in oblique form (more briefly, oblique, or indirect 
problems). The choice of these conditions was determined by two series 
of considerations. 

First, these problems have peculiarities not taken into account in 
the earlier studies of regularity A: 

a) the differentiated objects in this study are characterized by 

a greater complexity, in view of which even the essence of some 
particular features, i.e., their connection with the required 
ope^rations, is not entirely obvious; 

b) the objects are completely or partly presented -in verbal foina; 

c) the pupils' response activity is significantly more Complex; . . 

d> the degree of the distinction of Objects according to a given 
feature is varied. 

Second, it is common knowledge that these problems are of great 
difficulty for the pupils. As' early as 1958 they were completely reiQoved 
from the first-grade curriculum. At present some indirect problems are 
studied Ih the second grade^ e.g., problems on finding the minuend or 
addend. Even her however, matters are unsatisfactory [l4]. The existing 
methods of .teaching how to solve lndli;ect problems undoubtedly need per- 
fection. Until now we have had no psychologically based answer to questions 
pf such primary importance to school practice as:, ^ 



Translated by David A. Henderson 

~ ^Regularity A may be formulated "Briefly as: If the complex objects 
perceived by a man are identical in some features and different in others, 
and various reactions are redeveloped or strengthened in these objects, 
then the different features acquire predominant significance (for more 
details see Report III). 

a 
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a) What is the relative value of the raethod of contraposition among 
the other methods of singling out the features of arithmetic 
problems? 

b) What types of indirect problems is it expedient to teach fir^t^ 

c) When should the contraposition of direct and indirect problems 
- be introduced — before consolidating abilities to solve direct 

. problems or at the very time puch abilities are being developed?^ * 

d) What should be the form of concrete methodological devices for 
successful instruction. in the solution of indirect problems as 
opposed to direct problems? 

We assumed that con^ideratipn of regularity A was of no little im- 
portance in answering these quei^tions, at ikast in the first approximation. 
Also, in answering these questions by experimental means, we hope to as- 
certain the peculiarities of the phenomena of regularity A in the new 
circumstances indicated above • 

Before approachin R l^ e study of these four questions, we should do 
some preliminary work, on the classification of indirect problems in their 
connection with direct ones. The major goal (and the basic difficulty) 
of such work consists in finding the objective criteria, features, on 
which a classification can be founded. Then we must ascertain, at least ' 
hypotheticaj-iy, how the various types of problems relate in difficulty for 
the pupils. This .is necessary to establish any sequence for teaching the 
devices for solving problems of the various types* Such are the main 
tasks of the present report. 

To determine the general principle for th^ classification of indirect 
problems we can limit butselves to problems 'on addition and subtraction. 
Problems on the other operations may easily he included in the common\^ 
scheme of problem typ^s that is obtained by the classification of indirect 
'addition and subtraction problems. 

All varieties of simple direct and indirect addition and subtraction 
problems can be solved identically in one of two ways: 
1. A + B = ? (S) 
II. S - A - ? (B) or S B ^ (A) 
where S (sum indicates the "whole'' total number, and A^ and B are • 
parts of this whol^.' The two plans for solving problems. (number problems) 
represent, essentially, the notation of two algorithms of addition and 
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subtraction problems. But in the framework of these algorithms it is 
still impossible to differentiate the direct and the indirect problem.' *^ 
The specific features of these problems lie outside their common algorithm^; 
these features come forth when the actual texts of direct problems are 
compared with each bther and when those of indirect problems are compared 
with each other, on the one hand, and ^1 so when the texts of direct 
problems are compared with texts of corresponding indirect problems, on 
the other. ^ 

Let us compare generalized texts of all the basic variants of direct 
and indirect problems, e.g., of the type: 

1. Direct problems: . * 

a) There were A objects of the first kind. Tliere were B more 
of the second "kind than of the first kind. How many objects 
of the second kind^were -there*? 

b) There were S objects of the first kind. There yere B fewer 
objects of the second kind than of the *first kind. How many 
objects of the second kind were there? 

2. Indirect problems: 

a) There were S objects of the first kind. There were B more 
objects of the £irst kind than of the second kind. How 
many objects of the Second kind were there? 

b) There were A objects of the first kind. Ther^ were B'-'fewer 
objects of the first kind than of the second kind. How many 
objects of the second kind were there? 

The concrete formulas for these problems will be: 

1. a) A -f B - ? (S); b) S - B = ? (A) ^ ^ ^ 

2. a) ? (A) -f B = S; (b) ? (S) - B - A. 

As we see, the direct problems differ in only one component.''"^ This 
component is the word more or fewer . Similarly, indirect problems differ 
in only one component. This is the same two words, more, and fewer. Let 
us call this compon^^nt distinguishing t\\e direct and .indirect problems 
given above Di stinctive Feature J^. In our example this feature has tvJres,.^^ 
variants (the words more and f ewe r ) - 



10 ^ 

Here S always denotes the whole, and A and B denote its parts. 

At the same .time, different liter'al designations of data in the texts 
of problems (A, B, S, B) do not denote differences in the numerical 
quantities of different problems, 'In particular, A in one of the 
problems can denote the same quantity as S in another of these problems- 

# 
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A second essential feature of direct problems is the feature that 
allows the distinction of an indirect problem from the corresponding one."^^ 
Let us agree to call if the distinctive feature of the direct and the ^ 

indirect problem, Feature II , for short. In our example (see the formulas 

■ ■ -J * 

for the foijr problems, above) Feature II will be the position of the 
unknown in the problem* s structure. 

Here one variant of Feajiure • II — the unknown — is in the unsigned part 
of the equation; this variant, characterizes direct problems. fTlie second 
variant of the same feature objectively characterizes indirect, problems. 
The unknown stands in the signed paift of the equation, • 

^Ir^ solving a previously unknown p^blem, be It direct or indirect, 
the pupil's operations should ^e detetmlaed by both features, 1 and II, 

Let us call this, set ofi the two. J£«a£ures ^^rather, of variants of these 

,<» ' ' 

features) a complex feature . \ 

Using Features I and ll then, we obtain the*, following classification 

of simple arithmetic problems on addition and subtraction; * 



Direct pi;oblems * 

Formulas: 1) A B « ? 2) S - B = ? (A). I^e unknown is in 

the unsigned part of the equatlQp^, Feature I can be distinctly expressed 
in a verbal formulation of the problem owing to special lexical units: 
more, fewer, added , took away , was obtained . In the actual texts of 
problems all these words may be represented by their equivalents; 
more = more expensive, higher, longer, » * added » flew together, gave 
more, • . was obtained =^ was, remained, was -altogether, etc. In the 
following formulation Feat\ire -I is lacking; "There wef^ A objects of one 
--^^ind and B objects of another kind* How many objects of the two kindb 
were there?" 



4* '^\le will call problems ^.hat are not differentiated by Feature I 
"corresponding" direct and indirect problems. 
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Indirect Problems * ^ 

The unknown in the forjnulas of these problems is in the signed part 
of equations. 

Type I — indirect problems . Formula: B -h ? (A) S. iFeature I is 
absent from the verbal formulation of the problem. One possible v^ir.iant.. 
of the formulation is: "There were S objects of two kinds. There were 
B objects of one kind. How many objects of the other kind were there?" 
Such problems may be transformed into direct problems with the addition 

12 

of several words — carriers of Feature I ("they took," "the rest>" etc.) , 

Type 2 — indirect £roblem8. The second type of indirect problem • 
includes the following variants of formulation (in general terms): 

a) There were some. When B was added, S was obtained. How many were 
there? b) There were A. When several were added, S was obtained. 

9-' 

How many were added? c) There were several. When B were taken away, 
A was obtained. How many were there? d) There were S. When several*, 
were taken away, B was left. How many were taken away? The concrete 
formulas of these four problems will be: a) ? (A) B = S;. 

b) A -h ? (B) - S; c) '? (S) - B - A; d) S - ? (A) = B. * 

■■r/: ■ Type _3 — indirect problems . The third type of indirect pifoblem 
includes problems on increasing and decreasing. The general '^^^btmulat ions 
of the two possible variants of such problems were given above (? (A) -h B ^ 
? (S) - B, - A) . 

Since a characterization of the unknown is required for solving the 
problem, we can transform indirect problems of types II and III into 
direct problems where this ciharacterlzation is given, i.e., turn the 

The carrier of Feature 1 In indirect problems of the first type 
may be real operations with objects. In teaching such probleias, the 
teacher usually accompanies the text of the problems with actual operation^ 
with objects, gestures, etc, Independent^ly or with the teacher's help the- 
children name these operations with the appropriate words which, of course, 
is equivalent to transforming an indirect problem into a direct problem. 
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iriairect problem into a direct one. As a result of such transformatioji, 
instead o*E the four formulas we obtain the two basic algorithms (given 
above) for simple addition and subtraction problems (coinciding with 
the formulas of direct problems): * A + B = ? (S) ; S « B - ? (A) . 

The difference between the second and third types of indirect problems 
consists* in: 1) a different number of possible variants (2 and 4); 2) two 
quantities figure in problems of the third type, and in f)roblexns of the 
second type we are dealij;^& with changes in a single quantity; 3) Features I • 
and 11 are lexically more fully, expressed in problems of the second type. 
For example, in a problem of the third type there is only one word, the 
carrier of Feature I (mote or less or their equivalents) . At th^ same 
time, in problems M the second typ^ therfe are more. such words (in actual 
texts besides the word added, as in our generalized text (see /above), 
words lik6 there^were altogether , still , remained are also possible). 

Practical school instructifan shows that with the existing methods 
of instruction, indirect problems are more difficult for children than 
direct ones. This statement scarcely needs further checking. The causes 
of difficulties arising in children when solving indirect problems derive,^ 
we must assume, from the methods of instruction. Existing method^ of 
instruction do not ensure proper utilizatioa of regularity A when the so- 
lution of simple problems is being taught. Even in the first half of the 
first year of instruction there develop -in the pupils firm associations 
between the variants of Feature I a^id the arithmetic operations being 
performed: between the words "added,** *'more,** or their equivalents and 
addition, and betweQix^^the words **took away,'' etc. ,^ and subtraction. The 
subjects do not differentiate problems by Feature II. This is understandable 
because this feature does not have signalness — instead of the comple^j feature 
iCKis Feature I which wholly determines the children's operations.. It is 
no accident that the most typical and very stable mistake of pupils is that 

they solve indii*«-ct ptdhiM^;^Br^i^x:ect ones. The incorrect solution in 

#V 

this case is determined only 'by the variants of Feature I. 



' V ''■'^Thc tremendous difficulties ''In overcoming these Errors occasioned^ 
unfortunately, the removal of indirect problems of alJ three types from 
the first-grliue curriculum, and problems of the third type from the elemen- 
tary school curriculum altogether. 
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* We decided to compare the difficulty of the three tyj^fis of indirect 
problems. It may be assumed that problems of the first typ^e should be 
least difficult and problems of the third type, the most difficult. This 
assumption is based on the following considerations. 

Success in solving all simple problems is determined by the signalness 
of the complex featmre (see above). The variants of Feature I (mgre^- 
f^^^r , gave — took > etc.) are opposed to one another. The variants of 
Feature II ("both quantities in the signed part of the formula are known"~ 
"one quantity is known, the other is not") are not in an opposing relation- 
ship; in other words, the variants of Feature X differ from one another 

* 

more than the variants of ' Feature II. We conducted earlier laboratory 
experiments [5, 8] with two complex stimuli whose peculiarities were: 

a) each of the dftimull, characterized by two features, had one of two 
variants of one feature and one of two variants of the other feature; 

b) the variants of the first feature were opposed to one another, the 
variants of the second feature were relatively little different from one 
another; c) when showivone of the complex stimuli, the subject was to 
perform one operation, and when shown the other complex stimuli, another 
operation; d) the variants of both features were more visual and simpler 
than variants of Features I and'' II, with which we are now concerned. 
Hence, we may consider th^t the processes occurring in these laboratory 
experiments are a model of the processes occurring in the solution ^of 
arithmetic problems of the types we are now considering.- The laboratory 
experiments showed that under the described conditions the variants of 
the first feature became dominant, i.e.', the subject reacted in some way 
contingent upon the variants of this feature. The variants of' the second 
feature, however, are recessive, l,e., the pupils*^ reactions are not 
contingent upon them. It is possible that the processes of the perception 
of the first feature" Ihipede the processes of the percept'ion of, the second 
feature. Bearing this in mind, one may also presume that, in the solution 
of the arithmetic problems we are examining the variants of Feature I will 
be (at :^east in some pupils) dominant, and the variants of Feature II will 
recede into the background. But, as we already said, the sqlutlon bf a 
problem, correct not only in its .results but also in its structure, should 
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determined by the variants of both the features. Consequently, it is 

to be expected that either th^ pupils will err in their solution of .problems 

where the required ope:4^tion does not correspond to a variant of Feature I 

(when, for example, the word rr^ye is ^in ^he conditions, biit the true 

operation- is subtraction) or the solution process will be delayed. But 

Feature I is absent irom the conditions of the first type of indirect 

problems, so the phenomena just described cai^ot occur. With this as a 

starting point, one must assume that the first type will be easier, i.e., 

the pupils will make the least number of errors here. 

In the conditions of indirect problems of the third type the difference 

between the" variants of Feature I is greater than in indirect problems of 

the second type. Hence we may expect indirect problems of the third type to 

be more difficult for the pupils. , * . 

To ascertain the relative difficulty of the three indirect problem 

types and to check the above stated theoretical proposition of the unequal 

difficulty of these problems, we conducted two variants, of control work, • 

for all types of problems. The texts of problems pf one variant were: 

1) "Nine trees were growing at the entrance of a school, birches 
■ and poplars. There were 7 birches. How many poplars were 
there?" , ^ 

2a) "Vasya had seyeral acorns. When he planted 3 acorns, he had 
6 left. How many acorns did Vasya have to start with?" 

[16: problem 224] , 

2b) "Sasha had 5 stamps. When he was given several. more stamps, 
he had 8 altogether. How lAany stamps was Sasha given?" 

3) "Seryozha had 5 apples, Seryozha had 2 apples more than Misha 
had. How many apples did Misha have?" 

The control experiments were conducted at th& end of the first or at 
the very beginning of the second year of instruction. Before this time, 
the usual instruction following the curriculum and the workbook had not 
included a single bne of these three*. types of indirect problems (in the 
classes we studied) , 

In working out the result^, we considered ther percentage of pupils 
who compjletely solved the problem correctly. Moreover, to best delimit 
the diffjerent types of problems according to difficulty, we also added 
tt)gethcri the percentage of pupiTs with wholly correct solutions and 
pupils who made one specific error — ingorrect notation of the operation. 



Here the unknown number was found correctly, but It figured In the no ta- 
ction not as the result (the answer) » but as an already known quantity. 
An example of this kind of error, in th6 solution of the first of the 
4 problems given above is: 7t + 2t « 9t (the unknown is 2t). 

Table'5 

Relative Success in Solving 
the Various Indirect 'Problems 
Before the Special Instruction 





Problem 
Type . 


Total Nudber 
of Pupils 
Working 


Solved Completely Correct and Partly 
Accurately Correct Solutions 
In % of the Total Number of Pupils 


1 


54 


59.1 ' 68.5 


2a ' 


.44 


31.8 59.1 


2b 


26 
108 


■ 7.7 ■ 53.8 


3 


9.3 11.1 


The results of the cont; 


rol work (see Table 5) confirmed our expecta- 



tions. The most difficulties arose for pupils when they were solving 
indirect problems of the third type, and the least, in solving problems 
of the first type. The statistical elaboration of the results showed 
the reliability of this st^atement. 
* 

^ ' Report V: ' 
Schemes for SblvinK Direct and Indirect 
• Problems and the Flanniii^ of Experimental Instruction * 

The isolation in a probjam of at least two essential features is a 
necessary condition for t^ successful solution of direct and indirect 
problems in a single' operation • Feature I is a feature by which the 

Translated by Harvey Edelberg* 
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generalized stat^ents of both direct and indirect problems are distinguished 
from one aaother in various arithmetical operations. The "symbolic** words 
more-fewer , gave- took , etc., appear in problems variants^f Feature I. 
The generalized stat^ents of those direct and indirect problems that are 
not distinguished from one another by Feature I are distinguished from one 
another by Feature II.. An example of Feature II is Where Is there more ? 
or Who has more ? Generalized variants of Feature II were defined in 
Report IV in the following manner: In one variant the unknown is in the 
unsigned part of the problem's formula; in the second variant the unknown 
stands in the signed part of the formula. For example: 

1) A 4- B = X; 2) A + X S. ... 

In order to facilitate the future comparison of various methods of 
teaching the solution of problems, it is important to present the solution 
of the problem diagrammatically . By way of illustration, let us take the 
generalized statements of direct and indirect problems containing a single 
operation and the words more and fewer . 

I. Direct problems: 

1) There were A objects of' the first kind. There were B more 
objects of the second kind than of the first kind. How many 
objects of the second kind were there? 

2) There were A objects of the first kind. There were' B fewer, 
objects of the second kind than of the first kind. How many 
objects of the second kind were there? 

Indirect problems : 

3) There were A objects of the first kind. There were B more 
objects of the first kind than of the second kind. How many 
objects of the second kind were there? 

4) There were A objects of the first kind. There were B fewer 
' objects of the first kind than of the second kind. How m'any 

objects of the second kind were' there? 
The corresponding diagrams for solving these problems will be as follows 
I. Direct problems : 

1) (I - a, ^11 - a) Oj 



II, 



2) (I - b, II - a) 
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Indirect problems : 

3) (I - a, II - b) 0 ; 

s 

4) (I -ACII - b) 0 . * 

a 

In all fdur diagrams ^the following notations have been used for the 
features that form the statements of the problems, and for the operations 
that must be performed in solving *the problems: I - a, I - b are two 
variants of Feature I; iX^;^^ II " b* are two variants of Feature II; 
0^ denotes the operation of addition; 0^ denotes the Operation of subtrac- 
tion. A comparison of the diagrams shows the following: a) direct probl^ems 
1 and 2 differ in various arithmetical operations only by Feature I; 
b) the libme may be said about indirect problems '3 and 4; c) the direct- 
indirect problem-pairs — Land 3» 2 and 4 — are distinguished only by 
Feature II; d) finally, the direct-indirect problem pairs, 1-4 (requiring 
identical operations) and 2-3 (also requiring the Identical operation) 
are simultaneously distinguished by both Features I and II • 

According to regularity A, in the differentiation of complex objects, 
it is the different features of those objects that acquire predominant 
significance, thht is, a person's react iona^Ti-e determined chiefly by the 



different featuifes rather than by the ^dltfiilarities . At the same time, 
the identical 'features'^ become "ineffective, that is, they do oot themselves 
determine a person's reactions. In this connection. It is not only variants 
of the* feature encountered ea'^ller that become ineffective, but all other 
variants of the feature as well. 

According to regularity A, in order to isolate a certain feature in 
problems and to form operations according to t^t feature, the differentia- 
tion must be such that the problems would be distinguished ^only by that 
feature. Isolation of Feature I requires the juxtaposition and different 
tiation (that^is, the generation of different reactions) of direct problems 
by different operations (see diagrams 1 and 2 above) , or of indirect 
problems fey different operations (diagrams 3 and 4). Isolation of Feature II 
must occur if 'the direct and Indirect problems denoted above (in diagrams 
No. 1 and 3, as well as in 2 and 4) are differentiated. In order to guarante 
the effectiveness of both essential features of the problems, the differen- 
tiation of all of the pairs of problems listed here is apparently required. 
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We should H€)te that not 6very solution of p^fs of different probler 

is responsible for the advisability of using, regularity A and of isolating 

necessary features. Here those problems requiring Identical arithmetical 

operations—Numbers 1 and 4 and Numbers 2 and 3 (see diagrams) — may 'serve 

as an example. ,The preservation of the same operation in th^ problems will 

be a modification of unessential features only if the essL^ntial features 

of the program do not vary. Tlie conversion of a problem with diagram 1 

to a problem with diagram 4 — as with the conversion of type 2 to type 3 — 

does not mean a modification of unessential features , since,' in this 

connection. Features I and II both change as well. Another example would 

be a pair of problems composed on the principle of variation of only the 

unessential features (an alteration of "plot" or numerical data)'. 

* 

Report VJ^ , • ' 

A Comparison of the Effectiveness of Some 
Methods of Teaching^ the Solution of Indirect Problems ^ 



Kistir 



. The existing methods of teaching the solution of problems in the 
primary grades do not ensure the effectiveness of all the essential features 
of the problems. In Report V two features were pointed out whose isolation 
'i*s indispensable for direct and indirect problems to be solved successfully 
in one operation. The general deficiency of existing methods of instructior 
consists, in part, of the inexpedient utilization of re^larity A in singling 
out the above mentioned features in problems. 



*G. M. Bakliromeeva and E. I. Galakhova of Moscow School No, 4 were 
coauthors of this re^rt, along with B. B. Kossov. Translated by 
Harvej; Edelberg. ^ - 

14 

Feature I — This is a feature by which the generalized statements of 
both direct and indirect problems are distinguished from one another into 
various arithmetical operations. The '^symbolic'* words more-f ewer , gaye -took, 
etc., appear in problems as variants of IPeature 1. The generalized statements 
of those direct and indirect problems that are not distinguished from one 
another by Feature I^are distinguished from one another by Feature II. An 
example of Feature II is '^Where is there moje?" or **Who has more?*' 
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^ In fact, according to an arithmetic textbook [l5] and the current 
cutriculuai, first-grad^ pupils solve only direct problems. But since 
direct problems can be distinguished only by Feature I (see Reports IV 
and V)* the differentiation of direct problems Into various operations 
can and does lead to the predominance of vai^iants of Feature I. Feature II 
has only one variant in direct problems, and those, problems are not • 
distineu ishable from one another by this feature. .According to regularity 
A, the variant of Feature II In these circumstances is not supposed to 
determine the pupils^ operations, and actually does not determine them. 
This non-signalness of Feature II in direct problems is also transferred 
to the feature's other variant, contained In indirect problems. For this 
reason, variants of Feature I also predominate in the indirect problems 
with which the pupils first come in Contact; and it is no accident that 
pupils solve indirect problems the same way they solve direct ones. 
» In the second grade the pupils turn to indirect problems on finding 

th6 minuend and addend. Their problem book introduces these problems 

4 

without sufficiently contrasting them with direct ones — or .making any 
connection at all between the direct and the indirect — and there arc 
sections of that book in which problems of only one type are selected. 
Such headings as ^'Prbblems on Finding the Unknown Minuend'' and '^Problems 
on, Finding the Unknown Addend*' are typical of these sections. In^rect 
problems differ among themselves just as direct problems do—in Feature I 
only. According to regularity A, the concentrated solution of indirect 
problems alone promotes the dominance of Feature I, Moreover, the very 
same variants of Feature I that call for a single arithmetical operation 
in direct problems, correspond to the opposite operation in indirect 
liroblems " (addition instead of subtraction and vice versa— see th& diagrams 
of problem solutions in Report V). In circumstances where Feature I is 
dominant, an alteration of connections occurs among the pupils between, 
operations, on the one hand, and the variants of Feature 1, on the other. 
After such an alteration the reintroduction of direct problems—and this 
is demonstrated by current instruction practices in the schools— is 1 
frequently accompanied by errors in their solution. I 



Devices usually employed by teachers and 'Vecommended by methodologlsts 

to make the solution of indirect problems easier for sti^dents amount eithe^ 

to a variation in- the verbal formulations of Features I and ll, or to the. 

conversion of indirect problems into direct;^ ones by the insertion of the 

cortresponding symbolic words. A principle known in the literature as the 

variation of unessential features forms .fhe basia'for these devices, which - 

may be useful at /specif ic stages in instruction. By themselves, however, 

they cannot guarantee the effective isolation of all t^e essential featuref 

of the problems or the development of the necessary associations. The 

authors of arithmetic textbook^' follow precisely the logip of the, variation 

of unessential fcatur^ when, in the first-grade problem book, they offer 

only direct problems while, in the secorid--grade book, they list 14 problems 

in succession on determining the minuend and then 21 Successive problems' , 

on finding the addend. In eat:h .of these cases only one variant of essentia 

- Feature II is given. Instruction practices irift the schools indicate that all 
' ■ , ' ■ ... ^ 

of this contributes little to the isolat.ion of all the essential features 

of problems and to thg development of the ability to solve problems. 

Finally, many authors point to the opposition itself of direct and 

indirect problemfir*^s one measure for overcoming mistakes wbfen solving 

; indirect problems. There is no doubt th^^t this particular method has 

been* underestimated up to now» It is usually discussed superficially, ^ 

and then only after otHer methods; it is no accident that the method is. 

ignored 1ji textbooks ^nd ^cnrricular guides on methods. 

..Pne may 'assume that the number of common features in the differentiate 

items is significant for^ the successijul isolation of the essential, 

distinctive feature. It is possible/ that the neci^sary^ fexature can be bet'. 

isolated 'under comlitions in which /a minimal -number of other common feati^r» 

exist, i.e*. , by removing all siS^^rf I140US , distracting components and by 

'"Baring** the two essential problem-features mentl^qd above. In order to 

verify this assump^tion, an Investigation was ^^ried out in which the resu. 

of methods of teaching the solution of problems were to be compared: 

1) the method of ifnrficdialely dif Terentiatlng complete statements of the 

prohlems , ^ 2) .the method of at first -liifferentiating only some simplified 

models of the problems. ♦ 'k 
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Report IV showed that, of the three types of indirect problems, 
those of Type 3 with the words more-fewer gav^ pupils the most trouble. 
At the same time, there were grounds to expect that, with appropriate 
instruction, problems of Type 3 would be entirely comprehensible to ^ ^ 
first-grade pupils. In both methods of teaching, therefore, we decided 
to begin instructipn immediately with the more difficult indirect problems, 
'to Type 3. We also thought it possible that, with successful instruction, . 
the ability to solve these more difficult problems' w^ould be a positive 
•factor in the solution of the easier problems of Types 1 and 2.. 

Our instruction by the first method adjiered closely to the methodology 
of Bantova., who achieved good results in the second grade (although' she 
did use a sufficiently large number of exercises to solve the problems [3]), 
Unlike Bantova, however, we began instruction in the first grade, and 
therefore, limited ourselves 'to one variety of theiType 3, Indirect problems- 
problems of increase and diminution • The number of' exercises used in solving 
such problems (and therefore the total amount of time expended on instruction) 
was smaller in our case. We tried to create other, equivalent conditions of 
. instruction in the two grades while preserving fhe fundamental differences 
between the methods of instruction. In this way we hqped to achieve 
comparable conditions for charac^f i2:ing the two methods. 

In the first method of ina^ft-uction the teacher would fully explain the 
solution of a pair of problems such as the following (one direct and one 
indirect); ^ 

1) Six mushrooms were growing under a fir tree; three mushrooms 
more than the number under the fir tree'.were growing untier a 
birch tree. How many mushrooms were growing under the birch 
tree? • ^ 

2) Six mushrooms were growing under a fir tree; three mushroobs more 
than the number under the birch tree were growing under the fir ' 
tree* How many mushrooms were growing under the birch tree?^^ 

The solution of these problems is diagramed as follows: ' , 

15 

1) (I - a, II- a) Q ; 2) (I - a, II - b)-^0 . 

The second pair of problems (numbers 3 and 4) differed ftom the first pair 
in only one wc/rd : Fewer was substituted for more* Thus, the solution 



"^■^T - a,- I - b are two variants of Feature !• II a, II - b are 
variants of Featurd^ li. 0 denotes the operation of addition, 0^ denotes 
subtraction. 
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diagrams for the second pair are: 

3) (1- b, II - a) — ; 4) (I - b, II - b)~|0 . The contrast 

s a 

between the problems in each pair, in accordance with regularity A, promoted 
the isolation of Feature* II; v^ile the contrast between problems 1 and 3 
or problems 2 and 4 had to^ contribute to the isolation of Feature I. 
Indirect, problems were solved by converting them into direct ones; for 

. example, if a > b, then b < a, and, in accordance with the word fewer «) 
subtraction was required. Moreover, the juxtaposition of a direct and 
a corresponding indirect problem should have protected the pupils from 
erroneously converting the direct problem* Tha. teacher accompanied the 
verbal explanations and the problem texts themselves with appropriate 
drawings on the blackboard, but all of the fundamental relations between 

^ quantities were given, of course. In verbal form. • ^ 

Such is the peculiarity of teaching indirect problems on the basis 
of their convertibility into direct ones. One typical characteristic of 
this first method of instruction is the minimal difference between problems 
with respect to any one feature and, at the same time, the presence of 
■a large number of common constituents. Thus, problems ^1 and 2 mentioned 
above fui^y coincide lexically (in nineteen common words) and differ only 
in the location of the words birch tree and fir tr^e , that is, {ihey differ, 
only in Feature II. 

In the second method of instruction we tried to reduce as much as 

^ possible the number of common constituents in the problems. .By continuing 
to simplify situations, we finally obtained certain models of elementary 
situations (problems) in which many features ^characteristics of direct and 
indirect problems were lost, but the two essential featured — I and II — were 
presei;ved. ^'Model" situations were represented by two pairs of assignments 
corresponding to the number of simulated problems, \ 

The first assignment was a model of the first direct problem in 
addition that was discussed above: Each pupil had a set of colored mugs 
on his desk. Using this set, the pupil had to put n red mugs on the Ife^ft 
. side and n blue ones on the right side. Then the teacher asked that the , 
number of blue^^mugs be made m greater than the number of red ones. The 
children added another m to their n blue mugs. 
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Tlie second assignment served as a model of the second problem — an 
indirect one. Once again, the ©riginal n^^red mugs and n blue ones lay 
before the children and again they had to make the number of blue mugs 
•m greater than the number of ^red ones, but this time not by changing the 
number of blue mugs- Instead, the s.tudents, with the teacher s help, 
remove'd m'mugs from the quantity of n red ones. In t^is way one quantity' 
grew larger than the other by addition to the-^first or subtraction from 
the second. Here we see Feature I — the word more , and Feature II — the 
color of the mugs to which it is necessary to add (one variant of Feature II) 
or from which it is necessajy to take aw^ mugs (another variant of this 
feature). Thus, as befits the models, the general diagrams of the situations 
coincide with the diagrams of the solutions to the first^ (direct) and second 
(indirect) problems above. 

- In the third and fourth assignments the word more was replaced by the 
word fewer , and the pupils' work was organized accordingly. Thus, the 
model assignments — when compared with the problems — were distinguished trbm 
one another by a smaller number of words and did not require calculations 
and verbal conversion into another (more customary) form of* assignment. 
Such was the first stage in the second method of iastruction. 

In the second stage the teacher employed texts of direct and indirect 
problems in juxtaposition — just as in the first method of Instruction— but 
without using the principle of reciprocity. It was necessary to build a 
little connecting bridge from the first-stage assignment to the solution 
of the problems, since many of the children (aboutv 40%) were unable to do 
this independently. For that purpose w^ taught the children to assume first, 
that two numbers — a known and an- unknown--were equal to eacli other . . 

first let us suppose that there are as many under the birch tree as there 
are under the fir tree. » ."). The subsequent course of work was identical 
to the one followed in completing the as-slgnments in the first stage of 
instruction. 

Experime.ntal instruction by the first method was conducted in grade 1-A 
of Moscow School Number 4 at the end of the 1960'-61 academic year; 
simultaneously experimental instruction by the second method was being 
carried out in the parallel' grade — 1-B. Before this special instruction 
began, grade 1-B had no advantage whatsoever over grade 1-A In the level 
of arithmetic preparation. The number of pupils who correctly solved the 

' 14^ 
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descriptive, indirect problems of Type 3 did not exceed 9 to 11.5% o£» all 
.the pupils in the class—a figure corresponding to th$ average shown by 
the first and second grades in ^a number 6f other schools that we investi- 
gated, * * • 

The results of instructiorfr by %i\e two methods showed the superiority 
of the second, model method of instruction (the one^ employed in grade l^B) * . 
This was expressed by the following: 1) In grade l-B 61.8% of tb^. pupils 
were already solving the control assignments correctly when doing their' \ 
first control work after a single, first-stage assignment. In grade 1-A • 
the first cpntrol work was not conducted until the completion of three 
assignments, and^even then the corresponding percentage was only 57.1. 
After seven assignments , fcibwever , the percentage reached 64.7~hardly , 
towering over the index of 61.8% achieved in gr^de 1-B after just one 
assignment.^ 2) In all five of the co^rol exercises conducted in the 
two, grades after the same number of assignments, the results were better 
in grade 1-B. 3) With the same amount of time devoted to instruction in 
both grades (8 assignments of 20 minutes duration each), the highest 
achievement in grade l-^B (90.6% solved correctly) exceeded that for grade 
1-A (71%). The reliability coefficient for the difference in results 
equals 2.0. 4) In grade 1-A symbolic errors in direct problems were, 
encountered in all control exercises. The percentages of pupils who 
committed these errors in the five control exercises, are as follows: 
2.9; 15.6; 8.6; 26.5; 12.9. In grade 1-B, on the other hand, not a single 
such mistake was encountered during the same period . 

One must assume that the reliability of the difference calculated 
above in point 3 actually would be higher if everything that was mentioned 
in air four points were considered, Moreayer, the model instructlgn in 
grade I-B could have been even more effective had we made the . transition , 
from the first to the second stage somewhat earlier. By the same token, 

it was evidently possible to reduce the total number of assignments in 

16*^ 

grade 1-B by roughly one-third without damaging the results. 



"'■^Several ways for increasing the effectiveness of model instruction^^ 
will be treated in another report. ^. 
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The merits of the model method of itastruction became apparent in the 
solution of both direct and indirect problems which had been given only 
in verbal form (without visual support), and which contained two-^digit 
numbers (rounded tens). In grade 1-B the percentage of correct answers 
in the first solution of such problems was 81,8, * ' 

During this instruction, therefore^ facts were obtained ^hich relate 
to an understanding of tile general mechanisms of the operation of regularity 
A, The differentiation of two objects by one distinctive feature (the 
isolation of that feature) occurs faster when there is a smaller number of 
■other common features,. ^ ^ ^ ^ 

» - ■* . - 

Report VII ; 

The DeK^ee of Abstraction of Learning Material 
and Its Role . in the Formation of Generalised Associations* 

- I* 
In pedagogical practice there are often cases where pupils know 

verbal formulations of rules well, but do jiot always act in accor^rfnce_ 

with them. The pupils' incorrect operations originate in 

associations. Tlie first terms of such associations ei^i) 

relevant features of objects and phenomena, or includt 

(or both occur) . 

ft- 

Let ua call relevant those features which are coifcained^n precise 
rules, and irrelevant those features which are not contained in the , r^iliaa^ 
Let us further agree that a feature with signalness is a feature on which 
one's operations depend in some way. The signalness of a certain feature 
has many causes. Specifically, as was shown in Report XII, in the differ- 
entiation of two complex objects their distinctive features generatCir 
signalness^ that is> one^s reaction^ are determined by variants of the 

'.^ame features which are inherent I'n different objects. At the same time, 
features which are no^ used to distinguish objects from each other— r 

* identical features — become non-signaiing, that is, do not themselves 
determine reactions. This regularity -was designated for brevity. 




G, V. Usanova and E. Sharonova of Moscow School No, 22 coauthored 
this report with ^. 'B. Kpssov., Translated by Patricia A. Kolb. . 
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regularity A. If the diff erentiable objects being used as learning 

material ^re distinguished not only by relevant but also by irrelevant 

features, then the latter, because of regularity A, may have signalness 
" ■ .1. 
and prompt incorrect operations in the pupils. 

Learning material can differ in its degree of abstractness (con- 
creteness) . An object *s abstractjiess d^Jsends upon the number of features 
that are intrinsic to dt as opposed to other objects — the fewer such 
features, the greater the abstractne'ss of the object. For example, the 
letter addends in the expression a -f b are more abstract than the addends 
expressed by the concrete numbers 5-1-3. The first expression, the > 
letter one, cannot be altered ^on the basis of the comparative value of the 
addends; in a letter expression, we usually abstract ourseii^es from this 
feature. At the same time, this supplementary feature is typically present 
for a numerical expression (aside from all features held in common with 
the letter expression, for example, the presence of two different addends). 

Let us suppose that we want to make # certain feature pf objects 
^signaling, using regularity A. For this purpose, let groups of objects 
of a variable degree of abstractness be used. Then the question arises 
of what degree of abstractness must be. preferred . Theoretically, it is 
batter to take more, abstract objects. Since the number of their features 
is the most limited, it is easy to select those oljjferf^feS that will always 
be distinguished from each other by relevant features only. On ^the other 
hand, because of the negative mani?*festation of regularity 4^, irrelevant- 
distinctive features can^bvCcome signaling in more^ "concrete** objects. 
Xh§ goal of this- lnv©g.Li^t ion is to test the validity of the above^stated 
theoretical proppsitlan on the possible advantages of using more al;jstract 
.learning material in insttuction J.n the first grade. 

During the first semester of the school ^year 1961-62, in two first- 
grade classes of School Number 22 in Moscow, we i,n*t;"UGted the children 
in the concepts? of the whole and its parts. 

The cho^tce of Chese concepts, which wf^re not included in the elementary 
school arithmetic curriculum, was determined by two cunsiclerations ,^ First, 
as we shall see below, these concepts were convenient for an investigation 
of the role of abstract material in first-grade instruction. The degree 
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of abstractness of the appropriate learning material could be varied easily. 
Second, thesg concepts were necessary for teaching first graders the 
general methods of solving direct and incllrect problems* 

As an example,, let us -take direct and l;idirect problems in addition 
and subtraction in one operation, problems in finding a sum, difference, 
addend, miixuend, and subtrahend • All of these pjoblems can be written 
in the form of^t^ follc?wing equations: 1) A -f B = ?; 2) S-A = ?; 
3) ? -f B = S; 4) A> ? » S; 5) ?' - B = A; 6) S -? ^ B; where ? is the 
unknown, A and*B are parts, and S is| the whole. 

Proceeding from the concepts ofl the whole and the part, it is possible 
tb solve all of these equations wltllout resorting to mor^ complicated 
algebraic concepts.^ It is sufficieJit to operate in accord with one df 
two rules: ' In order to find a whol^, the known parts must be added; in 
order to find a part, the other, known part must be subtracted from the^' 
known whole. Thus, it is necessary to learn 4the concepts of the whole 
and the part in order to master the general methods of solving problems 
by means of equations. » 

The general plan of instruction wa^ as follows; 

1) The initial period of forming the concepts of the whole 
and its parts with the use of concrete numerical quanities- 
The methodology of instruction in both classes was identical 
during the initial period, 

2) The introduction of more abstract numerical quantities in one 
of the classes^;. In the other class, instruction proceeded as 

* before* . " " 

3) General control work in the two classes in order to compare 
the mastery of the concepts of the whole and parts and the 

• mastery of |^e neces^sary operations. 

The initial period of instruction was divided into two stages. 
First, we demonstrated visually to the pupils that a whole object or a 
whole set (an apple, a gi»oup of children) could be divided into two parts; 
after rejoining (dr^awing together) these parts, we would again be able 
to see the whole. Second, in teaching the first ten numbers, we encouraged 

— ^ ' f 

''"^An investigation by Xossov [6] showed that such general methads 
were within the grasp of first graders. 
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the pupils to consider each number (except the unit) as a^lsrtK)le composed 

of parts. As a result of the work, the pupils mastered the following:" ^ 

A whole is composed of parts; in order , to obtain the whole, it is necessary 

to add up its parts; in order to obtain on^ part of the whole, it is necessary' 

to subtract rfrom the whole its other part. 

The concepts developed fiius were use4 for notatlng examples in ' 

addition^ and subtraction: The pupils were supposed to put two dots under 

the whole and one dot under each part. .^Initially the children learned^ \ 

to place the dots correctly in examples with concrete numerical quantities 

only. The corresjondiug assignments were of two types; they can be illus- 

trated by two cblujnns of examples : V ' 

I. 3> 2">^ , ' II. ^ 3 + 2 = 5 

2 4-3 = 1^ 

• * ■ 5 - 3 - . ■ ^ = 2 ' . ' 

' ■ ' - s 5 2 - , « 3 ■ 



' .In complet^ing ^each of these t^o assignments it was initially necessary 

to copy the first example tn a 'given column, to fill ijp the dots (symbolizing 

the whole and the parts), an^.then to solve the rest of the examples' in tlie 

column, constantly keeping in ^mind wl^t the whole an3' the parts were in the 

€irst example. The teachers* gave' the^ following instructions ' for assignment I: 

"Fill in th^B|nswers for the rest of ^he examples* , In order, to find the 

answer more easily, look at. the first example; the whole and t+ie parts there 

are the same as in all the other example*^." Assigning problem IT, the 

teacher usually said: "Fill In the empt^y spaces' to coniplete the examples. . 

/ *• - 

In the second example, think of how th^ whole 5 can be obtained from the 
same parts (that is, from 3 and 2) a^^in the first example. In the third 
and fourth examples, think of how oi)e part can be obtained tf^om the whqle 
and the other part which you see iri the first example." 

Generally, the pupils placed the d!bts correctly and solved examples* 
within the limits of the, numbers 1-10 (they h^d not^yet begun the second 
ten) ♦ J 

On the sixth May of the experiufental ins^truction , we introduced a column c 
two-digit examples in both classes: 63 + 29 ^ 92; ^2 - ,6^ 92 - 29 ^ ; 

29 -i- 63 . (On the previous day the children had learned to distinguish 

two-digit numbers, to find equals among them when written on the''~'b6ard , and 
to copy two-digit numbers from the board into their notebooks.) In' both 

'l4^ . 



classes, the isolation of the whole and parts in two-digit examples was 
completed with inadequate but approximately equal success: Somewhat 
more .than 50% of the pupils each class placed the dots correctly in 
just one of tke four examples. Thus, despite knowledge of the verbal 
rules and correct application of these rules within the limits of the 
first ten numbers, many pupils had not yet mastered the g^nerali2ed 
method of finding the whole and the parts. Apparently ,* instead of suf--.. 
ficiently broad generalized associations (for a detailed definition of 
this concept, see [20]), most» of the pupils developed narrow associations; 
moreover, the first terms of these associations included some irrelevant 
features inherent in operations with numbers within^^e limits of 1-10. 

Further instruction in one of the classes (I-A) was modified for 
greater abstractness in the quantities, \ised in the arithmetical operations 
Two notaj:ions were used Ear the operations: ?4'?5=?; ?-?»?. Thus> 
we made the operation sign the essential, distinctive sign of these nota- 
tions — all of the other components were identical. When almost all (80%) 
of the pupils in class I^A had learned ,to isolate the whole and part5 in 
such abstract notations correctly, we conducted control wprk in both 
cMsses. Let us cite one version of the problems, (all work was usually 
conducted in two variants) : 

10 + 2 = a 4- b - c 

2 + 10 = c b = ^ . . 

12 - 2 = ' 
_ 12 - 10 = 

The result was that 81% of the pupils in class I^a but only 41% of 
the pupils in class I-B completed all of the problems correctly. The 
differenct^ in the results was statistically significant; The difference 
exceeded its standard deviation 2.6 times. It was interesting that the 
pupils in class I-A who made mistakes in placing the dots were primarily 
those who had not yet mastered this operation in the abstract examples. 
Cons^equently , the indicated difference* in the results of the two classes 
will incrt^ase because of the positive influence of class I-A' s . training 
in abstract examples. If one considers the number of mistakes made in 
placing the dots, then the advantage of class I-A becomes distinct. As 
is evident .from the table, the pupils in class I-B made a certain number 
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of mistakes In finding the whole and the parts, even in examples with 
concrete numerical quantities. * The nature of the' errors in these 
examples indicates that the pupils in class I-B made associations that^ 



Table 6 

Isolation of the Whole and Parts 



>^ Results 
Class 


Number of placements of dots 


in lettei examples 


in concrete examples 


'correct 


incorrect * 


correct 


incorrect 


I-A (Abstract J 
Instruction) ] 

I-B (Regular 
Instruction) 


49 (94%) 
' 40 (69%). 


3 (6%) 

18 (31%) 
> 


104 (100%) 
109 (93%) 


'—I — ' 

0 (0%) 
8 (7%) 



were too narrow. The most typical mistake wa^ the use of th^ number 10 

^ the whole, although it was not a whole in a single example^ in the 

control column (see above). For example, 12 - 2 « 10, The origin of 

the error becomes apparent when^ it is recalled that operations within 

the limits of the numbers 1^-20 had been introduced ^nly two days before 

the control work. Previously, the children had solved examples only * 

within the limits of ^he fitst i:en numbers, and the number 10 had actually 

always been the whole. The incorrect, narrow association (10 as the whole) 

causes mistakes in the transition to the next range of mimbers (the 

second ten). The nature of the errors made by class I^B in the control 

work and in succeeding days indicates that, in some cases, this erroneous 

associatioi^ w^s somewhat more generalized: In general, Whichever of two 

numbers was the larger was used as the whole. For example: 16 3 = ? 

« « • . 

Moreover, sometimes both associations cited here, the narrow and the more 
generalized, occurred simultaneously. For example, 2+10-12 (lest one 
of the large numbers be slightedl). 
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All of these facts provide grounds for supposing that for many first 
graders, operations with numbers within the limits 1-10 are determined 

not by the generalize'd rules for finding the whole and its parts,- but 

I* 

rather by incorfect associations involved with irrelevant arithmetical 
examples. Such associations did not occur when abstract ''exaaiples" of the 
type (? + ? = ?) were used in class I-A. 

Thus, abstract example* helped the pupils in class I-A to Isolate the 
essential features in all examples and contributed to the development of^ 
sufficiently generalized associations according to the general rules for 
finding a whole and a part. Consequently, the use of learning material of 
a different degree of abstractness has significant value for the development 
of generalized associations. It is important to note that the pupils in 
class I-A also solved an adequate number of concrete problems.^ It must 
be* assumed that the exclusive use of very , abstract material, without 
sufficient use of the concrete, would not have positive results. In fact, 
this abstract material (letters, question marks), taken b y itself , becomes 
just as concrete^as numbers. Thus.,, the exclusive use of such material 
would, in all probability, lead to the development- of narrow and, moreover, 
/completely useless associations. 
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THE FORMATION OF GENERALIZED OPERATIONS AS A METHOD FgR'«<i** 
PREPARING PUPILS TO SO£iVE\GEOMETRY PROBLEMS .INDEPENoimY 

'E. I. Maihbits* 

The pupils' independent solution of new problems, as is known, 
is preceded^y a state of instruction that d^nds the pupils' active 
participation. Pedagogical guidance of the pupils' activity should 
be based ,,on the psychological regularities of forming a problem^ 
solving method, Elucidation^of these regularities is an important • 
problem for psychology, both theoretically and practically. 

In order to outline precisely the problems subject to investiga- 
tion here, let us present the solution of a mathematical problem as 
a system of ope rat icons'*" R, where are the 

glverl conditions and R the desired result. From the ]^g3CT!al 
standpoint, the solution of any problem is already contained in its 
condition, and t\\e essence of tJie solution consists in transforming 
the information contained in th,e. Condition with th^ help of supplementary 
information — logical rules of this' transformation. Such an approach • 
can explained the fact .thacVogic does not consider the 
(implicit 02/ explicit) form in whicA the condition is given, whereas 
from the standpoint of psychology' the translation from implicit 
to explicit form means that the person ^solving the problem acquires 
new, information. It is clear from this that, for the* subject^ 
tl^e supplementary information requii;ed for the solution of a problem 
consists not only of logical rules for transforming the geometric 
mterial, that is, rules for establishing connections between the 
elements of the chain S — > R,-but also information contained in 
.each element of this chain. 



\ ' *0f the Institute of Psychology of the Ukranian SRR, Kiev. 

Published in New Research in the' Pedagogical Sciences, I. Proceedings 
[invest iya] of the Academy .of Pedagogical S ciences of the RSFSR , 1963, 
Vol. 129, 73-78. ^ Translated by David A, Hepderson. 

'"^Here the symbol — » dqes not mean implication, but Is used to 
indii^ate any kind'of connection. 
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Thus, the algorithm for solving problems (for example, geometry' 
• ., 

problems) contains operatians that differ essentially. These are 

\ 

primarily operations (we call them operations of mathematical logic) 
with which the solyer transforms; each element of the chain into the 
following one. ' These operations are logical transformations of ^ ' 
mathematical material; they are abstracted from the subject content 
of the concepts and may be applied ^to different concepts regardless 
of their consent. The second type of operation (mathematical) consists 
of operations performed within each element of the chain's R. 
They are defined as the rel^at ionships between concepts included in 
an operation and are always dependent on subject matter. ' ^ 

The pupils^ generalised mastery of the system of '^nj^t^iemat ical 
operations composing the algorithm of tlie solution of a problem is .,, ^ 
a necessary but insufficient prerequisite for its solution. Before 
the mathematical operations can be applied in the correct sequence, 
it is necesiary that the pupils have mastered the operations of ^ 
Mathematical logic. Therefore, if we express the process o,f 
instruction in solving problems of a particular type in terms of . 
la program, we must distinguish in it two subprograms. The first* one 
should contain the system of strictly mathematical operations that 
enter into the algorithm solving problems of the given type, and 
the second shouM contain the system of operations of mathematical 
logic that enter into this algorithm. 

A subprogram is a system of operations (they are sometimes called 
"information blocks" or simply "blocks") each of which in turn consists 
of definite- levels differing in their method of expressing the 
study material. In principle, there are two, possible approaches to 
presenting the study material (in our investigation, matheT^tical 
operations and operations of mathematical logic) in one and the same 
"information block." The first is with the* use of "logical models," 
that is, madels that reveal the structure of an operation by reducing 
it to a set of other, elementary operations. Such models are called 
logical models insofar as they are used' in cgmputers wher§ a "complei^*' 
operation is broken down into a set of elementary Ones. As applied 
to man, we define elementary operation^ as those operations already,.^ 
formed anci whose performance evokes no difllcultles. The logiclil 
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laodel may be presented as a fomaliEea system of elementary operations 
whose ordered implementation leads to completion of the model operation. 

A second approach is to apply "psychological models" that model 
the relationship between concepts at various levels of generalization, _ 
To (jreate Buc\} models one must Btudy^> the process of operation 
formation in fhe pupils. Because this process had not yet been 
sufficiently investigated, we conducted a special experiment. 

In this communication we present data relating to the first 
subprogram, that is, to the formation of mathematical operations, 

the investigation was conducted using material on pupils . solution 
of right triangles. 'This material was chosen because: 1) its mastery 
by pupils evokes significant difficulties, 2) in mathematical 
^structure these problems differ from problems solved earlier, 
3)* the necessary operations have not been formed in the pupils 
^before studying this topic, 4), problems of this type make j>>&^ble 
a precise accounting of the knowledge and operations required for 
their solution as well as the composition of a 4>ractically useful 
algorithm. ♦'^^ '^"'^ 

The first experiment consisted of two series. The aim of the 
first series was- to study the process of the ftsrmation in pupils of 
-mathenatical operations under teaching conditions. We formulated 
the operations needed for mastering the. concepts of the trigonometric 
functions of an acute angle, finding the size xjf an angle from its 
trigonometric function, and finding the magnitude of the trigonometric 
function of an acute angle from the size of the angle. We also 
formulated the operations for establishing the relationship between 
the trigonometric functions of supplementary angles. 

The aim of the second experiment was to ascertain how pupils , 
apply the bperations learned in the fisist series and the infor^mation 
related to them and how this formation of mathematical operations 
occurs wheii the pupils are solving problems independently. The 
pupilB have to master the operations necessary for establishing the 
relationships between J: he trigonc^etric functions and the sidcs^^of 
a' right triangle and for nuiking the transition from one trigonometric 
« function of an £|cute' angle to another function of this angle or its 
suppleujpnt. ^ k 
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If in performing these operations a pupil experienced difficulty, 
he was given an auxiliary problem representing a mpdel of the given 
operation. The modeling of mathematical operations was the fundamental 
methodolt)gical device of the e^erimgnt* Further, each 'operation 
.was presented. to the pupil as an independent action. That is, the 
means foa;IXt taining the goal (the solution of some problem) became 
the^ content of the goal. In other words, the auxiliary problem was 
required to disclose the relationship between the concepts contained 
in the structure of an operation/ But the relationships themselves 
in different models of a single operation were presented differently* 
Presented below^ are models of the operation of establishing the 
relationships between the trigonometric functions of an acute angle 
and the sides of a right triangle. \ 

Isolating the operation as an independent action . The first 
model is the jiotation of the trigonometric function of an acute 
angle (for example, sin a -—^) with the instructions ^'determine one 
side using the trigonometric function and the other side.'* 

In the second ;ix?del the unknown quantity is denoted by % 
Xj siiu ^ (in the experiment it was established that it is easier 

for the pupilS' to perform an operation when the unknown is expressed 
by >C or. y) ; the requirement of the problem, reiliained as before. 

Intte third model the given formula was presented as the 
ratio" d (thus all Its elements were named); it was require^ 

to find the unknown member of the ratio. 
. The ^purth model, presented the formula as an arithmetical operation 

oE^^davision-; fhe requlremt^nf was stated as finding the dividend 

2 

(dlvi^ior) through the quotient' Ad the divisor (dividend). 

The^ first experiment was conducted with 27 eighth-grade pupils. 
All problems had to be solved %aloud. , The subjects' argumentations 
wer^' n(^te*d in detail or recorded^^jj^i tape. 

The results of the investigation permitted us to 'isolate four 
stages i^-th^ formation of the strictly mathematical operations in 
the algorithm Qf the ^solution oC the prpblem. ^ 



In formulating the relationship between* the trigonometric 
functions of an acute angle and the sides Jf a right triangle, th^ 
pup its were allowed to €Se a drawing. 
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I. The pupils do not separate the essential from the nonessential 
features*of the concepts included in an; operation* They ^re hnable 

to isolate the relationships between the essential concepts. When 
performing an operation, pupils rely on visual and spatial schemes. 
When one alters' these schemes (position of the drawing, its notation) 
for the forms of expressing the concepts in the operation, the 
pupils are faced with significant difficulties that impede their 
correct complet^ion of the operation. Even simple operations such 
as finding the size of an angle from its trigonometric function 
and finding the trigonometric function o| an acute angle from 
its size are not reversible; each is recognized independently of 
the other, 

II. The pupils grasp the relationships between essential concepts 

of an operation. but cannot generalize these relationships. Therefore, 

the form of expressing concepts still influences the success of 

completing the operations, especially when the alteration of this 

form is connected with a higher level of generalization (for 

a * a 

.example, from d ^ to sin a = — ) or when .altering the form of 

c c 

expression of the concepts leads to significant change in the 
structure of the operation, such as omission of some particular 
element (for example, the replacement of numerical data by letters 
in- the operation, or the transition from one trigonometric function 
of an acute angle to another function of this same angle or it^ 
supplement). The operations are reversible only wj-thin a particular 
level of generalisation of the relationships between concepts (for 
example, the pupils can find a and d in the equation d = j^, but when 
d is replaced by ain a they cannot do^ this; they correctly note 
that sin 37^ = cos 53^ and 90s 53° == sin 37°, but cannot determine 
that sin (90° - a ) = cos ex. 

III. liie relationships between the concepts are generaUlzed 

by the pupils, and the operations are carried out correctly no matter 
how the concepts are expressed. ^ The operations are reversible^, and 
the pupils are aware of each of their directions as a part of the 
operational structure. But the structure itself is regarded narrowly — 
as two directions (forward and reverse) of a specific operation. 
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The pupils still cannot est^lish the connection between the 



different operations tJiatnlMkitute the broader operational 
Structure (mr e^iample, f( g^IF > a < — >B <r^f^ 6 ) ). 

IV. This stage is characterized not only by the generalization 
of the relationships between concepts, but also by the pupils' 
establishing the connections between the various operations* Because 
of this the operational structure is formed in them as a system of 
operations. In addition, the pupils master the reversibility of 
not only an individaul operation within the operational structure . 
(for example, f ( a ) <:~^a or 0 6 ), but also a system of^ . 
operations (for example, f( a ) <- — ^ f^( B,)). 

Insofar as each successive stage of forming operations has, 
relative to the preceding one, a higher level of generalization of 
the relationships between concepts, it may be viewed as a specific 
level of the operation. Such^Jlevels , as our investigation showed, 
give a general picture of the operation formation process, but 
the presence of each of them is not a requisite* The real process 
of forming operations depends largely on the pupils' individual 
peculiarities of their mental activity. 

The data obtained through tine investigation permitted us to 
classify subjects into three groups, depending on the types of 
difficulties they' experience in the formation of operations and how 
these difficulties in mastering and generalizing the operations 
were overcome. Let us examine the process of forming mathematical 
operations (in the conditions of the special instruction and w^en 
the pupils were independently solving problems) in subjects of the 
different groups. ^^.^^-.-^ 

It was characteristic of the subjects of the fir^t group (fourteen 
pupils) that they could not single out the essential features of 
the concepts contained in the structure of an operation. Hence 
complete mastery of even relatively uncomplicated operations such 
as finding the leg of a right triangle (either adjacent to or 
opposite an acute angle) required painstaking work. The subjects 
of this group, when performing a series of operations, at first 



a and B are acute angles of a right triangle; f( a ) and 
f ( B ) are different trigonometric functions of these a^Mt^j^nglcs ; 
^ ■ ) is the sign for equivalence of the relationships , 
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based their thinking on visual spatial schemes. Their inability to 
generalize the relationships between concepts made it necessary . 
to give the pupils various models, gradually generalizing the 
relationships between concepts and varying the form in which they 
were presented. Spec^||P models wer^>«^uired that showed both 
* directions of an operation so as^o make it reversible* Each 
direction of the operattPf^was ^irst mastered by th^ pupils 
separately; only later were the operations mastered as a part of the 
operational structure. 

One may judge how the pupils mastered operations in solving 
' prol^esis^Qlfy the fact that only two of them mastered the relationship 
between the trigonometric functions of an acute angle and the sides 
of a right tiriangle after being shown the second model (sin a " ^) > 
nine pupils needed to be shown the next model also, and three haji 
to see model 4. 

In subjects of the second group (eight pupils) the process of 
forming operations proceeded similarly. The pupils often confused 
essential features of concepts with nonessential ones and did not 
consider the whole system of essential features of the concepts 
that enter the structure of ^an operation, but only some of them. 
Hence, they made mistakes. The pupils' mental operations were not 
flexible or generalized enough. This resulted in the fact that, 
for example, when mastering the relationship between the trigonometric 
functions of supplementary""angles , the pupils, finding equal 
relationships in the trigonometric functions of different angles, 
could not independently conclude the correlation between the . 
trigonometric functions of supplementary angles. Unlike the first 
group, the members of the second group needed less assistance. 

In the third group of subjects (five pupils) generalization of 
the relationships between concepts was more successful than in 
the others. Their mental operations were generalized and dynamic. 
Thus, it was easy for them to think even when the form of expression 
of the concepts was altered. The subjects also had no trouble 
making the transition, from direct relationships between concepts 
to the reverse relationships, that is, the operations were developed 
in two directions, forming a definite operational structure. The ^ 
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subjects of this group were able to mapter the mathematical operations 
while solving problems with a m^imum of assistance. They easily 
combined the individual operations into a system. 

The data obtained show that in forming mathematical operations, 

t;Jiese operations must be isolated into an independent operation. 

In other words, the operation s hould first appear not as a means 

to an end (the sdlution of some problem) , but as the content of 

the goal of the operation. That is, it should be set apart as 

an independent problem. Formation of gener.ali'zed mathematical 

operations is promoted by modeling the relationships between concepts,, 

that is, by* applying psychological models. Systems of such models 

should provide for variation of the concepts and the forms of * 

expressing them, isolation of their individual links in a complex 

operation, aid the transition not only frpm expanded to abbreviated 

operatipns, but, conversely, from abbreviated to expanded operations. 

It was noted above that besides psychological models one may 

also utilize logical ones. Logical models reveal the structure of % 

the modeled operation by reducing it to elementary operation. In 

« 

our investigation we obtained some information on the relative 
effectiveness of the logical and the psychological models, but 
since the criterion of the effectiveness of the models should be 
extended beyond the framework of one subprogram, these data will 
be presented along with a description of the characteristics of 
the formation of operations of mathematical logic that are contained 
in the algorithm of solution. 
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AN EXPERIMENTAL INVESTIGATION OF PROBLEM SOLVING 
' AND MODELING THE THOUGHT PROCESSES* 

Niy^avalishina and V, N. Pushkin 



As indicateji by Glushkov [3], the external approach to 
modeling man's mfental activity is characteristic of the contemporary 

stage of the development of cybernetics, Basic to it, as is well 

{ 

known, is the behavior ist scheme, which views each operation as the j 
probable result of a stimulus,, and the processes resulting in the 
operation are ignored as taking place In a **black box." 

Yet representatives of cybernetics already take into account 
the one-sidedness of this viewpoint and understand that, for example, 
to create computing apparata capable of forming algorithms unforeseen 
by the curriculum, it is necessary to reveal the mechanisms of 
man's mental activity [z]. The regularities of thought important 
for cybernetics can be ascertained through experimental investigation 
of a person's solution of problems At thife the methodology should 
make possible quantitative analysis of data and be appropriate for' 
programming and putting into a machine, for transmission to a 
machine," the devices and methods of human thought that are discovered 
during psychological investigation. The methodology will inclxKie, 



the one hand, verification of the results of psychological study 



of thought r and, on the ot^r, its practical outlet. 

The methoddaogy applied in our work consists in th^ following. 
On a blank witm 6 squares (designated a_, b_, 'c_, d^, e_, f ) , five 
numbered slips \of paper are randomly placed so that one square 
remains empty (Figure 1). The problem is to put the slips into 
normal order, i, e. , 1, 2, 3, 4,^5 (with square d_ empty) by making 
a series of "simple rook's moves," which means moving some 
slip of paper^^onto the adjacent empty sq^uare with each move (Figure 2) 



^Published in Proceedings [ Izvestiyaj of the ' Academy of 
Pedagogical Sciences of the RSFSR , 1963, Vol. 129, 139-143. 
Translated by David A. Henderson. 
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Figure 1 



Figure 2 



This problem is a variant of the mathematical *'game of 15" [ll» 
It is known^that certain mathematical propositions and concepts* 
have been applied to this game, especially those of higher algebra 
(pernjutation, inversion, etc.)> which allow one to calculate all 
possible situations and ascertain solvable and unsolvable situations. 

By definition, permutations of n_ elements are combinations of 
them that differ only in the ord^r of the constituent elements; hence 
each situation in our problem can be viewed as a permutation, ^ The 
total number of suah perimatatlons, that is, variants of situations, 
\ • can be expressed?^s P » nl = 51 1'2'3'4= 120. But not all of these 
\ permutations are solvable. be Solvable, a permutation must* lead 

\^ to the abovementioned normal position (normal permutation). The 
^solvability of a given permutation is determined by 1) the evenness 
of the normal permutation and 2) the place position of the empty 
sqii^are, or f the "imaginary slip** with the number 5^. There are even 
and rvoneven permutations* Whether a permutation is even or noneven 
is determined by the number of Inversions in it. 

Inversion is the term for the mutual positions of two slips 
in which. the slip with the larger number stands before the slip 
with the smaller number. Into the total number of inversions in a 
permutation there enter the inversions of the numbers of all skips 
making up the given permutation, with the number 6 which is assigned 
to the ''imaginary slip*' in the empty' square (square d in this case). 

In our case, the normal permutation is even. Since, for , 
convenience, we decided the initial situation with d'tke empty 
square, then all even permutations leading to the normal form 



through an even number of movements of ths-^lips are sol vable 

In our case there are; = 60 such permutations. 

i 
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With the aid of this methodology the experiment was condiicted 
as follows. The subject was presented with one of the situations 
and given these instructions: | 

Move the slips around in normal sequence 2, 3, 4', 
5) , using the free square and moving the slips vertically 
' or horizontally only* Vou cannot change the slips by 
switching two of them. You also cannot move them diagonally. 
In the final situation square d^ should be empty, as it is 
in the initial situation. 

The subject's every move was recorded. For simplicity of 
fixing the moves during the experiment, each move is denoted by 

the number of the slip moves. For exam^ile, solution of the initial 

251 

situation of was done by the subject through this sequence 

h1 _ ^ 

of moves of the numbered slips: 

. 4 5 3 1 5 4 2 3\1 5 4 2 3 1 2 '3 r 2 3 4 5 3 2 1 (24 moves). 

On the basis of this notation, if we know the initial situation, 
we can reproduce the course- of solution wijuh the aid of notation 
similar to that, .of chess. The fir^ move is slip 4 from square e_ to- 
square d (4ed); 2: 5be; 3: 3cb; 4: Ifpi 5: 5ef; 6:'4de; 7: 2ad; 
8: 3ba; 9: l£h; 10: 5fci 11: 4ef; 12: 2de; 13: 3ad; 14: Iba; 15: 2£b; 
16: 3de; 17: lad; l8: 2ba;.19: 3eb; 20: 4fe; 21: 5cf; 22.: 3bc; 23: 2ab; 
2^: Ida. 

This real course of solution is related to the optimal one, 
which consists of 16 moves: 1: 4edr 2: 5be; 3: 2ab; 4: 4da; 
5: 5ed; 6: Ife;. 7: 3cf_; 8: 2bc; 9: leb; 10: 5de; 11; 4ad; 
Tl2: Iba; 13: 2cb; 14: 3fc; 15: 5ef; 16: 4de. . ■ 

One of the merits of this methodological device is the possibility 
of regulating the complexity of the problem. Thus, for example, the 
situations and solved in 4 moves; and 

can be solved in 6 moves; and ^53 'in 8 moves ; "^^^ in 14 moves; 

^^■^ in^ 'ii\ovcs\ Despite the complexity of the proble;xi being 
41 

determined by several factors (interconnection of elements, etc.), 
there exists a definite correlation between the complexity of^ the 
problem and the number of movejj of the optimal variant of the 
solution. ^ 
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In creating a inachine program that solves this problem, one 

may take two approaches. By the first n^thod the optimal solutions * 

of all 60 situations are registered in tl^ machine, which needs 

then only to recognize the situation and to produce the, appropriate 

variant of the solutio^. This method is the least interesting 

from phe standpoint of cybernetics. A mu^h more interesting method 

of principle interest is a program set up such that the machine 

knows only the initial and final situations and the method of ' 

s • 

moving the ^lips. Hence tfhe machine works from the same instructions 
given to thk subjects. Here a knowledge of those intellectual / 
operations with whose help a man solves this problem becomes ' 
significant. , , ■ 

The Rresent series of experiments, (107 experiments on 14 
subjects) permitted us' to ascertain the meaning of one of those 
operations- — the activity of establishing connections between the 
elements o£ the problem situation. It was observed that various 
forms of the solution of a problem are in a direct relationship 
to the expressed connections between the elements. An analysis 
of the records makes it P98sible to state these three forms of the 
solution of a pro]?lem. 

The first form is chaTStterized by a course of solution based 
on the expression of the individual elements outside* their mutual 
connection. f 

235 

Record of the experiment . Subject V. A. : situation: 

• ' Solution process ^ Moves 1 and 3> then 2 'and 1. 
Begins moving the slips at randomr 3 2 5 4 2 5. 
"It's not coming." Again moves slips: 13524135 
2^4 !• 3 4 2 5 4 2. "It's more or l^ss clear that 4 and - 
5 are in place." Moves: 5 4*2 5 1 3 5, "1 d^n't get it. 
Let's try it this way." Moves: 13 5 12 4 3 2. *1 ' and 5 
» have to change places, then everything would be in order," 
Moves: .152341523523 5 4. "Finally! I didn't 
have to make the moves, just think up a plan first." 

The problem was solved after 56 moves. The optimal variant T 
is 6 moves: 14 5 3 2 1. Because the subject did not reveal the 
connections between the elements, the movement of the slips was 
random and chaotic, ' - 
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The special characteristic of the second form of solution is , 
the transfer of slips on the basis of seeing the connections between 
several elements of the situation. > , > 



Record of the experijaent . Si^bject V. A*; situation: 



415 
32' 



7 Solution process . Looks at the situation/ "I don't 
see a plan yet."i Sepatates all sl^Lps into 'two groups, 1, 2, 
3, and 4, |. Continues analysis: "1 and 3 can be set up ' 
correctly, butj 5 makes for confusion. 5 is between 1 and 
3, 1, 2, 3 are in order. We have to put 5 on squate e^^'* • 
Moves: 4 15 2 3 5 2 3 5 4.^ ^ f 

The problem was solved in 10 moves. The optimal variant 'is 
8 moves: 4 13^ 5 3 2 4. ^As can be seen from the record, there 
is no whole plan of solution; all elements of the situation are 
divided into two groups, and the slipfi^, are moved on the basis pf 
the correlation of the elements within these groups. Hence,' move- 
ment of the slips is no longer random. 

The following record can also serve as an example of how the 
texpression of the interaction of elements determines the course 
of solution. 

451 

Record of the experiment : , Subject P.; situation: 23 

Solution process . "I don'^t see a plan. Maybe if 
we move 4 down then 1 goes to its own place. But in planning 
this transfer we observe that in this case 4 an4''5 end up ; 
reversed. How can we make it so both groups 1, 2, 3 ^. 
and 4 and 5 are placed correctly simultaneously? I'll * 
begin with 2, because 5 has to be chased into the corner; 
then, I think, it'll be easier—but I still don't see it.!' 
He moves: 2 5 13.^ "I see the solution of the problem, the 
plan Is ready.''' He realizes the plan'* 5 2 4 1 2 4. The 
problem is solved optimally. 

The third f orm >consist s in seeing at one time the entire solution 
of the problem from beginning to end. In this .case there is present 
the r.epr^sentation of all elements of a situation in fiieir inter^ 
connections and relationships. 

The investigations show that the basis of the algorithm for 
the machine solving p^robleras of this type should ponsist of the model- 
ing of the process of establishing connection^ among the elements of 

■. • ! 1'63 



the problem situation. We can assume that just this establishment 
of donnect ions eliminates the need for a, large number of operations 
on sorting out all .the variants, which is characteriffetic of 
contemporary problem-solving computer mechanisms. 
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THE COMPOSITION OF PUPIL'S G^ttMETRY SKILLS 

A. K. Artemov* , ^ 

Report I.; '^kiue Auxiliary Geometric Constructions ^* ' ^ 

■ t ; 

t ^ 

# ^ * ** ' 

^" . Success in solving many geometry problems is .often attained by 

*• correctly making auxiliary constructions. In actual school work o^e 
may often observe" pupils making these constructions by the "trial^d 
error" method, ^^^ly ^ trial promises successful and the problem is 
solved. The pupl^^ometimes become convinced that their attempts are 
fruitless and give up trying to solve a problem. Thus, it would seem 
that success in choosing,, auxiliary constructions is completely accidental. 
In the methodological- literature there are various statements 
. concerning the .methodology of teaching children how to make auxiliary 
• constructions. Neraytov [13^ considers i't difficult to point out any 
definite rules in solving such questions; what is needed is imagination 
and creativity on the part 'of the pupils. He does ndt, however, explain 
'what he means ^ these two concepts. ' Other methodologists try to give 
some rules (advice) that might help In figuring out what auxiliary ^. 
constructions are needed^ Hadamard [?]' recbmmends determining the , 
"givenp" by ^onvenUonal notions. Danilova [6] suggests, for example, • 
continuing straight lines until they intersect, forming triangles, et,c. 
However, these recommeadations cover only sonSe cases encountered in 7 
solving problems, and they remain theoretically unsubstantiated. On the 
whole, the methodology of instruction in making auxiliary constructions 
«■ remains undeveloped, anS the pupils i^essess no special devices. Tt* Is 
"suggested that solving a large number of problems per se will lead to 
the formation of a high level of "^Uties in making such constructions. 
* In this vJork an attempt is made, to examine two, questions: 

-~v-^ — ^ — ~ . • ,, • ; , 

*0f the Penza^ Pt'dagogical Institute. Published in Froci eedings 
[izvesti^a] o^ the Aca_dt^.my oj l'ad.- u;Qs^i gaJ. Sc;len_ce_^ of th^ RS^SR, 1963^ 
'VcyULU9 "'47-52- 196^', Vol. 138, '54 -SSV; and New Research in th_e Pedagogical 
■ ScM besC 19&5,^Vbl..5, 34-39; Vol. 7, 56-63; 1967, Vol. 9, 4-3;47 ; 

. and. -1969, M")- 13, 53-58. ^ > 
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1. What is the basis of the children's guesses as to the'^tthoice 
^ of expedient auxiliary constructions? 

2. Is any kind of special instruction in making auxiliary con-"^' 
St ructions possible? ^ * ' 

* 

Ascertainment experiment . / 

The intent of the experiment was to ascertain students* basis for 
guesses concerning the selection of auxiliary constructions. The 
subjects had a relatively high level of ability in solving geometry 
pi;obl^ms. The subjects were 17 third-year students of the Physics 
and .Mathematics Department of the Penza Pedagogical Institute. They 
h^ average and abo.ve-Iverage abilities in mathem tics^ and in their- 
second year and partly in their third year, had t|[ken a special course 
in elementary geometry, in which they had solved many diverse problems. 
The experimental material consisted of problems from the school workbook 
by Rybkin [l7] designed for the sixth and seventh grades (problems 16, 
18 from section 6, and others). The experiment was conducted like 
ordinary auditorium examinations. In solving problems at the blackboard, 
the subjects were asked to reason aloud. The answers were record^i*^nd 
later analyzed. 

During their previous instruction in geopietry, the subjects had 
learned no* special methods for seeking expedient auxiliary constructions. 

Results of the ex periment 

1. Many subject^ made "blind," random, aiucillary constructions. 
Often such constructions were inexpedient and did not facilitate 
solving a problem. It follows that solving even a large number of ^ ^ 
problems is not sufficient for forming a high level of ability fo make 
expedient auxiliary constructions- 

2. In individual subjects the selection of auxiliary constructions 
was based on -several general operational propositions. Operatlt^nal 
propositions are those in which there are indications of what *must 

be done in the concrete situation for solving a problem. 

Hfc^re are some examples. It was required to prove that (under 
given conditions) one angle was three times as large as another. 
Subject began solving the p^-oblem In this wav. - ''Here we must compare 
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two angles^ . They must be taken togethet/*- 'Then he fulfilled this 
statement in. a drawing by making auxiliary constructiozls A The problem 
was solved correctly. ' * u ' * . 

It was required to prove that (under given condit:J-ons) one chord in 
a circle was larger than another. Subject E. dropped perj/en&iculars , 
from the center of the circle to* the two chords, ^yhen the experimAiter , 
asked why that was done, the subj^ect answered, "To make a comparison. *We 
know that the larger chor4 is leloser *to the center." Consequently .the 
subject was acting on the basis of a general operational statement — 
to compare two chords, one mu&t compare their distances from the center 

o^ the circle. 1 • * - 

V • ^ ' . ' ■ . 

These operational propositions correspond to a generalized y 

association of this type: recognition of the initial data of the 

assignment, then recognition of another (seccuidary^ assignment by means 

of which the given problem is solved, Since making such an association 

enabled the subjects to -make expedient auHillSpry constructions and to 

solve the given problem,^ it follows that the existence of a large 

. store of such associations and their actualization is 9ne of the necessary 

conditions for succes^fulv mastery of skills in making auxi»liary ' 

constructions* » . i ♦ » 

Let lis agree to say that guiding a'ssoci^tions are those associations 

underlying the selection of an expedient auxiliai^y oonstructian that 

leads to the correct solution of *a probl em • . ; 

^. the experiments showed that the subjects command a very poor 

store of operational propositions* and the guiding associations connected 

with theim. This is the essential obstacle 'in mastering problem-solving 

skills. 

* Analysis of the correct solutiot\5 of problems 

The analysis consisted of an atteirtpt* to increase the j>umber'of 

guiding associations revealed in tlte ascertaining experiment. The 

essence of. the analysis consisted in ^establishing the pattern of * 

reasoning that leads to the auxiliary construction :;^alized as the 

problem is being solved correctly. The material consisted of the \^ritten* 

♦ 

. work of the tenth graders in School Number 4 of Penza, together: with the 

" ' ' . ' I' 
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solutions of probletas given in Barybin's collection [s] . Tliis collection 
f.ms .selected because it contains, solutions of problems on the entire- 



t:opic of tlie school geometry course. 




Let us dite a 'concrete exainp^le of/^uch,an analysis. 

Problem [3: No. 98. ] 
^ In ^arallelogranK ABCD- 
(see Figure 1) : BG » 2 
* M is the midpoint of AD^ 
is the^base of the 
'^perpendicular' dropped from 
point C £0. the extension * 
of side AB. Prove that 
Z DME = 3/ AEM. 



EC, 



Batybin made these 
- constructionsr MM^^ | j 

' and point^ M is. connected 
to point C. (See Figu^e\^ 
2.). 



i.et^ us dwell po the first one. 'In^ th<| proof it is shown Xhat 
Al - ^2 -^3 =ZL4. Consequently, the supplementary £ionstruct ion is 



based on these operational propositions: 
a 



) to prove thatZ^DME'= sZ-AEM, we must divide .^D!!E into three 

equal part's, each of which 'would equal 

b) to c|3nstruct Z_ 1 ^L^k within Z» DUE, ^we musl draw through point 
M the line MM., 




AE (or MM^ EC) . 



Generalized associations having the abovementioned standard features 
correspond these operational propositions. 

Of course, with ^ch an analysis one can establish only the possible 
operational , proposit ions that lead to given constructions. It is 
quite possible for the problem^ to be solved on the passls of the actual- 
ization of some other associations, such as the ones uno^i^ylng 
blind attempts. This, however, is unimportant for us, since che^aim of 
tlie analysis is t©^ look for operational propositions (and their 
guiding associations) tliat can lead, to a guess at the selection of an 
auxiliary ^jonst^uc tion. ^ 



In analyzing correct solutions we were able to establish three 
types of guiding ass^iations: 

1. . Recognition of the peculiarities of objects as given in the 
conditions of the problem leads to recognition of other properties of^ 
these objects. 

For example, the reot)gnition that a segment and an angle are given, 

and under the angle this segment is visible, evokes the notion of an arc 

i 

of a segment containing the given angle* ^• 

^2. Recognition of the terms entering into the coryditions of the 
problem leads to recognition of the definitions of the concepts they 
denote. 

' For example, if the term "an angle between two plants'* is gi^en in 

the condltiona, the corresponding construction is made on the basis of 

the definitipn o? the concept signified by this term. This type of 

association often corresponds to th& recommended rule of replacing the , 

concepts with their de^.initions [6,7]. ,^ 

3. "Recognition of the originally. given assignment leads to recognition 

of another (secondary) assignment whose solution will lead to completion 

of the first. . ^ . - - *i 

Within this type we were able to establish eight kinds of generalized ' 

> 1 

guiding associations. Here afe examples of sever^a of them. 

a) Recognition of the assignment to find (calculate) the size Of 
some segmenr (angle) leads to recognition of the assignment to cons<;^uct 
this segment (angle) on the drawing^ in connection with the given elements 
of the drawing so as to obtain^an auxiliary figure from which one might 
compute the unknown object. - 

For example, fecognitlcvi of tlje assignment tdl calculate t*he altitucie^ 
of ,a trapezoid, given a lateral side and the.anglelof the slop,G of this 
side to the base, leads to recognition of a secjmdary assignment of 
constructing this altitude, on [he draw^iff^Troni the end of the given side 
(the vertex of the upper base of the trapej^oid, and not at sOme other 
point) with the aim of forming a triangle from which the unknown altitude 
may be calculated. 

Compilation of a detailed list of guiding associations was not the 
goal of the present article. ' > 
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(b) Recognition of the assignment to compare two quantities leads 
to recognition of the assignment to find and compare other quantities 
such that by reasoning correctly on the basis of their comparison, the 
unknown relationship can be established. 

For example, recognition of the assignment to compare the lengths 
of two oblique lines leads to recognition of the task of comparing the , 
lengths of their projections ^nd to construction of the' projections (ff ^ 
the latter are equal, Qn the basis of a known theorem one may conclude 
th^t the oblique lines are equal). \ ^ 

Trial teaching experiments m - 

^ The aim of these experiments wafs to see how the abilities to make 
auxiliary constructions are peffected under the influence of exercises \ 
promoting the indicated types of associations. The^subjects were tenth 
graders fron; School Number 4 of Penza. First, all were given the assignment 
to solve this problem in writing: 



The diagonals of an isosceles trapezoid are mutually^ 
perpendicular; prove that the midline of the trapezoid is 
^equal to its alt_itude. [l5: Problem 456]. 



\ 



Of those .pvpils who were unable to solve this problem* 9 with 
average isr below-average mathematics ability were selected. FouiL^ 
class sessions were held with them during which problems as di«J.cul,t as" 
the one \ove we^fi solved. During the solution the pupils' attention was 
d^awn tVih^vf^c at ifi making auxiliary oonstru&tlons they must orient 
themselves to ^p^ial general (operational) propositions (corresponding 
to tliose associallcns^-cited abovej. These operational propositit^ns; the * 
pupils wrote down in their notebooks as rulers that^_they then used in 
solving problems, especially who«-mking , aujiil iary constructions. Theit 
the pupij.s solved a cotrtrQl problem approximately as dlffif ult as t;,Ke 
first written assignftiGnt. OC the 9 pupils, 7 made the auxiliary constructio 
correctly and solved the control problem; ^ only 2 mad« useless auxiliary's . 
constructions. - , • . ' 

These experiments allow us to conclude that a guess'^of expedient 
supplemeniary constructions is based t)n the actuallzatiort of generalized 
associations. It ni^y b« suppo^sed that* the formation in pupils ^of 



generalized guiding associations of the types indicated definitely has 
an influence on increasing the level gf the abilities to make auxiliary 
constructions for solving geometry pVoblenis. Nevertheless, further 
supplemental experiments are necessary to ascertain the nK}st expedient 
ways of forming these guiding associations, , 

• Report II: The Cause of Errors Connected 
^ ^^th the Concept of the Plane^ 

In the present work we are presented with the p^roblem of determining 
the causes 6f very widespread errors connected with the ctmcept of the plane 
arising in the teaching of solid geometry in secondary school. The errors 
under consideration have not previpusly been the sutject of a special study. 

i ' . . , . 

Description of an Error 

2 

The following problem was posed to ninth g?^de. students in their 

fifth lesson on solid geometry (the beginning of their study of it) to be 

solved orally (The sketch was done by the t'eacher at the blackboard.): 

The straight line MN and the plane of the p-arallelogram ^ 

ABCD have two common points, M and 
N (Figure 3). How is the point F 
situated in relation to the plane 
of the parallelogrto? 

In the solution^ it was determined 

that four of the ^tudents did not 

regard point F as belonging to plane 

P.i Several of them said that the 

point F could have been regarded as 

belonging to the plane P if that point' 

had lain in the interior region bounded by the wavy line; others asserted 

that the point would belong to the plane of the parallelogram if it were 

inside ;that parallelogram. When the teacher asked why they thought so, 











A*/ 











Figure 3 



Translated by Nancy Stetten. 
■^School Number 4 In Penza (school year 19^0-61). 
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they answered, '*It*s obvious f rom «tne drawing." However, the correct 
answer is that the point F, under th^ given conditions, always belongs to 
the plane P. . 

Supposed causes of the error - 

From a comparison of the above situations, in one of which the 
students gave the correct answer and in the other incorrect ones, the 
following suppositions about the reasons for the errors can be made* 

1) The concept of the ''plane" is identified with the concept of 
the ''part of a plane bounded by some enclosed figure." 

2) The pupils adequately understand the term "plane," but they 
understand the term "the plane of a given figure". as that part of the 
plane contained within that figure. \ 

3) "the pupils' words, "It's obvious from the, drawing , " provide 
grounds for supposing that the students may have ^olved the problem by 
actualizing direct associations: recognition that^ the^point ''is inside 
(outside) an area with* respect to an outline leads to recognition, that the 
point belongs^ (does not belong) to the plane P, . 

Analysis of these su p positions (starting with the third). A direct 
association is,^so to speal^^, an associatipn with a "l ^o rt^ircuit . " Aware- 
ness of a rule (or definition, theorem, or whatever) with wfi|:^ tt?^carry 
out an operation' is not part>of its makeup.. As Shevarev [l9] established, 
direct 'asspciations are formed as a result of repeated perf orman^ ^of 
exercises of a single type and are actualized wh^n J±£_42Jipii5^ecognize 
the situation facing them as familiar and well-^known. In the instance 
under consideration, such exercise^ had not been completed in the solid- 
geometry lessons. Thus there are grounds for supposing that the pupils 
solved the problem by actualizing direct associations formed in the study 
of solid geometry. 

However, it is possible to assume that such an association had been 
formed at some previous time, for instance, in the study of plane geometry 
and actualized in solving the present problem. Actually, in the course in 
plane geometry, one must sometimes solve problems whose drawings show some 
object located outside a given figure or in its internal region-'^such as 
a point inside a circle or outside it. 
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Thus, we nmst suppose* that- in the study of plane geometry, there 
have been conditions for forming the indicated association. ^However, 
the probability that this association was actualized in 4:he condition of 
solving the given problem is insignificant , because the situation in 
which ^the pupils had \d solve the problem was completely new to them; it' . . 
was a new branch of geometry, with new concepts and new definitions. The 
terms of the problem differ substantially from the terms of problems in 
plane geometry, where the question of whether or not a point belongs to a 
plane is not asked. 

An i^ndividual experiment was conducted in otder to clarify further 
the reasons why the four students made this mistake. They were given an 
analogous problem, where the drawing represented a plane figure other than 
a parallelogram. The experiment was conducted six days after the lesson 
at which the previous problem had been solved. During this time, there 
were no geometry lessons. Two pupils repeated their error. From con- 
versation with them, it emerged that one of them identified the concept 
of the'piane with the^ concept of the part of the plane enclosed by the wavy 
line (Figure 3). For him the point F belonged to the plan^ only if it 
was located within the outlined area. If the point F was located on t^e 
wavy line, he considered ' the location of the point to be '*on the end of 
the plane P,*' The other pupil was. adequately aware of the term ^'plane,** 
but understood the term "plane of a parallelogram*' as the part of the 
plane located within the outline of the parallelogram. For him, the 
point F belonged to the plane of the parallelogram only if it was 
located "inside" that parallelogram. Situating the^'^oint F in the 
interior region of the wavy outline but outside the pi^irallelogram AKCD 
meant that the point F belonged to the plane P, but did not belong to 
the plane of the paralle-^i^ram (Figure 3). 

In order to exclude \the influence of chance circumstances in deter- 
mining the reasons for the mistake, one more experiment was conducted, . 
The subjects were 16 pupils in tenth grade. ^ The experiment was conducted 
in the Lesson 32 of solid geometry. Each subject was given a small card 
with questions to which Lhey had to give written answers. There was no 



♦ 3 
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opRoxtunity to cheat* , * 

The way thr^e pupils answered tjie question "What is^ a plane and 
how^ can it be represented'?'' indicated 'that they identified the concept 
of the "plane" with "the part of the plane bounded by an outline." Jot 
example,, subject^h. wrote: "A plane is a surface bound by a closed 
curve." Pupils also wrote that the plane could be represented in the 
foijS of a rectangle, a closed curve, a circumference, the top of a 
table, etc. * ^ ' 

. Five pupils gave answers that sugge3t thfe conclusion they did not ^ 
adequately ut^iderstand the term "plane of a given figure." For example, 
subject Sh. ress^onde^ to the question above: "The plane Is infinite. 
We can bound it anjd ^et a squate, a triangle, and other figures. These ' 
bounded parts of the plane will form the plane of the square^ the tri- 
angle, etc." The foreping provides a basis for the followiag con- i 
elusions. 

1) The error under consideration was consistent and was exhibited by 
various students leatning from various teachers in various ' schools . 'Con^ 
sequently, the reason for the error* must arise from general features 
of ihstruction. 

,2) Ttie experiments confirmed the above-stated supposition on the reason 
' • . ■* ■ * 

for th^ error we ate studying, namely, that the error was caused by the 

actualizatipn of one of two erron&Ous aa^oclations : a) consciousness of 

the term "plane" < — ^ consciousness* of a • certain part of the plane bounded 

by an enclosed figure as 'adequate content for the, concept of the plane; 

b) consciousness of the tetm *'plane of a given f Igure*-^ consciousr^ess 

of the part of, the plane enclosed within a given figure, 

3) The reason' for either error can vary for different students. How 
is it possible that the above-mentioned erroneous associations are formed? 

From the very beginning of the study of g'eometry in the sixth grade, 
the concept of the plane is formed, on the toasis of the pupils' concepts of 
objects irT'the real world. These objects, ^-^at^rally, are not of unlimited 
dimension. Thus, Kiselev's textbook [S], which our subjects were^sing, 
says that the surface of a good windowpane or the £>yrface ui still water in 
a pond will provide a notion of the plane. The plane is described in approk 
imately the same way in the new textbook by Nlkitin [14]. The team "surface 
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is essential in these descriptions of the plane. However, some pupila 
understand this term to mean, only the shape in which part of the surface 
is .bounded. Later, in the study of solid geometry, the teacher, of course, 
e^cplains that the plane should be understood as continued infinitely in 
all directions. * Ho\^ver ,^ the content of the textbook in solid geometry 
by Kiselev [9] again orientsVthe student to' an a\j*reness of the plane ^ 
as tke internal r^^ion ^surrounded by a^xi outline- IChis is obvious, if 
only from the fact \hat the plane as a geometric object is comparand with 
objects whose surfaces have a rectangular shape." This rect/4ngle is depicted 
in the drawings in the folna o£.^ ^ parallelogram (with the exception of 
four figures in which the plane is outlinted by an arbitrary line). An 
essentia^ property of the plane — its unbouridedness— is used very rarely, 
and- then in contradiction to the illustrations pi;esetlted. 

^ .,; ' ^ . • ; ' 

For example, parallel planes are defined as planes that do not intetaect 
no matter how far they are emended. However, theorems, following this sign 
for parallelisig^f .planes , as well as other theorems, are proved in con- ^ 
formit^ with little pieces of planes, depicted in the form of parallelograms 
intersecting within the li&its of the drawings. Thi,s also promotes the 
formation of the erroneous associations noted above'# Apparently^ we must" 
woi^V.'Out a special system ©f exerciser/directed at an $deqi>ate understanding 
of the terfn "plane." ' ./ 

The actualization of the erroneous associations indicated above^^ 



sui^ in 



result in other pupil errors that ar^^ell known in. practical school 
inj^truction: 



1) If the verteXfOf-a pyramid is projic^cted orthogonally onto the 
plane of the base at a point lyipg outside the base of the 
pyjpamfd, some pupils belJ^^i^e'TThat the point does not belong 
to the* plana of t^e bas^, 

2) Students in the #inth &i;adG^ were given the problem: Through 
/the midpoint of two latb«:ffl edges and the center of the base of 

a rei*,ular triangular pyramid draw a plane and determine the 
shape of the resulting section. Many puj^ils constructed the 



4 * » \ 
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section as sho^&n in Figure 4. 

If we proceeded from the assump^ 

tipn that these students unders^j|^-^ 
the term *'plane'^ as a part ofa pl/ane 
enclosed ^wi^thin a certain fig«t^^/: - 
whicl^^ as we have sei^^, is quite plaus- 
ible, then^ the errc5i: we have examined^ 
is easily explained: The terra 

'*to draw a plane," in this case, is understood as '*£o connect given points 
with sttkight lines," i.e., to co«4gtTuct a bounded figure, 

Vi In^i^(5blem Number 13 of Section H, of Rybkin's book of prd^lems 
[l8]^ " where one is asked to construct section passing tltrough t^e axi^ 
and a lateral* edge of a tegular trl^ngiAar truncated pyramid ,^soiae tenth 
graders"^ made _a-jpepresentation as^ ahown in Figure 5. One must suppose that 
herecr^tlm^ term "plane" is inatti^qualfely / - 

realizep|, ^s in the previous instant. 

)f pupils' spatial ' 
ranced in the lit- 
erature as a reascW for such errors as 
these. However, this is an extremely 
^general expl^anation. As we have seen, 
the msLttTer^ls considerably more cofrfplicated . 



concepts has 



In tne i 
iiow level oi 
been adl#/£ 
reascW fc 
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ort III . Solving Geometrirr^roblems ^ by Usin g Drawings * 



The selection of Instructional methods for the formation of school- - 
children's skills^ in solving geometric problems is closely related to the 
answer to the quastion whether the process of solving these' problems is o^; 
is not rediice4 to the actualization of previously mastered knowledge. This 
thesis is almost obvious. Realyly,'if the propess of 3plution^ as a whole 
is based only on the actualization of -f>.r^yious knowledge, then what has 
been studied earlier mus^t be repeated in every possible way. 
If there is somethingnelse in thi9 'process, then along with 
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the repetition, different techniques of instruction should be devised. 

In the methodology oi teac]iing mathematics, the^ question just for-f^. 
mulat^ed is, not posed or solved directly. There are only individual 
general observations, relating to, this question in ^^me measure. Thus, 
Bradis [A] writes that school problems are usually solved on the basis of 
-certain statements from the theoretical course, and the chief difficulty 
consists in the proper selection and c ombination of these statements. 
Consequently one can make the assumption that Bradis does not reduce 
the nrocess of solving a problem, as a whole, to the actualization, of 
faraer kHpwledge. * 

Qhidhlgifn [5] believes that the difficulty in the pupils^ search 
for a s^utibn to a geometric problem consists in selecting that theorem 
or for/ula,^ from the ones previously studied, which will lead to the . 
solution. Consequently, one can make the assumption that , according to 
Chichig^, the process of solution is reduced onlyto the * actualization 
of previous knowledge. ' / 
^ In a psychology textbook [I6] it is noted that solving a nesv problem 

consists i'n establishing new ties (associations) among the knowledge 
^ previously acq^dred. . On the grounds of this general conclusion, one 
^ might believe Tthat new associatior^s arise and later are used in solving 
geometry problems. But what are/the<peculiarities of the newly^arisen 
associations? - Thks question remains uilsolved, both in mathematics 
methodology and in psychology. Nevertheless, an ai^swer to it has a great 
significance for the practice of instruction.' The present work 4>oses^the 
. problem of revealing the peculiarities of some associations that arise 
in solving geometry problems. ^We shall have in mind only those problems 
that are different in content but are^ solved on the basis /of using the 
p same scheme, which is, fam'iliai; to., the pupils. P^obi^ms^' if , this sort are 
v^ry often encoun-tered ''In pie study of geometry. 

The method oj^ thB investigation used ^ an analysis of the process 
of correct solution to a geometry problem. Eac'h operatiort (addressing 
• 4ti:eiftion to sometfiing-- the^prqnunciation , of a defiifite word or sentence 
aloud or to oneself, and th^ like), reali^^able In solving thp probU^m, 



wa«* examined as the second part of some assocaltion. Then, necessary 




and sufficient conditions appeared that provide for the flow of the 
processes pomposlng the second part of the assoc|.atiou. These conditions 
were taken as the first part of the same association. This method was 
used by Shevarev [l9] i;i an analysis of the processes of a correct solution 
to algebraic problems* * 



Problem [2: No. 533]. 
From the .vertex of an. obtuse 
angle of a rhombus (sed Figure 
6) , perpendiculars are' dropped 
to its side's. The length of 
each perpendicular is equal to 
a_, and the/ distance between their 
bases is equal to b. Determine 
the area* of the rhoijibus, • 




Figure' 6* 



This problem -16 of average difficulty; its solutioi;, which was 
carried out l?y the authors, is based on the use of. a scheme well know^ 
to the pupils (the base of the rhombus is multiplied by its altitude')'. 
Solution. ^ '1) According, to the condition, ,BK=^ = a 



and KM b. Therefore, 
KK ^ I 



and 




2) /\ BKD is a righ^tr iangl|^. Therefore BK** = BD • BE 
(by the theorem on proportional Aines in a right triapgle). Then 



BD = 



3) _The' isosceles trianglea ABD and BKM are, similar 

> * 

(< BKM = ^ BBA as angles ijith mutually perpendicular sides). 

* 

Then ADjBD = BK:KM. Hence, , / 



AD 



a 



= a : b; A]) = 



2a" 



4) The area of fhe rhombus is S = 



2a 
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(BK is t*ie altitude of the rhombus,) 
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The conclusion established in the second step are clearly based on 
the following assertions: 

Si) A BKM is ist^sceles; 

b) BE is the median of the triangle BKM; 

c) A BKE is a right triangle, BK i*s the hypotenuse of the triangle 
BKE, KE and BE are the.lfegs» and so forth. 

Not one of these assertions is given in the problem *s conditions; they 

are new. • y 

For an objectively correct answer to the pi^oblem^s question (What is « 

the area of the rhombus wifh the given conditidns^?) , A BKM should always 

be recognised as isoceles.in the solving process. This was essential, fpr 

example, in the third step of the solution. In other words, each time the 

problem is solved, the perception or visual notion of the triangle BKM 

should be followed by an awareness of the quality corresponding to it, 

in the absence, of this awareness, "advancement** of the solution becomes 

impossible* But this means that at the*' step under consideration a new 

association is form^: awareness of the triangle BKM ^ awareness that 

it is isosceles. ^ ♦ 

At this step some more new associations arose, for example, awareness 

of the triangle BKE awareness that it is a right triangle, and others. 

Analogous phenomena are observed at other steps in the solution where rnfew 

\ 

issociatlons are also formed. , ^ 

The forlVowing objection is possible: the associations mentioned are 
not new; they 4ere formed earlier and were actualized in solving the aiven 
problem. Such an objection, however, is groundless. 

First, in the theoretical sections of the school course, mathematiaal 
statements corresponding to the associations under consideration are not 
especially studied. For example, nowhere is the assertion studied that 
a triangle formed by a segment of a diagonal of a rhombus, a segnient of a 
line parallel to atiother of its diagonals, and by a perpendicular dropped 
from the vertex of an oblique angle to the side of the rhombus is a right 
triangle ( A BKE). . > . " 

- Second, geometry problems, in contrast to algebraic examples, are not, 
\^as a rule, uniform* Therefore the probability of a repeated '*encounter" 
with the triangle BKE in exactly the same position as is portrayed in the 
drawing, even if a problem with an analogous drawing had been solved formerly, 
would have to be admitted to be quite insignificant. < 
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Third, the associations we studied do not ^rise at gnce in the solving 
of a problem, but are the result ^ of certain previous processes. For example 
a pupil says: "QK^« BM, But we know that if two sides of a triangle are 
equal, it is called "isosceles. Consequently, A BKM is isosceles." If we 
assume that the associations under consideration were already there, then 
the flow of these processes would be unnecessary, *A11 of this spealcs for 
the fact that these associations are actually newly arisen. 

The indicated associations usually function only in that period of ' 
time wljen a given problem is being solved. After this, as a rule, the 
necessity of especially reinforcing the new associations that h^ve arisen 
here does not appear,^ In solving other problem^, other associations* arise 
and function. If we even assume that a new problem is solved with the use 
of a' sketch, similar within the limits of sight-estimation to the figure 
that was cited, then this in no way means that in the sketch for ^ new 
problem, foj: example, the d^gonal BD.of a rfiombus should be recpgnized 
as the hypotanuMC of triangle BKD. In the conditiqns of a different problem 
the same eleaents of a sketch would be "recogifized in a different way. * 

Associations th»t function only over a certain period of time are 
called periodic [l9]. This term stresses their short'-term 
ekTs^tence. In the given case the term is only"^for the period of solving 
the problem, Cgpsequently , the asgfcciations mentioifed above are periodic. ^ 

Two classep of periodic associations that arise in solving geometry 
problems can be s4i!igled out easily. ^ The' formation of the first class is 
determined by the condition of the problem and by the designations adopted 
in th^ sketch®*/ For example, it isr given that the segment KM = b. This 
ponnedtion lasts during the wfiole process of solution and then, is destroyed.^ 
We shalV^all tihpRe'pQrfndir associations specifie d. They are essential for 
-obtaining answer to^^^l^ problem's question, but they do not advance the 
solution. In contri(st to them, one c^n say that the advancement of the 
solution is based oti iTssociations of the second tilass, examples of which 
v?ere cited above. Thus, for awareness of the similarity of triangrfes ABD 
and BKl'I, an awareness that th^' a're isosceles is essential.. Such periodic 
associations can be called advancement associatipns . 

The above aentioned examples of periodic ativanceroent associations have 

description of these processes is not included in the task of the 
present work. 
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the same feypical features. Awareness of the elements of a geometric 
figure awareness of their conceptual character. We dtsignate this 
type of associatiion as Type A. ^ 

As'sociations of Type A are isolated. That is, .the connection of the ' 
mental processes forming the association is related only to a definite 
element of a sketch. Moreover, every time these association^ are actual- 
ized in solving a given problem, their first and second parts remain 
unchanged, since t*he sketch for a problem in the solving process does 
not undergo changes. Consequently, associations of Ty^e A are constant. ^ 

Besides Type A, in the second class of periodic asspciations one 
can single out associations^^ another ^type. Type B. For example, at 
the third step in solving the problem, consider the moment preceding ^an 
awareness of the proportion AD:BD = BM:KM. For this proportion to be 
established, -an aw'^ene'ss of the proportionality of the similar sides of 
the similar triangles ABD and KBM is necessary and sufficient. 'Consequently, 
at thi^ moment a new association has also ariseiTr*-"*^areness of the iT 
similarity of triangles ABD and KBM awareness of the proportionality 
of their similar sides. * Analogously, at the second step of the solution 

' the association was formed: awareness that A BKD is a right triangle 

2 * 
aijd KE J.BD ^ awareness of the quality, BK «^BD-BE. 

Both these associations, according to the considerations set forth 
ahjbve, are periodic, isolated, and belong to the same type, namely: aware- 
ness of a definite peculiarity of an object ^ awareness of, some condition 
' in which a peculiarity of this sort is the subject. In our case sucW 

conditions will be th^ proportionality of the simi l<y sides »f.iimil3*<^ 
. triangles and the relation BK^ = BD-BE in the right triangles. A« is / 
evident from the .examples cited, the first parts^of the Type B association 
are periodic Type A associations and the second parts are constant asso-^^ 
ciations corresponding to the assertions studied in theoretical geometry 
courses and applied to specifically isolated elements of a sk«tch. Also, i 
up to now we have examined only the rise of new associations. But in 
problem solving, the student's available "old*' associations are actualized 
^ along with the formation of new associations. 

The process of solving the problem from the very beginning was 
subordinated to one purpose — to find the length of the side AD of the 
^rhombus. This singleness of, purpose is determined by the proble^i's 
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question: What is the area of the rhombus? Undoubtedly, awareness of 



this question entailed actualization of the concept corresponding to tlie 



theorem, "The area of a rhombus is' equal to the^prbduct of its' side and 
its altitude." This association wae actualized at the very end of the 



solution, when t^e value of the area' wa§ calculated. Operations ^tated 
iti the solution l^ere performed in full conformity with the named theorem. 

Associations corresponding to general geometric statements studied 
in the theoretical course we agree to call ready-made associations. By 
using tKis term we wish to stress peculiarity of these associations — they 
are usually formed undfer school conditions prior to solving the problem. 
Undoubtedly, undej^the conditions of instruction some advancement Sssocia- 
tions are transformed, into ready-made ones. 

Our ^alysis shows that the process of solving geometry problems with 
the use of sketches ^is quite co^ple^^. Both the actualization of previously 
"^learned associations and the formation of new ones occur.. The latter cir- 
cumstance, as we have seen, Is not taken into account at all by the'metho- 
d^ogy of teaching mathematics. Nevertheless, suocess in solving geometry 
"problems is possible only on the* basis of skill forming new^ssocia tions. 

Report IV : The Occurrerlce of a^ Certain Psychological 
Phenomenon in the Solution t>f Geometry ProfeLems * 

I 

iln his analysis of the processes of solving algebra problems, Shevarey 
[19] established the existence of the following phenomenon. Suppose that 
in a particular segment* of fflme a pupil deals only with complex stimuli; 
which can be represented on paper as Aj^XyAj^Y, A]^Z, etc., where the letters 
Aj^, X, Y and Z designate components of complex stimuli. Suppose that the 
student performs one r§Aonse operation when confronted with the first 
stimulus, another operation when confronted with t^e second, operation 

on the third^ etc. (with the distinguishing characteristics of each 
response operation being determined by components X, Y, Z, , * * of the 
complex stimuli, the operations being identical in type). Then, in the 
•absence of counteracting conditions,* the distipguishing characteristics 
of component A (i.e., what distinguishes A-j^ from A2, A^, e»tc.)^ can become 



The letters Ag and A^ designate components which are pf the same type 
as "A^ but distinguished from it. Characteristics common to components A^,-^ 
A« and (generic characteristics) will be designated by the letter A. 

^Translated by Ann Blg^low. 

ERJC , ■ igjj 



invalent (i.e., response operations R , R , and R /appear to be independent 
of them). Only the components AX, AY, A2, etc., will turn out to be vale^t. 
That is, when the pupil is confronted by the comply stimulus A2X, for in-. ^ 
stance, he will perform orperatibn H^; when confronted by the stimulus A^Y 
he will perform operation R , etc. In other words, the student will develop 

^ y ^ • ' * ^ 

the generalized association k'^^ > where a designates any one of the compo- 

' a a , 

nents X, Y, or Z,^and the letter A designates the generic characteristics 
of A^, A^, and A^^ If A^, A^, A^, etc., are among the nonessential compo- 
nents, then this is a valid association. But if these components are essen- 
tial, th^t is, if when confronted by stimulus A2X one should' perform not 
operation but another operation then such an association is of course 

erroneous. This error does not become evident, however, so long as the 
pupil is dealing only with complex stimuli of which A^ is a. part. It^ be- 
comes evident only V7hen he is confronted by a stimulus containing A2 or A^, 
etc. Conditions wh,ich counteract the development of an erroneous association 
are; a) awareness that A-j^ has a necessary relationship to operations R^, 
R R , . . ; b) instruction by the teacher, after which the pupil becomes 

y z i\ 

attentive to A; or c) realization of the erroV^of operation when perfonied 
in response to stimulus A2X (if such * instances have'^occurred),. 

B. B. Rostov [10] found that this phenomenon also occurs fn the ^tudy 
of arithmetic in the elementary school. The task of tfie present artic^le 
is to determine whether this phenomenon occurs in the study of geometry on 
the secondary school level. It is very important to know whether such a 
^phenomenon exists because thi^ knowledge would allow us to understand ^ the 
cause of certain widespread mistakes pupils make and to determine better 
methods for the study of mathematical (and in particular, geometric) 

material. • . ' * • . 

. ' The investigation consisted of; two parts. The task of the pre-experi- 
roen tal analysis w^s to reveal places in the high sphool geometry course that 
looked "suspicious" with regard to the appearance of the phenomenon being^ 
exarainecj. Two types of 'material served as the basis for this analysis: 
1) the author's observations of pupils' operations as he taught them mathe- 
matics, and 2) the contents of the standard high school geometry workbooks 

[is.'isl. / ■ 

We assumed that erroneous associationa of the type described above could 
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occur' 1) when pupils are solving problems of the same kind one af t^r another* 
where components- of one type occur over over, or 2) when the pupils 
know beforehand what "type** of problems they are going to be solving. The 
analysis of the contents of the standard workbooks showed that the selec- 
tion of problems .in th*egi frequently meets these two conditions. 

Let us examine, the ,toplc-on ''The Surface of a Pyramid," for instance. 
After studying the theorem concerning regular 'pyramids, students are usually 
given drill prpblems. The students know before they solve the problems that 
the content of the theorem about regular pyramids is what will be drilled. 
' In the standard workbook by^Rybkin [iS] only problems on regular pyramids 
are presented with this theorem (Number 10) at first. These problems are. 
subsumed under the general heading "Regular Pyramids.'* ' 

Therefore, if t^(€^^jrtl»ttomenon formulated by Shevarev occurs in the 
study of geometry, we should find that the valence of the t>erm "regular" 
is reduced-. Thife, means that ^^s the children solve problems on regular 
pyraihids, some of. them may develop and drill associations between other 
components of the complex stimuli and the correspondiiiig responses- For 
instance, they may drill the associations between the common character- 
istics of th^ numerical data in the texts of the problems and operations 
leading to the determination of a lateral surface of a pyramid according 
to the formula for regular py:E;amids . ^ It can be expected that when the 
pupils are given problems on irregular pyramids, some of them will actualize 
these associations and thus make errors- For instance, on the diagram for 
such a problem they will perform operations inappropriate for irregular 
pyramids, calculate the lateral surface with the formula' for a regular 
pyramid,, and so on. 

The experimental part of the invest igaticTn consisted of three series 
of experiments, of which the first two were investigat ive*^and the thir^ 
was instructional. The experiments were organized In this 
way in order 1) to check whether the assumptions spelled out in the pre-- 
experimental analysis were really justified, 2) to clarify which components 
of complex sbimuli become invalent in specific instances, and 3) to find 
ways of ^ preventing the negative influence of the phenomenon under study. 

First series . The subjects were the pupils of two tenth-grade classes.^ 



8. 



At School Number 49 in Penza. 
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The experiment was carried out as a part of regular classroom activity. 

Immediately following their stt^y of the theorem of the surface 
of a complete regular pyramid, the pupils spent three class periods 
solving problems [l8: Theorem 10} on\ calculating the surfaces of pyra- 
mids of this type alone. Such a Sequence in ,the selection of problems 
for the experiment corresponds to their order in Rybkin's workbook. Only 
eight problems were solv.ed. We considered the textual conditions of the 
problems and the diagrams corresponding to them as complex stimuli. The 
verbal components that these complexes share^re the words "regular pyra-- 
mld^* in the texts of the problems. In this situation, without a clear 
/awa,^eness that a pyramid is given and not soma other geometric figure 
it is impossible to make object j-vely valid responses. If, for instance, 
a rectangular prism were giyen, it would be necessary to perform other 
operations. The common- visual components (i.e., those shown in the 
diagrams for all the problems) are: a) the "passing" of the altitude 
of the lateral faces through the qenter of the side of the basfe^ and 
b) . the "passing" of the altitude of the pyVamid through the point of 
intersection of the medians or diagonals of the base in triangular and ^ 
quadi:angular pyramids , respectively . The response opeif^tion^ ^consists of 
multiplying the perimeter of th^ base times half 'the apothem, / 

The control problem was No. 16 from [l8: Theorem lO]. * It called 
for tl>e c^^tflatioTl o/ the surface of a pyramid whose base is a parallelo-- 
gram. To solve ity correctly it is first necessary to find the area of 
two adjacent lajrera/ faces and to double the result; in* the diagram the al 
tltude of a-l^teral face 'should not pass through the center of the side 

■s ^ 

ft 

^of^he base. ^ 

In salving this problem 27 out of 46 pupile extended the altitude 
thl^ugh the center of the side of the base, and nine tried to calculate* 
the lateral surface using the ^formula for regular pyramids. ThUs for 
these pupils the awareness of the word "regulaf" and the awareness of the 
position of the apothem of a pyramid had become invalent as they solved th 

r- 

preceding. problems . 

We must assume, therefore, that the formation of the erroneous - 
generalized association shown above Kiaine as a result of the selection of 
problems. ^ * 

^ ' 9 

Second series. The subjects wefe eighth g:;aders. Problems from a 
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section on "Inscrj^^^i Angles" [l5] served as the experimental material. 
In the sevffli^h grade thi^ subjects had solved most of j the problems in 
this section us^hg. diagrams. The^visual components jihese have in common 
are: b) the vertex\of the angle is situated on the circumference, b) the 



sides of the angle form chords, i.e., the ^gi^^es^re situated within the 
circle, and c) the "ends" of the sides of the angle lie on the circumference. 

All the problems in t^i^ ^ection are of the same type, could 
assume, theiWore, that soi^vfii^g^ them would lead to the formation of an 
erroneou^ association in wh^.ch there . would be no valent awareness of even 
one of the common characteristics. This assumpti<^n was 'tested in. the 
followin^^ay. ^ 

Init»lly the con^en^of the tKeorem of an inscrib^ angle (the 
measure of this angle^tsj hillf the measure of the ^rc on which it resits) 
was repeated in class, and three problems [l5:* Number 65ft, 662, and* 663] 
were solved by the class as a whole. Then the subjects were divided into 
two groups of approximately the ^ Same academic achievement. The members 

of each of the two groups were instryct^d to perform one variant* of ari 

10 

assignment consisting of two problaitfs. 



Problem 660 from the 
second problem of the firs t 
variant : 

AB and CD are chords (Figure 7), 
p. 40^, Snb - 60^. Calculate 

^ AFD and Z-CFB. . 

Problem 661 from. [l5], the secon^ 

problem of the second variant ; 

AB and BC are secants (Figure 8), 
Am^; = 60'', Dn^ - 30°. Calculate' 
. ^lABC. 




Figure 7. 




Figure 8- 



The first problems of both variants were the same 4b the preceding 
^ ^ — • — T 

ones in content, while the second one,s were control problems. ^ But in the 
control problem of the first variant we modified only one bf the common 
visual components of the preceding problems (we put >the vertex F inside 
the circle) , while in the second ^riant we changed the common components 



^'^The diagrams for these two probljpms were prepared by the experiment or and 
put on the blackboard, and the subject's copied them into their notebooks. 
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^ more radically, placing the vertex of the angle ^utside the circle and r^eplacing 
the chords with secants. Our \ task was to find out how sucK a variation of •the 
visual components might influence the occurrence of erroneous operation^ in 
the pupils. \ ^ . ^ 

Of the thirteen pupils who performed the first v^i^ant.of the assignment, 
seven ii^ade mistakes i^i solving the contPol problem. They said that^AFD * 30® 
but that ZCFB = 20°^^igure 7) . Thafe is\ they p^^^ormed the operation that is_ 
correct for inscribed angles. In doing this they were not disturbed by the 
difference they found in the value of the two angles, which in^faot are equal^ 
as verticals. * * ^ * - 

Thus when pupils solved the problems on inscribed angles in the sequence 
^called for in the' standard workshop, part of the visual' components (for example, 
^ the position ot^the vertex of the angle on the circumference) became invalent 
for some pupils.^ What became valent was the aggregate of conditions consisting 
of-a).an awareness of characteristics common to inscribed angles aa well as to 

' angles formed by intersecting chords, and b) the particular characteristics pf 
^the numerical data.. The subjects' reactions were determined by this aggregate 
of data a^one. In the course of the drill exercise on the theorem aboift in- 
scribed angles, the pupils develpped an e^roneous^association connecting par- 
ticular visual aspects of the diagrams and the numerii^l data of the problems 
with the division of the arcs, of the circumference Into two. . This association 
was erroneous from the very beginning. But it^ fallaciousness went unnoticed 
so long as they were solving problems on inscribed ^angles; it became apparent 

only when they began to work problems of another type.''"''" 

I 

Fourteen subjects performed the ^econd variant of the assignmenU^^^^^ven 
subjects were unable to solve the control problems, but at the sami^time they ^ 
did not make .the mistake made on the control problem of the preceding .variant , 
ijith the exception of one girl wh6 said that ZABC ^ 30"^ (i.e., she performed 
the operation which is correct for the calculation of inscribed angles). [js^ 
Apparently these pupils also (or some of them) had develoi^d the erroneous ^ 
association described above, but tUey did not act on it. 

Such results give us reason to believe that these subjects realized that 
the control problem was of a new kind rather than the same. Inasmuch as the 
■'newness'' consisted of a greater modification of visual components ^ 



11 

^ It is not relevant to the problem being discussed in the present work 
to give ^ detailed description of the erroneousj^ associations that occur. 

IV ' ^ ' . ,187 . . 
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than the control problem of the first variant had, we can assume that 
the modification of several coimnon visual components can hinder the ^ 
actualization of an erronous association formed when many problems of"^© 
same t3rpe are solved one after another. This assumption needs to be 

checked f urther j^ow^'^ "Vu^ ^ 

The task of the t^hird series of experiments was to com|!>are various 
procedures for selectijig exercise's to lower the valence for the awareness 
of |eparate component^ of complex/€t^uli. The subjects were eighth graders 
(also at School Number 4). . TwpM:he^p4ins tlte which the pupils were being 
introduced fo/ thfe first time were used as experimental material: - 1) the 
perimeters of similar polygons are in the same relation to one another as 
any. two " co^^^^onding sides, and 2) the areas of similar polygons are in 
the same relat^n to one another as the squares of the correspoiiaing sides, 

• Drill on the content of the theorems consisted of solving problejns. 
For the first theorem six problems were selecte^^^ concerning the calculation 
of the perimeters or sides only of similar polygons. To solve these problems 
accurately it was necessary to establish corresponding. proportions. V The pupil 
solved three of the problems with the teacher 's help dnd three on tht^v own 
(in a two-hour geometry class). The problems tihe pupils were to solve in- 
dependently were given in two variants differing only in. their numerical 
data. We assumed that with such a selection of problems the awareness of the 
term ""similar" in the text and of identical visual components (a similarity 
in fhe shape of the figures) would become invalent for some of the pupils 
while the awareness of the t^lree numbers making up the proportion given in 
th^ fexts would become fully valent . The final problems (the seventh ones) 
were control problems. One of them had the l^llowing content: 

• . The base of an isoceles triangle is ip»cm and its perimeter is 
126 cm ; the perimeter of a square 1^252 cm § find the length 
of one side o/ the square. 

Before they begaijifche pupils were cautioned that all they needed to do was 
answer the*' que^ion, regardless of 'whether it was connected wHjj^^e con- 
tent of all of t\e conditions or only some of them. ^ * 

If the assumption explained above is accurate, then in solving^ the 
control problem some of the pupils should have made up a proportion from 
the numbers 'given. Out of the forty eighth graders who took part in the 
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experiment, twenty- three did solve the control problem by making up a 
proportion ~ an incorrect operation. Of course, the pupils all knew 
perfectly well that the triangle and the square they had drawn were not 
similar figures. We must conclude, therefore, that the pupils' awareness 
of the similarity or difference in form of. the figures drawn, as well as 
of the temi ^similar," had become invalent while they were solving, the 
preceding problems. ' ■ ■ 

Following the study of the second theorem problems were, presented in 
the* following sequence: the first, third, and fifth '.were on similar - 
figures (coaicerning their areas), while the second, fourth, and sixth 
were from sections on geometry that had no connection with similarity. 
The first and second problems were^ solved by everyone together and the ^ 
rest -by the pupils, on their own (in^two variants). Control problems on the 
content were similar to the one cited' above. 

Out of thirty^five pupils, six solved' the final problem by malting 
up a proportion, while the others pro'duced the correct solution. In- 
asmuch as the experimtots were carried out within a span of seven days, 
^ in the course of which ther^ were no geometry ^las'*^s , and the mistalfces 
in tlje preceding work were not cleared up (and therefore the pupils' 
.knowledge and skills did not change substantial!^, we must presume that 
^the great reduction in the number of errors in the solution of the control 
problem in the second case as compared witli the first waj^achieved by 
achieved by alternatin g the consent of jthe preceding probl 

A repetition of the third series of experiments, using the same 
material and tlie same methods, was carried out on six other eighth^grade 
/classes in various schools". As in the preceding case, the best results 

in the development of skills were obtained when the exercises were arranged 
' 'SO as to alternate .' The overall results of the third series of experiments 
,are given in TAble 1/'. The column labelled '^Number of Errors*' indicates 
solutions of the control problem in which pupils made up a proportion.^ 

Calculation of tiie criterion of reliability isf difference ii\,-the two 
methods of insij^uction shows 'that* its value is 4 . 4 , considerably more 
than the critical value 2.6. Tlvis' means that instruction averages signifi- 
cantly better results .when the problems arS'^rranged -^o as to alternate. 
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TABLE 1 . , 
RESULTS FROM THIRD SERIES 
. OF EJffERIMENTS 





Arrangement of Problems 


Number of 
Subjects 


Ninnber of 
Errors- 


Percentage of 
Wrsng Solutions 


with 'alternation 


194 


31 


16 


without alternation 


200 


70 ^ 




The following conclusions can be drawh from 'all 
said above: 


^ 

that has been , 



The phenomenon of thought described above applies to the process 
by wWLth high -school pupils learn geometry • 
2. One of the possible ways of anticipating and minimizing the • 
; negative influence of this phenopjenon in the study of geppetry 
* by alternating the content of the problems used for drll^ l, 

^ In. day-to-day * teaching it is important to foresee components 

of complex stimuli that could become invalent in the study of 
^ one aspect ofl^eometry or another, in order to take steps to 
' anticipate m'istake«..^pils might make. Accordingly, an appro-- 
priate analysis of the content of textbooks and workbooks , as 
well as a better arrangement of problems in each section of the 
* curriculum, is urgently needed to -improve methods of teachlng ^ 
mathematics. " - 

I ' R fpor t V. Peculiarities of the Mastery of Mathematics in 

S Imilar Situations * 

The study of many questions in secondary-school mathematics is imple 
mented in situations for which the school material- to be mastered is c|iar 
terlzed by the following: ' ' ^ ■ ' - 

This material is identical in several features and distinct 
In only one feature; 
2* Objectively correct response operations by the pupils are 
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detemlned by a clear awareness either of * identical or 
of distinct features.. * - > 

We^ shall call situations similar if they possess these traits. ^ 

. It follows from* the definition that two types of similat situations 
are possible — depending on whether the components for which the resjtonse 
operations are genetated are similar- (situations of unificiitjon (generall- * 
^ing)) or distinct '(situations of disjunction).^ This can be shown ^chema^^ . 
tically as folls^sr ^ ^ ' ^ 

^In situa^io^s of unification A(a, b,*c, k, m) p; . ' , 

B(a, b, c, k, n) p. 

In situations bf disjunction M(e, g, h, . .\ 1, f) q; * 



N(e, g, h, . . . , 1, s) r , 



Here a; 'b,^, ...stand for the components of the material beinsBtudieds 

p, q, r stand for the response operations. In the future we shall call , ' 
the learning ma^rial 'for w^iich definite respc^nse operations *are generated 
«a complex stimulus, Simila,r situations are' engendered by the content of 
curricular material or by the selection of practice exercises. 

Example . In the study of inequalities.it is established that the 

termr of inequalities can be transferred from one side to the other if the 

sign preceding this term is changed to its opposite. But it was the same 

way in the study of equations. Consequently, here we have similar situations 

of unification.- On the other hand, -when we study the mul t iplicatipn or 

division of both sides of' inequalities or equations by the same negative 

number, similar situations of disjunction are generated. Actually, in 

solving the Inequality -2 x > 3 and the equation '■2x = 3 (and in all 

analo'gous situations) , ' the complex stimuli 3iffer only in one component (the 

> and ,= signs) and are identi,cal in all other components (the presence in 

the given expressions of two sides standing before and after the corresponding 

sign, the identity of these parts ^ and the identity of part .of the problem's 

condition — to find the value of x) . But in the solution, in the former ^ 

. 3 ' 

case the inequality sign is changed to the opposite -(x ^"2 ^* while in the 



12 

In the textbook a general rule is given for multiplying both sides 
of an equation by a negative and a positive number. We are slnglin^^ out the 
case of^ multiplication by a negative number in order to contrast it with 
the same case of multiplication of inequalities. 
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latter, the equality- sign is retrained (x = 2") . 

Intthe conditions o^ instruction similar situations sQifi^tiiies follow 
one another directly ai;d sometimes are separated by a time interval — 
occasionally a very considerable one, ^ 

Similar situations have not bean the sub"ject of special study in the 
mathematics education methodology. Evenp< the concept of "similar situatioils" 
is lacking,. In connection with this, the features of the pupils* mastery 
of mathematics remain unclear and there are no- clear- cut -recommendations 
on the teacher s wqrl^ng methods in' these situations. Undoubtedly, teachers 
and pupils are someti^taes more or less distinctly aware of t-he presence of 
learning material that is similar ^in certain features. It is also well • 
known that in similar conditions pupils often confuse one thing v^h another^ 
hence, very general recommendations often result — for example: We must 
strive for complete understanding, clarity, and the like on the pupils* part. 
But ^he question of how best to do this remains open. For a working metho- 
dology in similar situations (which are very frequently encountered in mathe- 
matics teaching) to have sufficient basis, we must ha^e a distinctive micro- 
analysis *o^f the instruction process, directed towards revealing the mechanism 
of mastering mathematics in these situations. 

In this' communication an attempt is made at such a micronalysis in 
similar situations of disjunction, on the basis of the author's experience 
working as a mathematics teacher, and on the basis of especially organized 
observation and experiments. Here we shall limit ourselves to a qualitative 
analysis of instruction in similar situations^ of disjunction. 

The basic educational task , facing a teacher /in these situations comes 
down to forming in the pupils two different bonds of psychic processes . 
'(associations), each of which corresponds 'tio one of the similar associations" 
(for example, for multiplying both^sides of an equation and of an Inequality 
by a slng].e negative number). 

Let us agree to cal^ similar the associations to be formed In similar 
situations of disjunction.' All of the distinguishing components in the 
links in these associations (first or second) arc identical, except for one. 
The formation of the pupils' ability to differentiate what is common and what, 
is distinct in the learning material is evidently the thief- feature in theit 
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mathematicar preparation and is directly related to the formation of similar 
associations, ^ • * 

J Bupils often make mis^kes in: similar ^tuations. For example, in prov- 
ing the similarity of certain triangles, they refer to the corresponding test ^ 
for congruence instead^of to 'the test for similarity: the difference of the 
cubes of two numbers is called the cube of the difference; the ratio of 
a leg to the hyfsofenuse is Called t^e cosine instead of the sine; and the ^ 
like- It can b.e observed that the essenca of^ the matter here consists in 
the following.* ^ox many pupils, instead of the^ two necessary similar ^-(and 
distinct) associations, only one arises, often functioning for a ^prolonged 
period — an associa^:ion whose first link Hs an awareness bf common features 
characteristic of the first two links of the necessary similar associations, 

but whose 3econd link is the second link of one of these associations (usually 

' ' ' 13 

the one that is simpler or the one that arose prior to the other). Such an 

association is clearly erroneous, and its actualization can lead to errors 

•< ' ■' 
in the pupils' operations. Let us agree to caJLl these niistakes merging errors 

' " 2 

Example . The construction of graphs of the functions y ax for a > 0, 

and a < 0 is done ip similar situations. To have a proper notion of the 

location of the ^graphs of these functions, the pupils should have formed 

.two distinct (similar) associations, namely an awareness of the given 

expression y ^= ax together with, the sign standing before the coefficient 
2 

of x (a > 0 or a < 0) and an awareness that the branches of the parabola 
will be directed upward (or downward). the first links of these asso- 

ciations, all components coincide (the presence of the argument x to the 
right after the equality sign, the qp incidence of the values of* the exponents 
of the argument,, etc.), except for op2«;^l)e sign before the coefficient of x , 



Objectively,' a correct answer for the second case is possible only if there 
is a valent awaren^^^^of the minus sign. But it is' well known th§t many 
pupils, particularly when first being taught to construct graphs of the 
functions y - ax^ (a < 0) , represent the corresponding parabola with the 
branches directed upward, .that is, the same as for the case when a > 0^ 



13 * ^esi* 

Associations characterized by the indicated tyjpical f eat*.ires/have 
been noted In works by Shevarev [l9j, Yaroshchuk [2I4I, and Artemov j[l]. 
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But this means, first/ that they are not valehtly aware of the minus 
sign, and, second, that in both cases the parabolas are constructed on . 
th^.basis of the actualization of'^a^infile association, the first link 

o/ which can include only an awareness of the .cossmon^eatures. (or of some 

■ , ' ;^ 2 ' ^ ^ 

of ^ them) of the expressions y « ax for a > 0 and a < 0*» The second term 

of this association constitutes the second t'erm of one of the simi-lar 

associations formed earlier (the pupils encounter the parabola of the type 
2 

y « X before their systematic stiudy of the unit "Functions and Graphs"). 
The actualization of this* assoQiation engenders a merging error., in the' - 
construction of parabo'las for y » ax (a < 0). * 

Many other similar examples from the practice of mathematics instruc- 
tion could be cited. All of this provided a basis for fojrmulating the 
following feature of mastering mathematics in similar situations: 
Lf 1) a definite response operation is generated for some 
complex stimulus; 2) a new response operation is generated 
for a new complex stimulus; 3) such complex stimuli have only 
one component apiece with which these stimuli are differentiated 
from one another and all other components identical, then 1) 
initially, the awareness of the distinctive component of the 
second complex can be invalent or seldom valent; 2) the aware- 
ness "of identical components o^ of some of them can be fully ^ 
valent (that is, sucK that a response operation depencTs only 
on these components) , * 

Schematically ; If the t^ond M(a, b^ c, d)— m is generated and the bond 

N(a, b, c, 1) — n is formed, then a different bond N(a, b, c, 1) — m often 

« 

arises, which engenders an error. » 

To diminish the negative influence of this peculiarity of "mastering 
mathematics, it J.s essential to foresee which component of the newly intro- 
duced complex stimulus might turn out to be invalent the first time it is 
taught • For this purpose it is clearly essential to conduct a microanalysis 
of similar situations. The subsequent task consists in equalizing the valen 
of awareness of the distinct components of complex stimuli. We can suppose 
that the method of comparison is the most suitable for this. The use of it 
forces the pupils to differentiate the similar and the distinct in similar 
situations and will contribute to the formation of essential similar situati 
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- The method of coiaparlson has not found proper reflection in the » 

mathematics educational and methods literature, and, in particular, It 

is not used in similar situations.' In Larichevjs problem ^book [ll] ^ 

.there are a small number of exerjrises requiring that what is similar and 

what is disti^nct be established. However, a detailed ^analysis show^ that 

they are inferior when it comes td .the formaiion or^similar associations. 

For example, in Problem 1777 one^ is asked to construct, the( graph of the 

Junctions y 2x -K 3 and y * -2x + 3, and. to establish* the similaJ^fty ^ 

and. difference in the constructed graphs. These exercises, a« it\is easy - > 

to show, are executed in similar situations. Consequently, to idealize th^ 

r ■ ■ ■ p - 

two similar associations should be formed or ^ consolidated . 

In the research of psychologists it has been established that .f a 
needed association to arise and be reinforced in a pupil as a Tesult of, 
doing exercises, it is essential that the ongoing processes in t\\e execu- 
tion of these exercises strictly correspond to the first and second term.; 
of this association [19]. 

In the execution of the exercise that ^we are analyzing, th^ borids 
of. the processes constituting the terms ^of similar associations are ^\ot 
envisaged. The difference in the location of .the straight lines is not 
placed in relationship to the sign preceding the coefficient 2. For 
essenti^i associations to be formed , however , it is iiqportant to expose not 
only what is similar 'and what is distinct in the graphs bu»t also to 

establish what engenders such distinction. Only in this case will the 

^ / 

processes occurring in the execution of an exercise strictly correspond to 

the processes forming the terms of similar associations, and one can count 

on the formation of the necessary associatiionR . This is just what is lacki 

in the exercise we have been coi^^pidering . 

• Report VI : The Kxperimental Substantiation of the Methodology 
PX Teaching Mathematics in Similar Situations * 

. In our preceding Report we noted that in t)ie study of mathematics 
one often has to produce in the pupils distinct response operations for 
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complex stimuli, similar in all component's except one, namely: 
^(a, b, c, .... k, m)- — p and B(a, b, c, k, n)- — r. The 'situatilbns in 

which response operations are produced for suck complex st£mul:^were called 
similar. ' On the basr5rx»a qualitative analysis of the results of observations 
it was'estab^JLahed, for the instruction of pupils in similar pituations, that 
if an association 'A(a, b^ c, ...j^k, iii) — ^-p is formed, and Igter (of t-en rafter 

a prptracted interval) an association B(a,'b, c, k, n) r/i^ formed, 

then initially the Qom]^onant n, in the second complex cari be seldom valent 
or lnvalent> t)n the. qth'e^ hand, ^the' coismon components of ^oth cqmplex stimuli 
(oi: feome of them) can be* fully valent . The' result is that instead of two 
essential (similaiO associations, the pupils form one, the actualization of 
-which can engender errors in operatiba (mergfSlg errors). It was suggested 
that in similar situations one should. \fBe the method of juxtaposition, in 
order »to heighten the effectiveness of the instruction. In the present 
repofti^ an experimental substantiation of this suggestion is set forth. All 
of the experiments were done by the meth^od of cross-comparison [2l]. 



First , series (trial experiments) / 

, ' The study in grade 9 of the graphic solution of systems of two linear 

* ' * 14 

inequalities; and of linear equations presents similar situations* In fact, 

the graphs of straight lines are ctinstructed in both the former and the 

latter cases after appropriate transf ormati^irfs. ^ut in solving a systesi of 

equalities the common values of the arguiAent X for which both inequalities 

are satisfied afre found on the axis of abscissas . In solving systems of 

equations, the abscissa and the ordinate of %e point of intseysec tion of ^ 

the straight, lines are found, * 

The topics named were studied 'in parallel fashion during two lessons, "^^^ 

The appropriate exercises were selected haphazardly — one or two on systems 

of inequalities, then on'systenifi' of equations, then on Inequalities aga,in, 



14 

The graphic solution of systems of Inequalities is not directly 

specified in the curriculum. However, since it Is not eJ^^bora^e in 
content, it was done for experimental purposes. 



''^^Schqol Number 4 in Penza* 
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and so on. At the same tifne the pupils were reqtiired to clarify what was 
similar and what was distinct in^the solution of inequalities and equations, 
and ^ere obliged to disclose the reasans that gave rise"^o dist:i . nc?4:i6n in 
the^operation , In atl^er words, the instruction was done by the method of 
alternating juxtaposition and was intended to create in the *pupils an 
/objective of differentiating' the similar and the dist;inct 'in, similar -situation 
In the third lesson written work was done independently, whereby one had to , 
solve aystems of inequalities and of equations graphically. ^ Of 33 pupils,.^ 
3 made a merging, error (i, approximately, 9%). In finding the solution 

of system of inequalities, they performed operations ^ that were adequate 
* for solving a system of equations* . ' ^ 

. After this we, spent two lessons, with the 3ame pupils, reviewing the 
construction of graphs of quadratic trinomials and the disclosure, on graphs, 
of the increase and decrease of the given functions. In doing these exercises 
one had to compare distinct values of functions by comparing appropriate 
segments parallel to the y-axis . The situations arising here, of comparison 
of positive and negative values of functions, are similar. But, in contrast 
to the preceding case, there was no special comparison of ^at was similar ^ 
and what was distinct in doing the ^^xercises . ^ 

In the Vritten work, which was also don^ in the third lesson, 13 of 33 
pupils^- (approximately 39%) made a merging error. The error consisted in « 
comparing' segments without their direction into account . The greatest 
value of a function was always correlated with the segment of greatest length. 
This means that for pupils who made merging errors, instead of two similar 
distinct associations, only one erroneous association was formed and functione 

■ The awareness of tXxn direction of the segments was Invalent. 

Later on (parallel with the study of the curricular material) a com- 
parison of the values of functions based on graphs was repeated by means of 
alternating juxtaposition of tlie similar and tlie distinct^ and by disclosing 
the reasons giving rise to n distinction in the cencliisions. In the tepeated 
written work, which ^was done two weeks after the first, exercises were in- 
cluded on the graphic solution of systems of inequal iti-es and equations and 
the comparison of the values of functions by graphs. Three out of 34 pupils 
Tuade a merging error having to jdo With systems of ineqiialitlRS and equations 
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'<9%) . It' is apprffent that the method of a*lfernating juxtaposition promotes 

a sufficiency stable formation of necessary similar associations. - . i 
* ■' ■ •■" ^ . 

Seven persons (21^) &ade merging errors in performing the assignm4nt ^ , 

on th^ comparison of tho^valueq of functions- using graphs. If we compare 

this result with the' result of the preceding work, we. can observe that 

application of the method of alternating juxtapc^ifion has resulted in an 

improvement *in the pupils abilities*. ' ^ 

Second ser'les, • ^ . • ^ ^ ' ^/ . • . . 

To exclude th^ influence of random^ ^^ctors (individual traits of the 

teacheS: and pupils, content of thfe learning material, and the like), a second 

♦ . ■> 

series of experiments was conducted. The subjects were pupils in the eighth 

grade. The experimental material was the content of the sec6nd and third 



tests for similarity of triangles. The study of these was done in situations 
simi-lar to the study of the corresponding tests for congruence o^ triangles. 

The experiment was done by the following method. In each school two 
classes taught by the same teacher were selected. In each class one^est 
for similarity was studied using the method of contrasting it witH a c6rre- 
sppnding test for congruence (t>e method of juxtaposition) ; a second test for 
similarity was studied in the usuAl way — without cqntrastlng — following 
the- content of the textbook and the problem-book in geometry. For the study 
of both teats for similarity, two lessons apiece were set aside, without 
relying on the methodology of exposition. In the first lesson the content 
of the test and its proof were examined, and problems were solved; in the 
..secqnd, the problem solving was continued, and at the end of the lesson writt 
testing was .done for approximately twenty minutes. 

The juxtaposition was done according to this plan: a) Three pairs of tri- 
angles (congruent, similar, noncongruent , and dissimilar) were constructed 
to correspond to the test for similarity being studied. The pupils did this 
assignment at home. Then what was similar and what was distinct in the data" 



'^^Schools Number 4 ^nd Number. 54 in Penza; teachers V, I). Sal'nikova 
and T, A. Polubarklna. , , 
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for construction were clarified, as were the di^stinctions in the conclusions 
that engendered the* dis tine tdons in^th^ dataf b> Affeer proof of the test 
for similarity, its , content was juxtaposed with the appropriate test for^r^ 
congruence, c) Included among the exercises, for consolidation of the test * 
^for similarity was the solution of problems requiring .the applicAtion of a 
corresponding test fc^r congruence of triangles. For example,* in the study 

• of the third test for sltnilarity by the method of juxtaposition^ 7 problems^ 

• were' solved (including a homework assignment) before doing tlie test -work; 

. J of these were-^n the applicatibn of the thir4 test for congruenc4J•^ In a 
, parallel class — at the same -time — all 7 problei^3 c6vered only the .third test 
, for similarity in their content, • , . - , 

Among the tasks on the test we^ these: ^ * ' 

1. " The ratios between the three pairs 'of corresponding sides 

of two triangles are known. What can these triangles be? 

2. In two triangles there is on^ equal angle, and the lengths 

^ of the sides containing these angles are known* What can the 
given triangles be? 

Correct answers are possible only when distinct similar associations 
are present and actualized. An indication of three possible types of trd- 
angles (congruent, similar, unequal, and dissimilar) was regarded as a com- 
plete answer and signalled 'the presence of -the necessary similar Associations 
ii^ the pupils , , 

The results of the experiments, formed by methods o\ statistics, are 
'consolidated in Tables 2 and 3. 

TABLE 2 , ' 
EXPOSITION OF LFARNING MATERIAL USING METHOD OF JUXTAPOSITION 



Number "^f 
Types of 
Triangle 


Frequency 


Total 
Observation 


Mean 


Standard 
Derivit ive 


Coefficient of 
Variation 
(percent) 


3 


57 


171 








. 2 ' 


27 


■ ' 54 


249 












109 






1 




24 


^ 2.28 




36,8 


0 ' 


1 


0. 










• 










Total 


109 


249 
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EXPOSITION Of LEAtlNING MATERIAL WITHOUT JUXTAPOSITION 



dumber of 
Types ot\ 
Triangle^ 



Frequency . Total \ Mean 
Observation 



Standarc 
aviation 



- 3 
, 2 

• 1 

0 

Total 



.34 
23 
47 
10 

114 



102 

% 

47v 
0 

195 . 




^fflci'ent of ' 
Variation 
(percent) 



^ 



\I95 



'"0.99 



1.62 




The less s^ndard deviation and coefficient of variation, the>*t>etter 
the results (on the average). -A comparison of the means, ^tandaj^ devia- ♦ 
tion, and coefficients "of Variation speaks in favor "of expositic^ using the 
method of juxtaposition. \.. ^ 

When we calculate the relraKility criteria for the difference t^ of 
the. results of experiments ±^ whi^h the relationship of phenomena is studle'd 
(for us it is the .relationship between the ability to differentiate the simi- 
lar and the distinct, a^d the method of instruction), we obtain t_ > 3. It 
follows frpm this that the reliability of the difference according to^^he 
two teaching methods can be regarded as proved [2p], / 



Conclusions 

The validity of the previously formulated peculiarity of the mastery 

of mathematics in' similar situations was confirmed. Actual-ly, we proceeded 

from the fact that In similar situations some components of complex stimuli 

can prove to be invalent. During one case of instruction, measures were 

tal<Len to increase the valence of awareness of such a 'component; in another 

this was not done. The results of instruction of the same examinees in the 

first case proved to be essentially better than in the second. Consequently, 

the content of this peculiarity reflects with objective correctness the cours 

of instruction In similar situaticms. 

Without the teacher'^del iberate intervention, many pupils often form 
4: 
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erroneous associations in similar situations; the formation of ess*entlal 
similar associations is' "done with considerable expenditure of time and 
effort. The methdd^ of juxtaposition is quite an* effective means of form-- 
ing similar associations. It can be r'eaJ^ized in different variant9. ^ut 



in all c^es the methodological task consists in malcing valent the aware- 
ness of a seldjom valent or invalent component of a complex stimulus. « 

Whenever, possible, a parallel study of learning material ^should be 
envisaged in similaiT situation^ with int;erchanged exercises^ on the formation 
of j similar associations. If similar associat;>.oris are separated- by a signi- 
^f leant time interval, it is advi^ble for the exposition of the learning 
material in the second situation to be done in juxtaposition with 'the learn- 
ing material of the first, which undouitedly is one effective device for 
reviewing material that has been coveradv- In this case the inclusion in 
the second similar situation of a small fftSiber of exercises (done at random) 
from the first (previously encountered) one promotes thie formation of suffi- 
ciently s-table. and easily actualized similar association^^ No additional 
expenditure of time is required- ^fo^ this (as experiment/ have shown). 
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ON T^. PRPCES5 OF SEA^HING FOR AN UNKNOWN WHII,E S0LVIN6 
^ A" MENTAL PROBLEM* . * 

Reports 1; The Hole of the Problem in thp Thought: Process* * 

■s . - . 

In the pisychology of thought a generally correct thesis has 
long bean firmly estabxished~^ven In thfe Wiirzburg school — to the 
effect that the course "of solving a problem is ci^termined primarily 
by t,fae problem itself in -its original formulation, in particular by 

requirements of the problem [2, 7, 17j. *In' contrast to -the 
'problematic situation, a problem (the posing of an initial question, 
of a requirement, and so forth) immediately seems to establish an ^ 
initial determination for thought, which determines the general 
direction of a search for the unknown- This thesis is largely true, 
but when it is given a one-sided treatm^t, it can be inadequate 
for a comprehension of the subsequent determination of thought* 
Very often this results in a metaphysical break between the initial 
and the subsequent determinant ions of the mental process. Such a 
bre^ik appears especially sharply if the problem is regarded only 
ds a starting stimulus. Just launching the thought according tcu 
the prfmciple of an external Incitement and* then in no way participating 
in its determination . This interpretation of a problem, which 
originates, as| we know, with Selz [15, 16], is retained — more 
or less obvioua^ly — in every psychological theory that is limited 
to^a general thesis according to which the course of a problem's 
solution is determined by the problem itself,' the direction of a 
search for an unknown is provided by the Initial question, the 
Requirement, and so on* (The same' inte^rpretation of the role of 
the problem in thinking has r,ecently been revived in gnosiology, 
cybernetics , the so-called heuristics, and in other fields.) 



*0f the Psychology Sectpr of the Institute of Philosophy of the ) 
USSR Academy of Sciences. Published in Ijfew Re search : P sychology , / 
1966, Vol. 6, 98-101 and^l966. Vol, 7, 129-132. 

**Translated by Harvey Edelberg. 
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Such a break between the initial and the subsequent determina- 
tions of thought means, essentially, the "reduction of the latter to 
the former. As a result the first stages of the thought process 
acquire a self-contained, exclusive significance, determining the 
course of thought, without contact with its subsequent staged* 
In the end, such an isolation leads to the elimination pf any 
determined quality'in thinking. A Mchanistic approach to determiha7 
tion, as to the external incitement, in fact quite annihilates it, 

A way out consists in understanding thought .as a process, 
as an aptivity (of the individual!). To treat it 4^ a process, as 
Rubinstein [12, 13, 14] "has done, means primarily to understand 
the determination of thought as a process ^interac^iions between^ 
the initial, external and the specific, internal conditions of 
mental activity). This is a process of continuous interaction , 
between the thinking subject and the knowable . object , ^the objective 
content of the problem being solved. The determination of thc(t^ht 
(as of any human action, in general) and its performance take place 
at the same time. It is not given indigenously as something entirely 
readyinade; it is formed,, it develops gradiaally — that is, it appears 
in the^ form of a process. Only in the course ofw thought itself 
are the specific, intemaf conditions for its further development 
created; the pr^j^cts or results of the thought are themselves 
included in it as preconditions ior its subsequent coutse, arid they 
become the means of subsequent analysis. The determination of the 
mental process is by no means formed jus^at some one stage (such ^ 
the initial one) or at a few stages of the thought -process — in " . 
particular, in the case of an "insight*' that arose no one knows how -.^ 
(guessing, etc.). All determinat iqn of thought is formed a^ a 
process— that is, it is formed continuously (but not necessarily 
unifcrmly) at all stages of mental activity. 

To confine ouarselves to one example: In the opinion of many 
psychologists, the solution of a problem involving the use of a 
general principle breaks down into two stages. In the begihning, 
in the first, creative stage, a principle is found that determines 
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the subsequent course of solution; then in the ^efiopd stage the 

principle is applied to the solution. This, in particular , is 

the position taken by Duuckar [4], as Hun?)hreii cori^ctly observes [6]. 

This iSestalt psychology treatnient of the relationship between 
the stages of thinking gathers up the deteimiittation of it into 
just one of its stages (insight). This difficulty is overcome 
if thinking is regarded as a process. 

^ In Slavskaya's research [iS] it is shown that the afSSlysis 
of a problem and the actualization of a^'^^heorem (a. principle for » 
the solution) are not separate from each other, like two alt^n 
.stages; they are intertwined, so that t»he general proposition 
(principle, theorem) 4nd the particular . conditions of the problem 
are continuously correlated with one another at every link in 
the mental process [l4, 18]. 

Thus, it is utterly insufficient to' limit oneself '£o a general 
thesis according to which the course of thought, the solution 
to a problem, is determined primarily by the problem itself (in fts 
original formulation). The determination of thought is a process — 
that is, in the course of cognitive :activity 'all new properties 
of an object are' continuously revealed, as a result of which all 
new determinants, which determine the course of the mental process, 
arise. From this standpoint, a gradual isolation of wh at is* being 
sought (the unknown) is essential, proceeding from its relations 
with the unknown iS^he problem, which (the relations) ar^^jm^nif ested 
and analyzed step by j§?^p in the course of the thought. An 
unknown is not an absolute vacuum with which it is impossible to 
operate in any way. It exists in a definite system of relationships 
that connect it with what is alrea'dy given (knovt^) in the problem. 
For example, the requirement of a problem is to pVove that three 
segments intersect at one point (under certain conditions, which we 
.omit here, for simplicity)* Special experiments show (see [s] for , ■ , 
more detail) how, in the process of thinking, it beco^pes clear that 
three segments can intersect at three different points, and 
therefore it must be substantiated that these points coincide in 
one point. 
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Pxx5ceeding from the dismembered relationships^ (coincidence) 
between these points, as well as from other connections between the 
elements of the problem, one succeeds in isola/l^g what is to be 
found — while still in a very approximate definition • of it.# The 
unknown here is certain "dimensions" of the parts into which the 
three segments are divided by their point of intersection Xthen it 
is clarified that the three segments are diagonals of parallelograms 
and consequently are divided, in half when they intersect; this then 
leads to the 'solution of the problem). Therefore, we must 
distinguish between the requirement of a prob^ejoa and the unknown. 
The former is, given in' the original formulation of the problem; 
the latter must be singled out gradually, in the ptocfss of solving 

it. * V- 



Report li : Distinguishing Between the Requirement o^ a 
Problem and What Is Being Soupht* 

In the psychology of thou(ght;' and in pedagogy [l, 10, ;L1] one 
usually identifies a problem's requirement and what is being sought, 
the finding of which constitute^ a solution to^the problem. Special 
analysis of this question, hoj^ver, leads to the conclusion that 
such an ident if ica tion . ls,-^valid . 

In the requirement of a problem (insofar as it is distinguished 
from a problem situation— s^e [5, 8]) definite points of departure 
for isolating and describing the unknown are indicated or sometimes 



We know from the history qf psychology that, in itself, the 
role of relationships (between elements of a problem) for the solution 
of a problem has been noted repeatedly. For example, Selz [l5, 16] 
compares a problematic complex with an uncompleted form or diagram, 
in which there is a blank that needs to be filled in. This blank can 
be filled in by having due regard for the relationships of this unknown 
to the known components of the complex. However, an analysis of 
Selz's interesting work shows that these relationships usually turn ^ 
out to be in the previous dat^, kqown from the formulation of the 
task. In realify, the person wko solves a problem should himself 
discover these relationships, which are the starting point for 
subsequently determining what is to be found. In the experiment we paid 
particular attention to this discovery of relationships by the examinees^. 

^Translated by Joan W, Teller. . 
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vgiven directly. ' But the ninknown (what is being sought) is such thit 
^ v|jt is not given, but only specified by the initial conditions and 

'\;^ ;^6 requirement of the problem. Only a part of what is being 

sought is outlined, as it were, in a problem's requirement (question); 
tThe entire unknown is specified by the entire problem. Therefore 
it is impossible to identl/y what is being sought with the requirement 
by reducing the former to the latter. This is especially clear with 
respect to problems on proof. * 

In the ^requirement problem on proof, a proposition that 

is subject to Substantiation is formulated directly. What is being 
sought, consequently, i^ not this given (known) proposition, but 
only its logical basis, about which nothing is stated directly 
in the px;oblem* Here the problem's requirement and what is being 
sought are separated in an obvious way. 

The distinction between what is being sought and the requirement 

o (the question) cati appear in a way that is not so obvious in problems 
dn computation (in which one is required to compute, for example, 
the weight of an indicated object)* But even then what is being 
sought is not, of course, the, technique of calculation, not the 
computational operati^ms of. addition, multiplication, etc. (them*- 
selves not requiring thinking) , but the general relationships 
(physical, mathematical, etc.) that are contained only implicitly 
in the given concrete problem and on the basis of which the entire 
technique p. f calculation is then performed almost automatically. 
What is being stpught in the problem is not the definite , specific 
weight, .volume, etc., of a specific object, but rather the general 
essential interrelations between the weight and the other properties 
of objects appearing in the particular case, which are not revealed, 
by the original formulation of the problem. 

In the formulation of any problem (in -contrast to a problem 
situatiorf), the Initial conditions and the requirement are given . 
If they are given, then they do not have to be sought. We need! 
to search for thei^b foundations, causes, consequences, i^iterrelationships , 
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etc,, about which nothing is stated in the initial formiilation of the 
pi^oblem. These constitute what is being sought* 

^ The basic point of our distinction between a problem's 

]^ " ' 

' ' requirement and what is being sought consists in the following: A 
problem's requirement can be given even, as it were, from without, 
from the side (by an experimenter, an instructor, a practical worker 
who confronts the scientist with a problem, and so on); by contrast, 
what is being sought is distinguished and formulated only by the 
person solving the problem, (of course, the latter, in a nundSer of 
cases, can also formulate a problem's requirement himself). 

A view that what is being sought and a problem's requirement 
are identical is a natural consequence of a restricted understanding 
of the latter. According to such a restricted understanding, the 
process of solving a prob^l^xia is determined. »by the problem itself 
(in its initial formulation). Here the initial, opening determination 
of thought is made absolute, with an underestimation of the 
determination following it, which develops in proportion as 
the problem is transformed. In its extreme expression what is being 
sought and the prpl?lem ' tin its original f ora^lation) are identical. 
A^ a result, sub^eij^ent 'deteriuination of thought may turn out to 
be less essential or altogether superfluous, since the initial 
formulation of the problem— entirely by itself — predetermines . 
the entire subsequent course of the cognitive activity. The 
determination of thought as a process is not envisaged in the least 
here. Such a predetermining, proceeding from the initial formulation 
of the problem,^ can result in a complete coincidence of the character- 
istics of what is being sought, the unknown, with the way in which 
it 4.S directly characterized in this formulation (the explicit content 



We nedS to make a distinction not only between the requirement 
-of. a problem iffia^hat Is being sought, but also between what is 
being sought an^ the unknown . Not every unknown becomes what 1? being 
sought straight qway (but, of course, everything that is 
being sought is at first unknown), j^is appears especially distinctly 
when arithmetic problems are solved ^gebralcally, when one designates 
the "unknown". by X and operates w*ft^ it^as something known, during 
the search for other unknowns, which have become what is immediately 
being, sought. In the requirement of pr^^blems on computation such an 
unknown can be I'ndicated, but it is not what 1^ being sought in the 
proper sense of the word. In some cases (see below) such a distinction 
between wliat is being sought and the unknown can be disregarded. 
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of the fonmilation) • In other words» more and more meaningful 
definitioos of what is being soug^it, which are obtained only 
gradually and with difficulty in the course of the entire mental 
process of solving a problem^ with such a notion of its structure ^ 
are directly identified with characteristic^ of an unknown that 
are imniediately given and still quite indefinite » being contain^ 
only in the Initial formulation of the problem, i^e., in particular, 
ln*Nt^he problem^ s requiren^nt* -The conception of a problem's 
requirement and w^t is being sou^t as identical is therefore a 
particular case of the conception of the problem and what is being 
sought (replacing what is being sought by a problem) as identical. 

Viewing a problem* s requirement and what is being s^oUjght (the 
unknown) as Identical leads to an Inadequate understanding of the 
latter. M^y authors, §dherlng to the idea of such a view [9, 10 ]» 
suppose that in the thought process one must be guided by the 
following heuristic rules:* ."Look at the unknown,!' "We must concentrate 
on the unknown," **^rom the very beginning one nuist clearly see 
what is being sought," and so*on. This is just the same as advising 
a blind man to look carefully ahead. Though the unknown, what 
is being sought, is really unknown, we are still faced with son^how 
selecting, gradually isolating all of the richness of its attj-ibutes, 
etc. It is simply inq>ossible to see at once and clearly "what 
is being sought^" If it were possible, then ti^re would be nothing 
to look for ot" to solve; no problem would remain. 

Other so-called heuristic rules are Just as inadequate: 
"Look at what is known" and "Look at the unknown," "Transform the 
unknown elements" and "Transform the given elements" [lO ]. 
Consequently, it is suggested that both the known and the unknown ^ 
be subjected to identical operations ("examining," "transforming," . 
etc.). As it turns out, one can operate with the unknown in exactly 
the same j^ay as with what is known. Here every specif ijc feature 
of the unknown that distinguishes it from what is given disappears. * ^ 
Thus the matter of the question (which as it were, introduces or 
projects the unknown is ignored, and the matter is primarily 

n ■ 

psychological. It is no coincidence that logic could not ev6n 
approach it. ■• , 
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What is being sought and the requirements of a problem ^c#re^sa4e 
identical first by replacing the former by the latter. For, e^xample, 
the authors of the above-mentioned naes of thought [lO], without noticing 
themselves, usually mean, in reality, by an unknown or what is being 
sought precisely the requirement (question) of a problem^ But the 
requirement of a problem is always known, since it is given in its 
initial formulation. Then the only unknown here turns out to be 
only the connection betw^n what is being sought and what is given, 
since what is being soiight here is replaced >by the requirement of 
a problem, that is, what is given, known. The source and the 
erroneousnes^ of the widespread . view by which everything is reduced 
merely. to the necessity of revealing connections between what is 

rb^ing sought and \^at is glv^n are thereby reyealed. Such a 

\ - ^' ' 

deduction can assume that what is being sought is already determined, 

and one has only to find its connections with what is known or given. 

That is, first what is being sought is' found — outside this connection, 

as it were, and then the connection as well is found. In reality, 

the one is determined only by the other in the process of analysis 

J . 
through synthesis. j , 

\ Thus three positions "that might at first glance seem quite \ 

» ^ remote from one another open to criticism come together here: 

a) the course of solving a problem is determined by the problem 

itself; b) what is being sought is identical with the requirement 

of a problem; c) in the course of solving a problem one must discover , 

(only) the connection between what is being sought and what is given. 

These views can be surmounted if we regard the determination of 

thought as a process — in the sense of the word as we designated it 

in our initial report. 
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■' THE MECHANISMS OF SOLVING ARITHMETIC PROBLEMS 

L. M. Fridman* 

Much psychological and methodological research (Menchinskaya 

fl 

[5, 6K Kalinykova [4], Yaroshchuk [12], Talyzina [10], SchedrovitsUi 
{9], et alO hag. been done on the questions involved in solving arith- 
metic problems. This v«)rk includes material' that describes the solving 
of arithmetic proljlems by experimental subjects of various ages— 
frotn pre-schoolers to adults. However, no integral theory of the 
mechanisms of this process has yet been created. There is reason to 
assume that one of the essential obstacles in the creation' of such a 
theory is the very method of approaching the establishment of mechanisiM 
of solving the problems. / 

In the first place, the problem-solving processes are most often 
investigated with subjects who have somehow already learned how to 
solve problems <and not necessarily in school). As a matter of fact, 
a fully determined mechanism' of problem solving is investigated, whicl^""' 
is the consequence of certain methods of instruction,, established his- 
torically in the methodology of arithmetic. But is this mechanism 
optional? It is possible to posit other methods of learning, which 
yield other mechanisms of solving problems and different results from 
those which have been investigated? 

Second, many investigators do not define precisely the concept 
of a problem in general "ainfl of an arithmetic problem in particular, 
assuming, evidently, that a ^'problem" is something simple and generally 



* Of the ctt"^ of Sernukhov. Published in Questions of Psychology , 
1967, No. 2, 79-87. Translated by Ann Cogan. 
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known and therefore does not nead a special definition,. At best the 
following definition, widely used in methodology, is cited: "An 
arithmetic problem is a question in which one is to use arithmetical 
operations *to find an unknown ntaaber (or numbers) accor(Hjxg to given 
numbers [1:67] J' Such a definition can mean almost any prAblenrt^ot 
just an arithmetical one»_ By relying on it, it is dif f icUAL.to^con-' 
struct a psychological Investigation of mental activity. 

Considerable difficulties are also related to the questions of 
the essence of the solution of arithmetic problems. This process 
can be considered from various points of view: mathematically — which 
mathematical operations should be performed in order to answer the 
question of the probleoa; log;ically — of which logical operations does 

the process of solving problems of various types consist; psychologically 

_^ 

of which mental operattOJ^ does the solution process consist^ educa;- 
tlonally — what are the teaching devices for developing an ability .to 
solve the probleids in the pupils? Investigating the solving process 
from the psychological or educational aspect, one must present clearly / 
the essence of this process from the standpoint of logic and mathe- / 
matical features of arithmetic problems only vaguely. A special and 
careful examination of this aspect of the problem is necessary as an , 
important prerequisite to psychological research into mechanisms of 
solving. ' . ' 

We have conducted an analysis of the logical-mathematical char- 
acteristics of arithmetic problems and have constructed a hypothesis 
about the mechanisms of solving th&a |3]. Underlyinjf^it was a dis- 
tinctive methodology of teaching the solution of arithmetic and algebra 
problems, which has been tested experimentally for several years in 
a number of schools in the Sverdlovsk province, under the direction of 
Semenov [7, 8] and in the Tadzhlk Soviet Socialist Republic, under 
the direction of Asimov [2] and Turfttskll [11]. The positive results 
of these trials permit us to think that the hypothesis we have advanced 
describes correctly the basic characteristics of the mechanisms of 
solving arithmetic problems. In a short article there is no oppcy^unity 
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to explain in detail the whole course of the analysis of the problem 
and of its experimental elaboration (this has been done in enough 
detail in a number of works. [3, 8, 11]), We ^hall dwell on several 
questions of principle, expecially slpnificant, in our opinion, for 
future, strictly psychological investigations in this area. 

T^he generic concept of an "arithmetic problem" is a "problem 
• situation," 'by which we mean the following. The quantitative aspect 
of any phenomenon (Recess, event) of reality is characterized by 
many quantities, each of which assumes a certain value at a given 
moment. To characterize the quantitative aspect of a phenomenon there 
is no need to know the values of all the quantities, for they are bound • 
together \by several relationships * Based on known vajues of some quan- 
titles we can find out (calculate) the values of other quantities, which 
characterize the same phenomenon^ We call this situation the "problem 
situation J' To calculate the unknown values of sotne quantities that 
^ characterize such a situation, one must first translate it into math- 
ematical language or, as they say, construct a mathematical model of 
it. Constructing such a model of a real situation on a psychological 
level is not the act of a single moment, but a complex process of many 
steps, \?iftich involves constructing a whole sequence of models of the 
situation from the simplest ones to the most abstract, rigorously 
mathematical (symbolic) ones.' In this sequence three basic types of. 
models can be isolated: 

I, The object-model : It is made of any standard objects (small 
sticks ♦ cubes, nuts, etc.) and represents the values of the quantities 
and their interrelationships on the basis of an actual reproduction 
of the operations that characterize these relationships. 

We regard the object-model as dynamic. Of course, it can also 
be treated as the construction of a chain of static models—here the 
transfer from one link to the next is made in conformity with the 
operations that characterize these relationships. 

II. The verbal m odel , or strictly ar ithmetical problem, of which 
the -verbal specification of " individual values of quantities and the 

m . ^ 



verbal specification of relationships between these values are the 
basic, primary elements. ^ 

The verbal specification of individual .values usually consists . 
of the following three parts: ^ the name of the quantity -to which 
a glveih value refers; sometimes The name itself is omitted, but then 
theVynJ-ts of .measure in which the value is specified must be indi-- 
cated, so that it will be easy to establish the name of the quantity, 
when needed; the indication of characteristics of the given value 
that distinguish it from other values of the same quantity; 3) t$|£fc 
numerical extent of a given value, if it is lyiown. 

We shall illustrate this with the following problem: 

The distance from A to B on a railroad is equal to 
200 kilometers, and from B to C it is 400 kilometers* 
V^^at* is the distance on the railroad fjrom A to C, 
. /passing through B? 
' >^ ^ 
In this problem one quantity is considered — the path (distance) spec- 

ified by 'three of its values. The first value is specified as; "The 
distance from A to B on a railroad is equal to 200 kilometers.'^ It 
consists of three parts: * 1) ''the distance" — tVfc name of the quantity; 
2) • .from A to B on a railroad" — the indication of the character- 
istics of the given value; 3) "200 kilometers" — the numerical extent 
of the value. 

The second value of the quantity under consideration is specif iedJ 
"and from B to C it is 400 kilometers." Here there are the same three 
parts, but the first is understood because it is the same as for the 
first value. The third value is specified somewhat differently: "What 
is .the distance on the railroad from A to C, passing through B?" Here 
there are two of the three parts: 1) ".' . .the distance" — the name of 
the quantity; 2) ". . .on the railroad from A t^o C, passing through 
B" — the indication of characteristics of this value. The third part — 
the numerical extent — Is missing. This shows that the given value of , 
the quantity is unknown > Since the question "What?" is included in its 
specification, this value is the unknown that we are searching for. 



218 



mc 



231 



Tbils, if the specification of the value of a quantity includes all 
three parts, then this value is kno\TO (given); if the third part 
(the indication of numerical extent) is lacking in the specification,., 
then that value is unknown . Unknown values of quantities occur in 
three types: | 

a) the desired ^nes, the extent of which we are to find; finding 
the numerical extent of these unknowns is the ^ immediate aim of solving 
arithmetic problems. That the given unknown value of the quantity 

is sough'^^'for" is easy to establlsh^^ the, very method of specifying 
this vkiuei^ The specification always Includes an Indication of the 
need to find the numerical extent in the* form of a question asking 
"How much?" Dr something equivalent. • 

b) auxiliary or > intermediate unknowns, the extent pf whicli 
does\not have to be found, according to the question, but one can 
and should find them while solving the problem. 

c) the undetermined unknowns, the extent of which is also not 
required and cannot be' found, in the conditions of the problem, but 
without them it is Impossible to establish ties—correlations with 
other values of the quantities. ;^ " . 

Let us examine examples of/ these values of the quantities , using 
the text of the following problem: 

One worker working alone can finish a task- in 6 
i hours. A second worker working alone can finish 

the same task. in 4 hours more than the first. In 
how much, time can both workers together finish 
this task? 

Here three values are examined: the time spent on the task, the amount 
of work, and the productivity of the workers. ITie first quantity was 
assigned three values:. ^a) a. known value for the first worker's time 
<6 hours); b) an unknown auxiliary value for the second worker's time; 
and c) a desired unknown value for the time of their combined work. 
The indication ",. . . in 4 hours more than the first" is the value of 
the quantity of the difference relat^ionship betvsien the first two value 
and serves , to connect them. 
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The second quantity (the amount of work) is assigned one value 
without aji indication of ..the numerical extent Ca task," "the same 
task," "this task"). Therefore it is unknown. In its verbal spec- ' 
ification the question of "How muctT?^ is^not inclilded, but'^n anal- 
ysis of the problem's content shows th^ the extent of this value 
cannot be found from the text of the problem, afid that, consequently, 
- this is an undetermined value. The tKird quantity (pro^ductivity) 

is not even named, but since the problem* specifies quantities for ^ 
the amount 6f work and' the time spent on it, the quantity of \heir 
relatipnship is thus also specif l&d—the productivity of the worker's.. 
• It has three values: "the fir^t worker's ptoductivity , the second 
worker's, and the productivity of their combined efforts.- Ally of 
' these three unknown values are undetermined, on account of the 
undetermined value of the quantity of the amount of work. 

A little further on, we shall examine methods of speci- 
fying relationships .between the values of quantities in arithmetic 
^ problems. ^ , 

III, The mathemat'ically symbolic model of feal situations has 
two aspects: 1) a numerical formula or group of numerical formulas, 
according to which dne\an calculate the numerical extent of the 
desired values of quantit^ies; 2) an equation or system of equations, 
the solution of which yields the numerical extent of the desired * 
values o£ quantities • We shall call t;he first aspect of the math- 
emaiical* model an arithmetic^ mgdeJ^of this ^situation, and the 
second — an algeb raic model, . 

All oth^r -mod'els that-are constructed during >a transition from 
a real situation to a ^mathematical expression of it i^||e the essence 
of a different kind of modification of the three types of models 
indicated above*. ^ 

let us examine elementary forms of situations, the mathematical •> 
model of which can 'be written^ with the help of -a numerical formula 
containing only one arithmetical operation. In'human activity many 
suclj situations arifee, but they can all be reduced to several basic 
groups. These groups have been delected over centuries of human prac- 
tical activity. All elementary situations can be subdivided into 
three groups . 

■ ■ 
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Group I^: Situations that arise as a result of certain ope^- 
atipns-^>rtth objects. Depending 'on the nature of the operation, the 
following types are possible here: i 

Typ e !_ is characterized by the operation of combining 

several values of quantitlee (objects) into pne value o* 
.of two sets of objects into one set; ' « 

' Type 2^ is xharacteri2sed by the operation of taking 

away (subtraction) , which is the reverse of the operation 

of combining; 

Type 3 involves the operation of transfer from a 

large uni^ of calculation (or measurement) ^o a smaller 
. unit; . " ; ' '^^ ^ " - 

\Type 4 is related to the reverse , operation of tran-^ ^ 

sfer f rop a smaller unit of calculation (or measurement) 
- ^ to a larger.* " ^ ' ^ 

Group II : Situations that ari^e as a rfesult of the comparison 
of two values of a single quantit^^ If the values turn out to be 
equal, then we have a situation of eq^uality ; if they are not equal, 
then we obtain one of two types of situations, depending on the, 
method of comparing the values : ,1) comparison by finding a /dif- 
ference relationship, and 2) comparison by finding a multiple 
.relationship. ' - 

/ Group III : Situations that ar^se in the quantitative description 
of one feature of any phenomenon by means of several interrelated 
quantities, each of which assumes, at the moment under ^consideration, 
a certain value (known or unknown) . This group is divided into 
types depending on the quantities that characterize a given phen- 
omenon; chief among th(^ "are '' distance- time-speed ; value-quantity-price 
amount of work-time-productivity ; etc. 

The verbal models of elementary situations we call correlations , 
of which the terms are the values of the quantities specified by the 
verbal method. - Correlation models of the situations in group I we 
shall call correlations of operations , models of the situations in 
group II — correlations' of comparison , and, finally, models in group 
Ill —relatlonship correlatlgns > 
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The three values of a single quantity are terijs in each cor- 
relation of operations, of which at least one value is ui^own. 
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The term in thA correlation which corresponds to i;;he^^sult of the 
operation we call the main term. A' characteriatic feature of the 
verbal method of specifj^ng the correlations of operatio^ns is the 
presence of special word-signs or 'of a main tgrm. ^Thus, in the 
correlation of operations of combining, ' there is the phrase, "in 
all*' or a synonym of it; in the correlation of operations of tran- 
sition from one unit of calculation (measurement) to another we 
find the phrase "in all" in conjunction with the prepositions >*^t' 
or "with," included in .the specification of one of the non^fcentral 
terms of the correlation. Let us note that ^ the correlation of the 
operation of taking away is specified in the saa^ewa^/^ the cor- 
relation of the operation of combining. There are no special dif- 
ferences between the specification of the correlation of tnS^*»fieration 
of transfer from a larger unfit of calculation (mea^^urement) to a 
smaller, and the opposite operation. Therefore in the /l^st- group 
bhly two types of correlation are actually different: 1) the cor- 
relations of the operation of coijibining or taking away, and' 2) the 
correlations of the operation of transfer from one unit calculation 
(measurement) to another. 

The values of one quantity, and the result of comparing «them in 
the form of difference or multiple relationships (if they are not 
equal) are the terms of the correlation Of comparison. Here the 
results of the comparisoii is the main term. The verbal specification 
of correlations of comparison is also characterised ty the presence 
of special word-signs: "so much as," "so many more (&r less) than." 

The values of three different quantities, bound by a given type 
of ^relationship, are the terms of the relationship correlations* The 
main term is tli \ ter m whose value is equal to the product of the 
other two terms. No special word-^signs enter into the verbal spec- 

\ if ' ■ 

ification of ttiese correlations, and we distinguish them only by the 
' names of the quantities that are bound by a certain relationship. 
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As was already noted, just one of the terms of any correlation 

■ ' • • -fv., * • . ' 

is xmknown. The correlation having only one unknown term we shall 

'1 

* call solvable » If there are two or more unknown terms, then the >^'" 

correlation is unsotVable > If the unknown term of the correlation 

is what we kte looking for, that is, if its specification includes 

the question '^ow much?" or an^analogous question, directly indicar 

• ' ting the need to find the nujnerical ^tent of this term, then we 

call such a correlation central . A correlation which is solvable 

and central forms a simple arithmetic problem. Unsolvable corre- 

lations can only be component parts of complex arithmetic problems. 

Let us give examples of simple arithmetic problems of the - 

different types: - ^ 

1. Fifteen rubles was paid fpr a child^s table, and '5 
rubles for a chair. . Hai^ mtich did the table and chair cost together? 
(A simple problem of the , operation of combining or taking away; the 
unknown is the main t^rm.) 

5, Vitya had 18 apples in all; he kept 5 apples for himself, 
but h^ gave the others away to his sister. H6w many apples did 
Vitya give her? (A simple problem of the operation of combining 
or taking away; the fc^own number of apples belonging to Vitya is 
the main term.) 

3. Some Young Pioneers -planted 3 rows of apple trees, with 6 
trees in each row. How many. apple trees did they plant in all? 

(A simple problem of the operation of transfer from one unit of 
calculation to another; tTie main term is unknovm*) 

% -l- . 

4. Some pupils gathered 180 kg of potatoes. They#put all ' /-^^ 
'the potatoes in three sacks, an equal nuraber in each sack. How many 

' kilograms of potatoes did they put in each sack? (A simple problem 
of the same type, but the known value of the weight of the lotal 
'number of potatoes gathered is the main term.) 

5. A boy dug up 10 cucumbers from one bed, and from another 
he dug up half as many. How many cucumbers did dig up from the 
second bed? (A simple problem of multiple comparison; the main tet^. 
is the known value^ of the abbreviated relationship.) 



^It is also possible' to interpret any prqblem involving the 
operation of transfer from one unit ot calculation (measurement) to 
another as a simple relationship-problem. For example, the corre- 
lation specified in the last problem (4) c§n be interpreted as a 
correlation^relatlonship between the number of sacks, the weight of 
-each sack, and the total weight of all the sacks. 
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6. Five kg of granulated sugar was bought at 90 kopeks per 
kg. 'Hoy much did the whole purchase cost? » (A simple probl^- 
relationship, the main term is unknown.) 

'^•^ 

We have described the tjpes of simple arithmetic problems. 
We shall examine >the mechanisms of solving them. Let us note 
that by t^e "mechanism of solving a problem" we mean the norma-^ 
tive algorithm of solving ^hich is the consequence of the logical- 
mathematical analysis of problems, taking into consideration cer- 
tain rosults of psychological investigations of the mechanism of 
solving these problesis. To put it more simply, it is our under- 
standing of how pupils^hould solve these problems. Tills, as & 
matter of fa^t^ is the ^tentative basis" of those operations (in 
Gal'per4^*s termii*3iogy) Ohich the pupils should perform in order 
to solve the problem. Of * course, the actually observable mechanisms 
of^ problem solving, that is, mectjanisms in a psychological aspect, 
will not fully coinqide with the "ideal" mechanisms as set forth belo\*» 

However, the "ideal"< mechanisms of problem solving are also 
different depending on the extent of the pupils' mastery of the 
methods of solution, on the pupils^ stage in the learning process. 
In the lengthy process of instruction in^the solution of simple arith- 
metic problems, the following stages can be outlined • 

Stage 1. In this stage it-is not the arithmetic problem 
itself but the real situation, or its object-^odel that is initial ... 
and primary. The situation' l,s resolved "with objects," that is, 
by m^ns of an actual executibn of the operation and a counting of 
the objects* Tlie child learns, by imitating the person who is ^ . 
teaching him, to make a verbal model of the situation (i.e., to 
compose an ^arithmetic problem based on a real situation or an object- 
model of it) , and he gradually comes to recognize the meaning of 
th^^fcirst two 'arithmetical operations as the mathematical model 
of the situations of the first two types of group I (these types will 
u'sualiy be the only ones examined here). Parallel with this, the 
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. ^ • . . . 

cblld masters coun&iilgi then the method of 'p«irforming the first 
two arithmetical operations with the aid of direct and reverse 
counting. Thus, the child still is not solving arithmetic problems 
here — he is only being prepared for it. 

Stage 2. In this ^tage the simple arithmetic problem in its 
usual form becomes the starting point. Solving is done in approx- 
imately this way^ For a given problem an oBject-Mdel of the 
situation Is constructed, and then during the actual piSrformance of 
the modelling operation in object form, the probl^os receive an 
answer. Then, by means of counting the objects, a numerical answer 
is found, wit^ the problems usually limited to the first type in 
group I. At this stage the child learns chiefly how ^o construct 
object-models of simple.. arithmetic prabl^s. 

Stag e 3^. According to a specified simple arithmetic profjlem, 
the construction of an object-mod^^ occurs, accompanied by a ' 
transformation of the verbal problem into its normal form, which 
contains only the numerical data of known values, the unkno^, 
and the word-signs for the given type of correlation. Thus, the 
normal form of problem 1, cited above, will be: "15 rubles and 3 
rublsB,. How much altogether?" The transformation of the problem 
into its normal fc^rm is done by establishing the omitted parts of 
vverbally specified terms of the correlation, the word-signs, b;^? 
generalizing the subject matter of the problem, and by abstracting 
oneself from all tHe particular characteristics of individual 
values 'and their interconnections. Having obtained the normal 
form of the problem, cue can then construct its arithmetical or 
algebraic model. 

Stage 4_» This differs from the preceding stage in that the 
Gonstruibtion of the object-model occurs in the imagination but 
not actually. However, the transformation of the problem into its 
normal form and the subsequent transfer to an arithmetical or 
algebraic model is done in detail. 
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Stage 5* The fifth stage is characterized by the curtailing 
of the process of transfer frcm the set problem to its arithmetical 
or algebraic model* In the final analysts this transfer, that is, 
the solution of a simple arithmetic problem, is the act of one moment. 

Let us examine the question of the solution of a complex arith- 
metic problem. It can be defined as a system of interconnected • . 

correlations, of which at least one is central, satisfying several 
requirements [3], The type of complex problem, the method ^f solving 
it is largely determined by the nature of the connections between 
the correlations included in this problem, that is, by the problem's * 
structure. To study this structure, one must find such an apparatus 
as. would reveal the connections between correlations, would make them' 
maximally graphic. Structural models in the form of diagrams of 
problems are such an apparatus. 

They are constructed in this way. We. introduce designations ^ 
for the terms of the correlation: Let us. designate the known terms 
by rectangles in which are written the magnitude of the terms; let ^ 
lis designate the unknowns by circles; let*us designate the auxiliary 
unknowns by triangles and, finally, the undetermined unknowns by 
rhombuses. We agree to designate each correlation by a closed figure 
(an extended rectangle or a curvilinear figure) , in which the desig- 
nations of the terms of the given correlation are placed, joined by ' 
the sign for the appropriate operation and by an arrow directed tow-, 
ard the main term- Figures lA and IB show structural models of 
problems 1 (opsration of combining and 6 (a simple problem*-xelationship) . 
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Let us examine the construction of the structu?^fil n»dels of 

complex problems. 

7* In a store Ivan bought 3 kg of cookies at 9Q kopeks per 
kgtp4 kg of sugar at 1 ruble 5 kopeks per kg, and several kg of 
groats at 60 kopeks per kg. Knowing that Ivan paid 10 rubles 
50' kopeks for the whole purchS^^e, how many kg of groats did he buy? 

Let us analyze the text of the problem: 1) the event examined • 
in the problem is described by three quantities: cost-weight-^price'; 
2) the cost is specified by four values: three auxiliary unknowns 
(the cost of the cookies, of the sugar, and of the groats) and one 
known (the total cost of the purchase); the weight is designated by 
three values, of which two are known (the weight of the cookies and 
the valght of the sugar) and one is unknown (the weight of the 
groats); the price is 'specified by three known values (the prices 
for the cookies, the sugar, and the groats); 3) all ten values of 
the three quantities are connected by four correlations: Three corre- 
lati^Sns are the relationships between the values of cost, weight, and 
price of the cookies, sugar, and groats, and one is the correlation^ 
of the operation of addition between all four values of cost. If we. 
designate all of these ten values by symbols and combine them in the 
indicated correlations (with the unknown values entering into some 
of the correlations, i.e., they are' si gnal stations. . be^iween corre- 
lations), we obtain a dia^^ram that is a structural model of this 
'problem (Fig. 2A) • 

Figures 3A and 3B show the structural models of two more 
V 

problems : - • 

8^ One brother is 5 years old, and the other is 4 times older 
than he. How old will each of the brothers te when the older brother 
becomes only three times as old as the , younger? 

9. One boy has 3 times as many 'nuts as another, and all 
together they have 48 nuts. How many nuts does each boy have? 

The models gf complex problems are diagrams consisting of "segment 

bound betw^in them — moclels of individual correlations. The models of 

solvable correlations are '^segments" witji one unknown **poi^t^>^* 
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models of unsolvablci ones are "segments'' with two or more unknown 
"points.*' "Segments" with one unknown "point" we shall call entrances 
of a diagram. The diagrams of problems Y and 8 have entrances, but 
the diagrams of problem 9 do not. Problems whose diagrams have 
entranp^s we shall call open , and problems whose diagrams do not 
have entrances we shall c^ll closed * Each entrance segment of the 
diagram, of a complex problem can be dismembered, and then the cor- , 
, relation corresponding to it forms a simple problem^ after having 
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solved it, we convert the unknown point of this entrance segment 
into a l$nown point. But this point, l^ecause it is a signal station 
of the diagram, has entered into dther segments as wall. When it 
has become known, the segment sT that have not hitherto been entrance 
segments might now become suc^• ^ 

This process of dismembering the entrance segments can be pro- 
longed* For ixxstance, the diagram of problem 7 (Fig* 2A) has two 
entrance segments (designated in the figure by a^ and lb). If we^'dis-* 
member them, we obtain these si9iple problems: 

1) Isan bought 3 kg of cookies at 90 kopeks per kg. How 
much did all. the cookies cost? 

and 

2) Ivan bought TTcg of sugar at 1 ruble 5 kopeks per kg. How 
much did all the sugar cost? 

Solving them and replacing previously unknown values of the cost 
of the cookies And the sugar by the numbers we have found, then elim- 
inating the solved correlations, we obtain this problem: 

In a stc;^re Ivan bought cookies for 2 rubles 70 kopeks, sugar 

for 4 rubles '20 kopeks, and several kg of grollti^ at 60 kopeks per 

kg» Ivan paid 10 rubles 50 kopeks for the whole purchase. How many 
kg of groats did he buy? j 

The diagram of this transformed problem (Fig. 2B) c6ntains an 
entrance segment. We shall isolate it in the form of k simple 
problem: 

In a store Ivan bought cookies for 2 rubles 70 kopeks, sugar 
for 4 rubles 20 kopeks, and some groats with the rest of his money. 
He paid 10 rubles 50 kopeks for the whole purchase. How much did 
the groats cost? 

Solving this problem and eliminating the solved correlation from 
the transformed problem, we obtain this problem: 

Ivan bought 3 rubles 60 kopeks' worth of groats at 60 kopeks 
per kg. How many^'kg of groats did he buy? 
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Having solved this simple problem, we shall find the unl^own o^; 
the original problem. • ' 

J . * If the same method is applied to pt'o^em 8, then after the cal- 
culation of the first entrance segment (designated in Figure 3A by 
the letter , this process is interrupted and the closed problem 
will remain, but still simpler than the original one. 

To solve the open problem, we should apply a purely arithmetical 
method of consecutive calculations of the simple problems, which in 
the majority of cases leads to a complete solution, and in the remaining 
cases simplifies it essentially. To solve closed problems, it is 
advisable to appiy an alg;ebraic method of solution, nsiug this general 
rule: 1) designate each unknown point of the diagram by a special let-- 
ter; 2) write out each segment of the diagram in the form of an equation; 
3) solve the resulting system of equations, after first shortening it 
to a simpler system or to one equation. For instance, solving problems^ 
8 and 9, we obtain these systems: 

X y " 
X + y 



' Of course, there is no need for the students to make such a 
detailed solution and especially to construct a structural model for 
literally all problems* Such a solution is needed only in the first , 
period of instruction. As soon as the pupils learn the methods of 
solving complex problems, individual elements of this solution are 
curtailed and fall away. In particular, the construction of the diag- 
ram drops out; it is then possible to compose a curtailed system of 
equations or even one equation immediately. Composing diagrams\of 
arithmetic problems is not only a good mea9s for teaching how to solve 
them but is also an important condition for developing methods of a 
theoretical analysis of them in the pupils. 
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